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Vibro-polaritons are hybrid light-matter states that arise from the strong coupling

between the molecular vibrational transitions and the photons in an optical cavity.

Developing theoretical and computational methods to describe and predict the unique

properties of vibro-polaritons is of great significance for guiding the design of new

materials and experiments. Here we present the ab initio cavity Born-Oppenheimer

density functional theory (CBO-DFT), and formulate the analytic energy gradient

and Hessian as well as the nuclear and photonic derivatives of dipole and polarizability

within the framework of CBO-DFT to efficiently calculate the harmonic vibrational

frequencies, infrared absorption and Raman scattering spectra of vibro-polaritons as

well as to explore the critical points on the cavity potential energy surface. The im-

plementation of analytic derivatives into the electronic structure package is validated

by comparison with the finite-difference method and with other reported computa-

tional results. By adopting appropriate exchange-correlation functionals, CBO-DFT

can better describe the structure and properties of molecules in the cavity than CBO-

Hartree-Fock method. It is expected that CBO-DFT is a useful tool for studying the

polaritonic structures and properties.
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I. INTRODUCTION

When few (many) molecules are placed in an optical cavity or plasmonic nanocavity, the

greatly enhanced coupling between molecular electrons/vibrations and the confined electro-

magnetic field results in the formation of polariton states and the modification of the physical

and chemical properties.1–6 Vibro-polaritons are created due to the vibrational strong cou-

pling (VSC) of cavity photon and molecular vibrations in which the light-matter coupling

is strong enough to exceed the sum of the two parts’ dissipation rates, and exhibit modified

properties compared to the uncoupled states,7–10 such as enhancing11,12 or suppressing13,14

the rate of chemical reactions, controlling the reaction selectivity.15–17 In experiments, the

formation of vibro-polaritons can be detected by vibrational spectroscopy, including linear

infrared (IR) spectra,18 nonlinear 2-dimensional IR,19–23 and Raman scattering spectra.24–27

The research in this field is advancing rapidly, with experimental techniques being devel-

oped to predict and control the formation of vibro-polaritons and with theoretical models

and computational methods being developed to describe and predict the behavior of these

hybrid states.28–35 The cavity Born-Oppenheimer approximation (CBOA) provides a theo-

retical framework to study VSC, in which the nuclei and photon are treated on the equal

footing so that spans the cavity potential energy surfaces (CPES).36,37 Currently there are

two types of theoretical methods based on the CBOA which focus on the electronic struc-

ture. The time-dependent dynamics methods38,39 are beyond the subject of this manuscript.

The first type (denoted as ab initio CBO in this manuscript) focuses on solving electronic

eigenstates, including QEDFT,40 CBO-HF,41,42 and CBO-CC.43 Among these methods, the

photon displacement coordinate is added as an external parameter like nuclear coordinates,

and light-matter interaction is treated self-consistently. Another types of methods (denoted

as perturbative CBO in this manuscript) include crude CBOA44 and CBO-PT.45,46 In these

methods, the light-matter interaction operator is projected onto the bare electronic eigen-

states, which can be obtained by conventional quantum chemistry calculations. And the

photon-electron interactions are added perturbatively. A main advantage of perturbative

CBO methods is that one can just rely on the existing quantum chemistry code, as long as

the molecular vibrational normal modes and light-matter interaction matrix elements can

be calculated. While for ab initio CBO methods, the photon displacement coordinate and

the light-matter interaction have to be explicitly added in the electronic structure software
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package.

Beyond the energy calculations, one would like to optimize molecular geometries, find

reaction pathways, calculate thermal and spectroscopic properties and so on with respect to

the CPES. This requires to provide the structural quantities such as the force and the force

constant, IR and Raman intensities, etc, which are defined as the energy derivatives with re-

spect to the perturbed parameters.47,48 The perturbed parameters, such as the applied static

electric or magnetic fields or the nuclear and photonic displacements, are the variables on

which the resulting CPES for a given theoretical model chemistry depends. For example,

the energy gradient and Hessian are given as the first derivatives and the second derivatives

of the molecular energy with respect to the nuclear and photonic coordinates, respectively,

and the IR/Raman intensities can be computed as the first derivatives of the molecular

dipole/polarizability with respect to the nuclear and photonic coordinates. Therefore, for-

mulating analytic energy derivatives with respect to the external perturbed variables yields

a wealth of molecular properties. This urges us to implement the analytic energy derivatives

with respect to the nuclear, perturbed electric field and photonic degrees of freedom (DOF)

into the electronic structure package because the analytic derivative approach is superior to

the numerical differentiation method on the computational accuracy and efficiency.49–51

The analytic gradient of CBO-HF energy has been formulated and used to calculate

vibro-polaritonic IR spectra by Kowalewski et al.42,52 However the required Hessian in their

spectral calculation was obtained by numerically differentiating the energy gradient. Fur-

thermore, the HF ansatz largely overestimates the harmonic frequencies of molecules. Aim-

ing at solving these issues, in this work, we combine the CBOA with the density functional

theory (DFT) and develop CBO-DFT approach. Then we formulate the analytical gradient

and Hessian of CBO-DFT energy as well as the nuclear and photonic derivatives of dipole

and polarizability, and implement these analytic derivatives into the electronic structure

package. The successful implementation of analytic derivatives enables us to effectively

characterize the linear IR and Raman scattering spectra of vibro-polaritons and understand

the unique properties that arise from the strong coupling between vibrational modes and

electromagnetic waves. We also implement the procedure of geometry optimization on the

CPES so that we can analysis the critical points on the CPES. Furthermore, we compare

the geometry and properties of molecule in cavity calculated by CBO-DFT with different

exchange-correlation (XC) functionals and CBO-HF, and the results show that CBO-DFT
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combined with appropriate XC functionals outperforms CBO-HF in describing the structure

and properties of molecules in the cavity.

The manuscript is arranged as follows. In Sec.II, we present the expressions of CBO-DFT

energy, energy gradient, and Hessian, and we also rationalize the procedure of calculating

the frequencies and spectral intensities of vibro-polaritons. In Sec.III, we show geometry

optimization on the CPES, the model Hessian that helps us to understand the features of

vibro-polaritonic spectra, comparison between CBO-DFT and CBO-HF, and the ab ini-

tio vibro-polaritonic spectra of acetone calculated within the framework of the CBO-DFT.

Finally, the concluding remarks are summarized in Sec.IV.

II. THEORY

In this manuscript, the subscript A is the index of nuclei, and i the electrons. The

subscript n represents the Cartesian components which can be {x, y, z}. {µ, ν, . . .} index the

atomic orbitals (AO). The derivative is represented by the superscripts, in which superscript

x represents nuclear derivative, q the photon displacement derivative, and n the derivative

with respect to electric field component fn. The superscripts bracketed with ‘[ ]’ refer to

the explicit derivatives excluding the contributions from orbital rotations matrix Θ. The

vectors are marked by the arrow above, and matrices as well as vector operators are shown

in bold. ‘·’ represents dot product of two vectors or two matrices, and the expression AB

is the matrix product of matrix A and B. The detailed derivations of analytical derivatives

shown in this section are presented in the Sec.I of supplementary material.

A. CBO-DFT Energy and Gradients

The usual starting point of polaritonic chemistry is the Pauli-Fierz Hamiltonian (in the

length gauge and dipole approximation).53 In this work, we assume the molecule is coupled

with a single cavity mode:

Ĥ = T̂nuc + Ĥe +
p̂2

2
+

1

2
ω2
c q̂

2 − ωc(λ⃗ · µ̂)q̂ + 1

2
(λ⃗ · µ̂)2. (1)

T̂nuc + Ĥe constitutes the molecular Hamiltonian in vacuum. 1
2
(p̂2 + ω2

c q̂
2) is the photonic

Hamiltonian, in which p̂ and q̂ are photon momentum and displacement operators respec-

tively. −ωc(λ⃗ · µ̂)q̂ describes the dipolar coupling between molecule and cavity mode, where
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µ̂ is the molecular dipole operator, and λ⃗ =
√

4π
V
e⃗ is the coupling vector, in which its mag-

nitude is determined by the effective quantization volume V of cavity, and e⃗ is the unit

vector representing the polarization direction. The last term 1
2
(λ⃗ · µ̂)2 is the so-called dipole

self-energy operator, and it ensures the light-matter system to have a ground state.54

In the VSC regime, the cavity electromagnetic mode is coupled to molecular vibrational

degrees of freedom. The CBOA provides a theoretical framework to describe VSC. At this

stage, the nuclear and photonic kinetic operators are separated from the PF Hamiltonian,

and we treat the nuclear coordinates R and photon displacement coordinate q as external

parameters instead of operators. This results in the CBO Hamiltonian

ĤCBO = Ĥe(R) +
1

2
ω2
cq

2 − ωc(λ⃗ · µ̂)q + 1

2
(λ⃗ · µ̂)2, (2)

and also defines the CPES, ECBO(R, q). Note that the molecular dipole operator is now

µ̂ = µ⃗nuc+ µ̂e =
∑

A ZAR⃗A−∑
i r̂i, where ZA and R⃗A are the charge and coordinates of the

A-th nuclei, and r̂i is the coordinate operator of the i-th electron.

In this work, the electron-electron correlation effects are covered by the density func-

tional theory (DFT). This combination of CBOA with DFT is called as CBO-DFT here.

Unlike QEDFT, CBO-DFT does not construct the generally unknown exchange-correlation

functional to account for the photon-electron correlation. It adopts the standard DFT XC

functionals, employed in conventional quantum chemistry code. The CBO-DFT ground

state is described by a single determinant of Kohn-Sham orbitals, and the corresponding

expression of energy in atomic orbital (AO) representation can be written as41,53

ECBO(R, q) = Ee(R) +
1

2
ω2
cq

2 − ωcqλ⃗ · µ⃗

+
1

2
(λ⃗ · µ⃗)2 + q ·P− 1

2
P · (dPd).

(3)

Here Ee(R) = P · (h+ 1
2
Π ·P) + Exc + Vnuc is the usual electronic energy of the molecules

in vacuum. P is the reduced one-electronic density matrix, and h is the core Hamilto-

nian. The two-electron integral supermatrix Π in atomic basis is Πµν,λσ = (µν|λσ) −
cHFX(µλ|f(r⃗12)|νσ), adopting approximate coefficient cHFX and operator f(r⃗12) for hybrid

and range-separated functionals. Furthermore Exc is the DFT exchange-correction energy

and Vnuc is the nuclear repulsion energy. µ⃗ = µ⃗nuc+µ⃗e is the expectation value of the molecu-

lar dipole moment, and its n-direction component is µn =
∑

A ZARA,n−P ·Mn, in which the

n-component of the dipole matrix in AO basis is Mn,µν =
∫
χµ(r⃗)rnχν(r⃗) dr⃗. The compact
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expression of the expectation value of dipole self-energy operator includes the last three terms

in Eq.(3). Using the fact that (
∑

i λ⃗ · r̂i)2 =
∑

i(λ⃗ · r̂i)2+ 1
2

∑
i ̸=j[(λ⃗ · r̂i)(λ⃗ · r̂j)+(λ⃗ · r̂j)(λ⃗ · r̂i)],

the concrete expression is

1

2
⟨(λ⃗ · µ̂)2⟩ = 1

2
(λ⃗ · µ⃗nuc)

2 + (λ⃗ · µ⃗nuc)(λ⃗ · µ⃗e) +
∑
µν

qµνPµν

+
1

2

∑
µνλσ

PµνdµνdλσPλσ −
1

2

∑
µνλσ

PµνdµσdλνPλσ.
(4)

Here we define the matrix dµν =
∑

n λnMn,µν , and the matrix qµν = 1
2

∑
mn λmQmn,µνλn

in which the element of quadrupole matrix is Qmn,µν =
∫
χµ(r⃗)rmrnχν(r⃗) dr⃗. Note that∑

µν Pµνdµν = −λ⃗ · µ⃗e, then Eq.(4) can be simplified to its form in Eq.(3). The Fock matrix

within CBO-DFT is

F = h+Π ·P+Vxc(P) + (ωcq − λ⃗ · µ⃗nuc)d+ q+ d(d ·P)− dPd. (5)

The nuclear gradients of CBO-DFT energy can be derived via the Lagrangian approach.55

The CBO-DFT Lagrangian is defined as LCBO = ECBO − ∑
pq εpq(Spq − δpq), in which the

subscripts {p, q} index the molecular orbitals. S is the overlap matrix and ε is the Lagrange

multiplier. The derivative of CBO energy with respect to nuclear coordinate x is therefore

the partial derivative of energy Lagrangian

Ex
CBO =

dECBO

dx
=

∂LCBO

∂x

= h[x] ·P+
1

2
P ·Π[x] ·P+ E[x]

xc + V [x]
nuc −W · S[x]

+ (λ⃗ · µ⃗− ωcq)(λ⃗ · µ⃗[x]
nuc − d[x] ·P) + q[x] ·P−P · (dPd[x]),

(6)

in which Wµν = (PFP)µν and it is called energy weighted density matrix. Since there is

one new dimension, the photon displacement coordinate q, the gradient with respect to it is

also required. The Lagrangian approach is also applied, but in this case the constraint term

does not explicitly depend on q. The expression of photonic gradient is

Eq
CBO =

∂LCBO

∂q
= ω2

cq − ωcλ⃗ · µ⃗. (7)

B. CBO-DFT Hessian

The second derivative of CBO-DFT energy is essential for calculating harmonic vibra-

tional spectra, and exploring the critical points of CPES. The analytical expression of Hes-

sian is obtained by directly differentiating the gradient. The photon-photon Hessian and
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photon-molecule Hessian are easy to get:

Eqq
CBO = ω2

c − ωcλ⃗ · µ⃗q, (8)

Eqx
CBO = −ωcλ⃗ · µ⃗x. (9)

In both parts, the derivatives of total dipole are involved. The nuclear derivative of dipole

is µx
n =

∑
A ZAR

[x]
A,n−Mn ·Px−M

[x]
n ·P and photonic derivative of dipole is µq

n = −Mn ·Pq.

And the expression of Hessian with respect to nuclear displacement is

Exy
CBO = h[xy] ·P+

1

2
P ·Π[xy] ·P+ E[xy]

xc + V [xy]
nuc

− (λ⃗ · µ⃗− ωcq)d
[xy] ·P+ (λ⃗ · µ⃗[y]

nuc − d[y] ·P)(λ⃗ · µ⃗[x]
nuc − d[x] ·P)

+ q[xy] ·P−P · (dPd[xy])−P · (d[y]Pd[x])

+ F[x] ·Py −Wy · S[x] −W · S[xy].

(10)

The derivative of energy weighted density matrix is

Wy = PyFP+PFPy +PFyP, (11)

and the Fock matrix derivative is

Fy = F[y] +Π ·Py +Vxc(P
y) + d(d ·Py)− dPyd. (12)

In the above expressions, the derivatives of density matrix Px and Pq are required.

To calculate them, the derivative of orbital rotations matrix Θ[x] and Θ[q] are obtained

by solving the coupled-perturbed self-consistent field (CPSCF) equations with respect to

nuclear displacement and photon displacement.56,57 Besides, the orbital response Θ[n] to

electric field perturbation fn is also solved, which gives us Pn.

To calculate Raman scattering intensity, the derivative of polarizability is required. The

expression of polarizability is αmn = ∂µm

∂fn
= −Mm · Pn, in which fn is the electric field

along n-direction. And its derivatives with respect to x and q are αx
mn = −Mm · Pnx and

αq
mn = −Mm ·Pnq. Thanks to the 2n + 1 rule, the second derivative of density matrix can

be calculated only using the first-order orbital response.58,59 The details of derivations are

shown in the supplementary material.

C. Harmonic Frequencies and Spectral Intensities

In this work, the procedure for calculating the harmonic frequencies of vibro-polaritons

and the corresponding vibro-polaritonic normal modes is as follows. The Hessian matrix
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is converted to the mass-weighted Hessian (MWH) matrix: Hm,xy = Exy
CBO/

√
MxMy, gx =

Eqx
CBO/

√
Mx, and Hc = Eqq

CBO. Mx represents the mass of the x-th atom, and the “photon

mass” is assumed to be 1 a.u. so that we do not show it explicitly. This gives us a MWH

matrix with size of (3N + 1)× (3N + 1), and the matrix has four blocksHm g

g† Hc

 . (13)

We first diagonalize the molecule part Hm

L′†D†HmDL′ = ω′2
m. (14)

Here D is the projection matrix (following the Eckart conditions60) that projects out the

translational and rotational normal modes of molecule, and L′ is the mass-weighted vibra-

tional normal coordinate matrix. In this step, we solve 3N−6 (or 3N−5 for linear molecules)

effective vibrational normal modes of the molecule embedded in the cavity that are ready

to be mixed with cavity mode (, and the corresponding spectral intensities are calculated if

needed). Next we build the unitary matrix

U =

DL′ 0

0 1

 , (15)

and use it to transform the original MWH matrix into an intermediate MWH matrix

H̃ = U†

Hm g

g† Hc

U =


ω′2
m,1 0 . . . g′1

0 ω′2
m,2 . . . g′2

...
...

. . .
...

g′1 g′2 . . . ω′2
c

 , (16)

in which g′k is the effective coupling of molecule normal mode k with cavity mode and

ω′2
c = Eqq

CBO. Finally we diagonalize H̃, i.e. X†H̃X = ω2, to get the harmonic frequencies of

vibro-polaritonic states, and the vibro-polaritonic normal coordinate matrix is L = UX. L

is a matrix of size (3N +1)× (3N − 5), or (3N +1)× (3N − 4) for linear molecule, in which

each column describes the portions of molecule characteristic and photon characteristic.

The k-th vibro-polaritonic normal coordinate Qk =
∑

x Lx,k

√
MxRx +L3N+1,kq, and we use

|L3N+1,k|2 to represent the photon characteristic of vibro-polaritonic normal mode k.
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The IR spectral intensity Ik of vibro-polaritonic mode k is proportional to |µ⃗Qk |2, in which

µ⃗Qk is the derivative of total dipole with respect to the vibro-polaritonic normal coordinate

Qk and can also be interpreted as the transition dipole of mode k

µ⃗Qk =
∂µ⃗

∂Qk

=
3N∑
x=1

Lx,k
µ⃗x

√
Mx

+ L3N+1,kµ⃗
q. (17)

The polarizability derivative of normal coordinate Qk is

αQk
mn =

∂αmn

∂Qk

=
3N∑
x=1

Lx,k
αx
mn√
Mx

+ L3N+1,kα
q
mn. (18)

The expression of Raman activity Sk is quite lengthy, and readers can refer to it in the Eq.43

of Ref. 61.

The treatment proposed in this section is due to the following two reasons. Because the

translational and rotational normal modes that include photon displacement coordinate may

not be well-defined, the projection only applies to the molecule part of MWH matrix. And

the intermediate MWH matrix H̃ in Eq.16 can give us a clear picture of how each molecular

vibration interacts with the cavity mode.

III. RESULTS AND DISCUSSIONS

A. Efficiency of Implementation

The CBO-DFT method and its analytic derivatives (including gradient and Hessian) are

implemented in a local version of Q-Chem package62 based on the existing DFT energy

derivatives. The procedures of geometry optimization on the CPES, including full optimiza-

tion and optimization of q with fixed nuclear configuration, are also implemented based on

the libopt3 driver. The validations of the implementation of analytic Hessian are shown in

the Sec.II of supplementary material where the comparisons to the finite-difference method

is made. As shown in Table S1, there is small difference with an error less than 1 × 10−6

between the Hessian calculated by the current analytical derivative and the finite-difference

method for water molecule.

To further check the correctness of our calculated spectra, we use the spectra reported

by Fischer et al.46 as the reference. In their article, they calculated the vibro-polaritonic

IR spectra of CO2 and Fe(CO)5 using the CBO-PT(2) method they proposed. To get
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closer to their results, we adopt the coordinates of CO2 and Fe(CO)5 from their article and

do not re-optimize them (but we should optimize q, and the optimal values of q are zero

for both molecules). The remaining parameters are the same as those in Fischer’s article:

ωc = 2400 cm−1 and λ⃗ = (0, 0, 0.03) for CO2, while ωc = 2052 cm−1 and λ⃗ = (0, 0.03, 0)

for Fe(CO)5; the FWHM is set 41 cm−1 for Lorentz broadening function. The CBO-DFT

calculations are performed using TPSSh63/def2-TZVP (note that in Fischer’s work, the

static polarizability is calculated using CAM-B3LYP64/def2-TZVP, which is different from

our calculations).
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FIG. 1. The linear vibro-polaritonic IR spectra of CO2 (left) and Fe(CO)5 (right) coupled with a

single cavity mode calculated by CBO-DFT and CBO-PT(2).

The calculated IR and Raman spectra of vibrational polaritons by CBO-DFT and CBO-

PT(2) are shown in Fig.1. The CBO-PT(2) spectra data are extracted from Fig.2a and

Fig.2d of Ref. 46 And for the convenience of comparison, we normalize all spectral curves.

In the case of CO2, our CBO-DFT spectrum is well superposed with the reference CBO-

PT(2) spectrum. In the case of Fe(CO)5, on the whole, the CBO-DFT spectrum is also

close to the reference CBO-PT(2) spectrum, but with a deviation in the range of 2052 cm−1

to 2077 cm−1. In fact, even though the vibrational modes with frequency of 2052 cm−1 and

2077 cm−1 are purely molecular characteristic which do not couple with cavity mode, in our

CBO-DFT calculations, they are influenced indirectly due to the existence of cavity modes

(via the dipolar coupling operator and dipole self-energy operator). So the IR intensities may

deviate from the reference results in which the parameters are obtained from the quantum

chemical calculations of the Fe(CO)5 molecule out-of-cavity. These comparisons can validate

10

https://doi.org/10.26434/chemrxiv-2024-svrv2 ORCID: https://orcid.org/0000-0002-5875-3668 Content not peer-reviewed by ChemRxiv. License: CC BY-NC-ND 4.0

https://doi.org/10.26434/chemrxiv-2024-svrv2
https://orcid.org/0000-0002-5875-3668
https://creativecommons.org/licenses/by-nc-nd/4.0/


our implementation of analytical derivatives.

B. Geometry Optimization on CPES

The geometry optimization on the CPES involves the nuclear and photonic DOFs. For a

fixed nuclear configuration, the CBO-DFT (and CBO-HF) minimum energy is translational

invariant if the photon displacement coordinate q is allowed to be re-optimized to fulfill the

zero transverse electric field condition.41 However, the rotational DOFs of the molecules (i.e.

the reorientation of molecules with respect to the direction of λ⃗) would lead to a global

minimum by minimizing the dipole self-energy. If geometry optimization is performed using

Cartesian coordinates, both translational and rotational DOFs are preserved. And in the

recent works of Kowalewski52 and DePrince,65 rotational DOF is included in the geometry

optimizations. In contrast, using internal coordinates prevents the translation and rotation

of molecules during geometry optimization so that the optimized configuration may not

be a global minimum point. On the other hand, for the theoretical purposes, one would

also like to fix the relative orientation of molecule with respect to the cavity polarization

direction, as shown in another recent study by Shuai el al.66 Here, we aim to explain how

the molecular and photon contributions are combined into the spectral intensities of vibro-

polariton theoretically. We thus adopt internal coordinates so that we can fix the relative

orientation between molecular vibrational transition dipole and cavity polarization direction.

We follow the strategy that has been used in the QM/MM geometry optimization,67 in

which the molecule uses internal coordinates (delocalized internal coordinates or redundant

internal coordinates), while q is in another group of coordinates. A brief description of

the definition of mixed coordinates is presented in the Sec. III A of supplementary ma-

terial. Since the CPES along the q direction is usually much smoother than along the

nuclear DOFs, quasi-Newton methods (e.g. BFGS algorithm) are recommended. Fig.2

shows geometry optimization of HF molecule in the cavity. The theoretical level of CPES is

B3LYP68/aug-cc-pVDZ69, and the strength of coupling vector λ = 0.05 (in atomic unit, as

1 a.u. = 1
√
meEh/eh̄) with the direction parallel to the H−F bond. The initial bond length

and q are 0.8 Å and −4.9 a.u. respectively. With an exact initial Hessian (orange line) or

guess initial Hessian (blue line), the full geometry optimizations all converge to the local

minimum, and convergence is faster using the exact initial Hessian.
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FIG. 2. Left panel displays the trajectories of geometry optimization of HF molecule on the

CPES. Right panel displays the H−F bond length and the value of q varied with the number of

optimization steps. Orange and blue colors represent the geometry optimization using exact and

approximate initial Hessian, respectively.

Additionally, we also compare the geometry optimization results of HF molecule coupled

with a single cavity mode using internal coordinates and Cartesian coordinate. Three dif-

ferent initial relative orientation of H−F bond and coupling vector λ⃗, in which the angles

between H−F bond and λ⃗ are 0◦, 40◦, and 90◦. The results are summarized in the Sec. III B

of supplementary material. In all cases, the optimized HF molecule is perpendicular to the

λ which has the lowest energy in Cartesian coordinates regardless of the initial orientation.

In contrast, the relative orientations are always kept in internal coordinates.

C. Influence of DFT XC Functionals on Vibro-Polaritonic Spectra

In this section we check how the DFT XC functionals will affect the calculated vibro-

polaritonic IR spectra although CBO-DFT doesn’t account for the explicit photon-electron

correlation in the XC functionals. We consider the single hydrogen fluoride (HF) molecule

coupled with a single cavity mode whose polarization direction is aligned with molecular axis.

Vibro-polaritonic spectra are calculated using CBO-HF and CBO-DFT with PBE,70 B3LYP,

and ωB97X-V71 functional. The aug-cc-pVDZ basis set is used in all calculations. First the

geometry, harmonic frequency, and dipole of HF molecule out-of-cavity are investigated, and

the results are summarized in the above part of Table.I. In this example, the values produced

12

https://doi.org/10.26434/chemrxiv-2024-svrv2 ORCID: https://orcid.org/0000-0002-5875-3668 Content not peer-reviewed by ChemRxiv. License: CC BY-NC-ND 4.0

https://doi.org/10.26434/chemrxiv-2024-svrv2
https://orcid.org/0000-0002-5875-3668
https://creativecommons.org/licenses/by-nc-nd/4.0/


by B3LYP and ωB97X-V are closest to the experimental one. In contrast, HF method largely

overestimates the harmonic frequency and dipole moment, while PBE underestimates these.

Since the coupling with cavity mode is mainly through the dipolar coupling (in dipole

approximation), accurate calculation of molecular dipole moment is very important. And

the dipole moment accuracy of tested methods is consistent with the benchmark results.72 In

the VSC regime, the molecule vibrations are coupled to cavity photon, so precise calculation

of vibration frequencies is required. It is obvious that B3LYP and ωB97X-V also outperform

HF method at this point.

R (Å) ωm (cm−1) µ (debye)

HF 0.9002 4467.2 1.8986

PBE 0.9340 3951.5 1.7585

B3LYP 0.9257 4070.8 1.8026

ωB97X-V 0.9238 4108.9 1.8060

Expt. 0.9168 4138 1.7965

CBO-HF 0.8989 4492.6 1.9042

CBO-PBE 0.9321 3985.1 1.7690

CBO-B3LYP 0.9239 4102.0 1.8119

CBO-ωB97X-V 0.9222 4138.6 1.8144

TABLE I. The calculated bond length R, harmonic frequency ωm, and dipole µ of HF molecule.

The aug-cc-pVDZ basis set is used. The experimental data are from Ref. 73.

Then the HF molecule in the cavity is calculated. The coupling strength is set to 0.05 a.u.,

and the cavity frequency ωc is set to the out-of-cavity molecule vibration frequency for each

method correspondingly. The geometry of HF and photon displacement coordinate q are all

optimized, followed by spectra calculation. From the below part of Table.I, we can see the

properties of HF molecule in the cavity show similar change in all tested methods. The bond

length decreases and the effective vibration frequency increases for about 30 cm−1. And the

HF molecule is slightly more polar in the cavity. Based on these results, we would expect

CBO-DFT provide a better description for molecule part than CBO-HF if an appropriate

XC functional is used. The vibro-polaritonic IR spectra are shown in Fig.3, broadened by

13

https://doi.org/10.26434/chemrxiv-2024-svrv2 ORCID: https://orcid.org/0000-0002-5875-3668 Content not peer-reviewed by ChemRxiv. License: CC BY-NC-ND 4.0

https://doi.org/10.26434/chemrxiv-2024-svrv2
https://orcid.org/0000-0002-5875-3668
https://creativecommons.org/licenses/by-nc-nd/4.0/


a Lorentzian function with a width of 10 cm−1. The overall spectral lineshapes calculated

by CBO-DFT and CBO-HF are similar, with the intensity of LP being stronger than that

of UP, as predicted by the model Hessian in the previous section. Since the parameters

calculated by B3LYP and ωB97X-V are similar, the resulting spectra of them are also

close. Due to the overestimation of the vibration frequency by HF method, the positions of

peaks predicted by CBO-HF are also located at the higher frequency range. Therefore by

adopting an appropriate XC functional in CBO-DFT calculations, the cavity frequency can

be naturally set to a more realistic value to match the experimental setup.
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FIG. 3. Vibro-polaritonic IR spectra of a single HF molecule with the coupling strength being

0.05 a.u. calculated by CBO-HF and CBO-DFT. The dashed lines represent the harmonic frequen-

cies of HF molecule out-of-cavity.

IV. CONCLUSIONS

By combining the CBOA with DFT, we have developed the CBO-DFT approach. Subse-

quently, we have formulated the analytical energy gradient and Hessian as well as the nuclear

and photonic derivatives of dipole and polarizability within the framework of CBO-DFT.

In addition, the geometry optimization on the CPES which involves nuclear and photonic

DOFs has also been implemented. The implementation of analytical Hessian is validated by

comparing with finite-difference method, and the IR spectra calculated by CBO-DFT are
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verified by comparing to the reported CBO-PT(2) results. Geometry optimization on the

CPES using internal coordinates and Cartesian coordinates are compared, and using inter-

nal coordinates will keep the orientation of molecule while using Cartesian coordinates can

reorient the molecule to reach a lower energy minimum point. The successful implementa-

tion of these analytical derivatives and geometry optimization procedure into the electronic

structure software package enables us to effectively calculate the geometric and spectral

properties of vibro-polaritons and explore the critical points of CPES for the relative large

systems. We compare the structures and properties predicted by CBO-DFT and CBO-

HF. Compared to the experimental results, CBO-DFT outperforms CBO-HF. We expect

CBO-DFT to be a useful tool for studying the polaritonic structures and properties in the

VSC regime. And in the next work (Paper II),74 we will apply the CBO-DFT method to

study more realistic and larger molecules, and try to investigate the signatures of calculated

vibro-polaritonic spectra.

SUPPLEMENTARY MATERIAL

The supplementary material contains the detailed derivations of analytical derivatives

of CBO-DFT energy, definition of mixed coordinate used in geometry optimization, and

comparison of internal coordinates and Cartesian coordinates.
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