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Abstract 

Deciphering the correct mechanism governing certain phenomenon in polyelectrolyte (PE) brush 

grafted systems, revealed through atomistic simulations, is an extremely challenging problem. In 

a recent study, our all-atom molecular dynamics (MD) simulations revealed a non-linearly large 

electroosmotic flow (in the presence of an applied electric field) in nanochannels grafted with 

PMETAC [Poly(2-(methacryloyloxy)ethyl trimethylammonium chloride] brushes. Given the lack 

of any formal mechanism that would have directed us to identify the correct factors responsible 

for such an occurrence, we needed to spend several months and devote significant analysis to 

unravel the involved mechanism. In this paper, we propose a Linear Discriminant Analysis (LDA) 

based ML approach to address this gap. At first, we obtain data on certain basic features from the 

all-atom MD data for a reference case (case with a smaller electric field) and the perturbed case in 

bins in which the nanochannel half height has been divided into. These datasets are high-

dimensional dataset, to which the LDA is applied. This leads to the projection of the data (between 

the reference and the perturbed states) in a highly separated form on a 1D line. From such LDA 

calculations, we are able to identify the importance scores for the different features, which in turn 

tell us what to study and where to study. Such knowledge enables us to rapidly identify the key 

factors responsible for the non-linearly large EOS transport in PMETAC-brush-grafted 

nanochannels.        
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1. INTRODUCTION 

Grafting solid surfaces with charged polyelectrolyte (PE) brushes1-10 ensures effective 

functionalization of such surfaces enabling these surfaces to be used in a myriad of applications 

such as fabricating surfaces with desired wettability11 and protein adsorbability,12 making 

nanochannels capable of enhanced current rectification,13 sensing ions and biomolecules,14-16 and 

generating nanoscale electrokinetic energy,17-20 and designing nanoparticles for drug delivery,21 

oil recovery,22 and water harvesting.23 All these applications rely on the ability of these 

functionalized surfaces to strongly respond to changes in environmental stimuli, such as the pH 

and the salt content of the solution in which the brushes are present, temperature and humidity of 

the surroundings, etc. Also, capturing the equilibrium behavior of these brushes (in response to 

these stimuli) using different theoretical,3-5,7,8,24-28 computational (both coarse-grained 

simulations29-44 and all-atom molecular dynamics simulations45-59), and experimental methods60-81 

has been essential to optimize these applications and unravel novel facets of equilibrated PE brush 

behaviors.  

Previously, the current author and his team developed all-atom molecular dynamics (MD) 

simulation frameworks for capturing the equilibrium behavior of such hydrated PE brushes (both 

anionic and cationic brushes).45-50,54-58 The use of the all-atom MD framework enabled the 

identification of the role of each atom of the PE brushes in determining their properties and at the 

same time provided a detailed description of the PE-brush-supported water molecules and 

counterions. Das and co-workers also employed this all-atom MD simulation framework for 

capturing the effect of functionalizing the nanochannel walls with such PE brushes in regulating 

the electroosmotic transport and pressure-driven electrokinetic transport.51-53,59 Specifically, for 

the case where the nanochannels were grafted with Na+-ion-screened anionic PAA brushes, there 
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occurred overscreening (OS) of the brush charges,51 which in turn led to coion-driven EOS flow 

for smaller electric field strengths.51 This OS disappeared at larger electric field strengths, 

enforcing a counterion-driven EOS flow at greater field strengths; hence there occurred a reversal 

in the EOS flow direction by a mere change in the strength of the electric field.51 In another study, 

it was shown that this co-ion-driven EOS flow in nanochannels grafted with Na+-ion-screened 

PAA brushes enforced simultaneous energy generation and flow enhancement in presence of a 

pressure-driven background flow.52 Finally, in a third paper, the effect of changing the screening 

counterions in triggering the OS effect (and therefore the nature of the EOS transport) in PAA-

brush-grafted (PAA: poly-acrylic acid) nanochannels was probed.53 In a recent study, we have 

extended our analysis by employing all-atom MD simulations for capturing the EOS transport in 

nanochannels grafted with cationic PE brushes [chloride-ion-screened PMETA brushes or 

PMETAC brushes; PMETAC: Poly(2-(methacryloyloxy)ethyl trimethylammonium chloride].59 

Most remarkably, we observed a non-linear increase in the EOS flow strength: a 2-fold increase 

in the electric field strength led to a much greater than 2-fold increase in the EOS volume flow 

rate. In order to figure out the mechanism causing such a non-linear OS flow strength increase, we 

had to carry out an extensive set of analysis, as we had little clue about which quantity to study. It 

took us to several months and several rounds of supporting simulations to eventually identify that 

such a non-linear increase in the flow strength is due to three interrelated factors. First, there occurs 

a unique deformation of the PMETA brushes, where it deforms in such a manner that a part of it 

becomes parallel to the brush-bulk interface and this deformation characterizes an anti-

electrophoretic response of the PMETA brushes since despite being positively charged, it bends 

in a direction opposite to that of the electric field. Second, in response to this unique brush 

deformation, the counterions, too, get expelled from the interior of the brush layer, but instead of 
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leaving the brush layer completely, they localize in this same brush-bulk interface. As a 

consequence, the overall brush layer remains fully screened, although a significant fraction of the 

counterions becomes “freer” to move as they are not located deep inside the brush layer. Third, 

these counterions pull with them hydrated water molecules; therefore, there is now a significant 

fraction of counterion-supported water molecules at the “freer” location of the brush-bulk 

interface. Such a scenario ensures that under the application of the electric field, a significant 

fraction of the counterions and the water molecules hydrating these counterions move much more 

freely and therefore, at a significant faster velocity, eventually causing this non-linearly large EOS 

transport.  

As mentioned previously, figuring out this complex physics governing the EOS transport 

in the PMETA-brush-grafted nanochannels consumed a significant amount of energy, time, and 

computational resources. This prompted us to ponder this question: Is there a logical way to 

narrow down the analysis space for this problem so that it becomes possible to explain the 

mechanism of non-linear EOS transport in PMETAC-brush-grafted nanochannels much more 

promptly? A common way of extracting information from a complex system is to apply some sort 

of perturbation and observe changes in the variables or features of interest. However, finding 

appropriate features is a challenging task. Creating these features or variables that describe the 

state of a system requires a lot of subject or domain knowledge. For example, consider the 

tetrahedral order parameter or q parameter of water molecules. This parameter was developed82 to 

discuss how close to a tetrahedron-like structure a water molecule and its surrounding other water 

molecules are. The functional form of the q parameter required a lot of domain knowledge such as 

the fact that the water is a polar molecule, water creates four hydrogen bonds with its four 

neighbors, the information on the structure of water and its electronic structure, the fact that it acts 
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as a donor to two of its neighboring water molecules and acceptor to the other twos, etc. Compared 

to water, the PE brush is a much more complex system. When analyzing such systems, it is not 

generally known apriori to the researcher what variables to use that have a good physical meaning 

or can help to extract the appropriate physics or give some sort of information about the underlying 

mechanism that governs such systems. Especially for a complex molecular system, finding a 

suitable and meaningful variable that navigates through the analysis space is a daunting task. It 

would be of great value if there exists a protocol or an analysis method that is grounded on solid 

physical arguments. We tried to tackle this class of problem, and our general philosophical 

argument is that many simple variables (that don’t require high domain intelligence), when 

combined with an appropriate machine learning (ML) algorithm, can be used to extract meaningful 

information about a complex molecular system. Many variables generate a high dimensional data 

space, which naturally motivated us to look into the available machine learning (ML) algorithms 

capable of analyzing and handling such high-dimensional data. However, the journey from 

transforming the raw data to the data used into the ML algorithm, making an appropriate choice 

of the ML algorithm, and identifying the right procedures to interpret the data is a long one that 

must be supported by solid physics-based arguments. It should also have some form of generality 

to it, so that the same protocol or some slight modification of it could be used for other systems as 

well.      

As a first attempt at this class of problems, we came up with a strategy that is based on 

Linear Discriminant Analysis (LDA). In this strategy, we employ a ML method (e.g., LDA) on 

some very basic features derived from the MD simulation data; the result is that we effectively 

replace high-domain knowledge by employing ML on low-domain knowledge. Specifically, for this 

problem (namely, understanding the mechanisms enforcing a non-linearly large EOS transport in 
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nanochannels grafted with chloride-ion-screened PMETA brushes), this basic feature is nx-y 

(number of “y” atoms around a chosen “x” atom). We choose several such basic features in 

different bins (in which the simulation domain has been divided) for the cases where the system 

(nanochannels grafted with chloride-ion-screened PMETA brushes) has been subjected to electric 

fields of different strengths: we identify one case as a reference case and other cases as perturbed 

cases. Subsequently, we employ the LDA on these features and obtain clusters (i.e., map the high-

dimensional data onto a lower dimensional space in such a way that the difference between the 

datapoints in the reference and the perturbed states is maximum) corresponding to each feature in 

each bin. Such low dimensional space that enables maximum separability is characterized by an 

axis that is obtained as a weighted combination of these features. These “weights” are the 

“importance score” of these different features. Hence, by identifying the appropriate axis that 

ensures the maximum separation between the data from the reference and perturbed states, we can 

identify the change in the “importance score” corresponding to the different features across the 

bins (for a given perturbation or a given change in electric field) or in a given bin for different 

electric fields (or perturbations). From that analysis (which tells us which feature’s importance 

score undergoes the maximum change), we can pinpoint the appropriate basic feature that should 

be investigated at a specific location (or bin) in greater detail to better explain the non-linear 

increase in the EOS flow strength. Thus, our approach can pinpoint (and thereby significantly 

reduce the analysis space and hence the time and cost of that analysis) “what to study” and “where 

to study”. We explain that using this approach we are able to guide the analysis towards probing 

in greater details the distributions of the monomers, chloride ions, and water molecules in the 

brush-bulk interface; accordingly, it becomes possible to quickly identify the role of the 
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localization of the monomers, chloride ions, and water molecules in the brush-bulk interface in 

ensuring the non-linearly large EOS transport in PEMTAC brush grafted nanochannels.  
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2. METHODS 

2.1. Molecular dynamics simulations 

All-atom molecular dynamics (MD) simulations were performed to investigate the coupled 

dynamics of PMETAC polyelectrolyte (PE) brushes, brush-supported water molecules, 

counterions, and the resulting electroosmotic (EOS) flow (in the presence of an applied axial 

electric field) inside a nanochannel grafted with such PMETAC PE brushes. The nanochannel 

dimensions were 268.3 Å × 89.4 Å × 147.72 Å. We employed periodic boundary conditions in x 

and y directions, and fixed boundaries in z direction. The PE brushes were grafted on both the 

nanochannel walls in a 4 × 12 array; therefore, there were 96 PMETAC chains with a grafting 

density of 0.2 chains/nm2. Each PE chain contains 24 monomers and methyl end cappings. This 

setup captures the brush-nanochannel interface while avoiding complications from long-chain 

effects like entanglement. 

The OPLS-all-atom forcefield83 was used for modeling the PE brushes and validated in prior 

studies for capturing the solvation properties and the responses of the brushes to counterions. The 

system was solvated with SPC/E water, and counterions were added to neutralize the chains. Also, 

an additional 64 Na+ and Cl− ions were included, representing a 0.2 M NaCl solution. Ion 

interactions were modeled using Joung-Chetham parameters.84 

The system was first energy-minimized and equilibrated under NPzT conditions (300 K, 1 atm) 

using a Nosé–Hoover thermostat and barostat, followed by further equilibration in the NVT 

ensemble.45 Long-range Coulomb interactions between the charged entities present in the system 

were computed using the PPPM (particle-particle particle-mesh) method with slab geometry 
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adjustments.45 A time step of 2 fs was used to integrate the velocity field using the Velocity Verlet 

algorithm.45 

For flow simulations, axial electric fields (E=0.1,0.5,1.0 V/nm) were considered. The effect of the 

electric field on different atoms was represented by ascribing forces to these atoms that are 

proportional to the charges of these atoms (similar to that considered in our previous studies 

considering EOS transport in brush-grafted nanochannels51,53,59). Also, to remove the dissipated 

heat, a thermostat was applied to water and ions in one-quarter of the channel. A Langevin 

thermostat was applied to the brushes to mimic the thermal wall control. The system was 

considered to reach a steady state when the velocity profiles and the average brush heights 

stabilized. Much more details of this MD simulation procedure for capturing the EOS transport in 

nanochannels grafted with the PMETAC brushes have been discussed in our previous paper.59  
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2.2. Machine Learning Process 

2.2.1. Philosophy of the Proposed Machine Learning Process 

The standard approach of using all-atom MD simulations to reveal useful properties of a system 

(with or without the application of Machine Learning or ML) involves employing high-domain 

knowledge to the MD-simulation-derived trajectory information. For example, in several of our 

previous papers, we have utilized all-atom MD simulation generated trajectories for computing the 

water properties such as the tetrahedral order parameter (q) or dipole moment distribution (𝜃) 

inside the PMETAC brush layer.55,57 In fact, in one of these studies,57 we employed a ML protocol 

(a combination of Gaussian pre-processing and unsupervised clustering algorithm) on such all-

atom MD generated information on q and 𝜃 of water molecules surrounding the {N(CH3)3}+ group 

of the PMETAC brushes and demonstrated the occurrence of the multiple hydration states of the 

{N(CH3)3}+ group.  

Here, we propose an alternative: we show that we can employ a ML algorithm (namely Linear 

Discriminant Analysis or LDA) on very “basic” MD-derived features (or features representing 

“low-domain” knowledge) to generate information that replaces the need for high-domain 

knowledge for providing useful information on the system. In summary, therefore, we propose that 

ML-enabled low-domain knowledge can become equivalent to high-domain knowledge. Fig. 1 

provides the summary of the ML protocol that will be employed here. The protocol consists of 

five basic steps: (1) selection of basic features; (2) generating appropriate data for feeding into the 

ML algorithm; (3) transforming the data so that the ML algorithm (when applied to this data) can 

provide more effective predictions; (4) actual application of the ML algorithm (LDA) to project 

the high-dimensional dataset into low-dimensional spaces in a manner such that the datasets have 

maximum separation; (5) utilizing the LDA-based separation to identify the importance score (and 
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their changes) associated with the different features and in the process identify what quantities 

should be analyzed and where for better understanding a given phenomenon. These five steps have 

been discussed in detail below.  
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Figure 1. Linear Discriminant Analysis based Machine Learning Protocol used in the present 

study. 
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2.2.2. Selection of basic features 

Molecular simulation algorithms generate trajectories of each particle in the system. Each particle 

represents either a single atom (for the case of all-atom MD simulations) or a collection of atoms 

(for the case of coarse-grained MD simulations). The relative positions of the different types of 

particles under different conditions carry the necessary information of the system. With this in 

mind, the simplest feature we could think of is the number of particles of a certain type around a 

given center particle within a specified distance from this center particle. We denote this number 

as nx-y, where x is center particle and y is the particle surrounding this center particle, while the 

cut-off distance (considered as a hyper parameter) from the center particle used for this calculation 

is 7 Å (see Fig. 2). The biggest molecule in our system is the {N(CH3)3}+ functional group of the 

PMETAC chain, which has a radius of 6 Å. The features that we chose are namely nN-Cl, nN-Ow, 

nOw-Cl, nCl-Ow , nN-N, nmon-mon [where N, Cl, Ow, and “mon” refer to the nitrogen of the {N(CH3)3+}, 

Chloride ion, water-oxygen-atoms, and PMETA monomers (or the carbon atoms of the PMETA 

monomer)].  

A common way to probe the physics of a system is to apply some sort of perturbation to the system 

and observe how certain ‘features’ of the system change with the intensity of the perturbation. 

Identifying these ‘features’ requires a high domain knowledge. Our objective in this article is to 

create a ML protocol that uses features that require low human intelligence and reduce the analysis 

space. 

Suppose there are ‘m’ number of MD generated trajectories for an inhomogeneous, but asymmetric 

system. There are many things to analyze to come up with useful information or intuition. Such 

analyses mostly depend on the domain knowledge of the user. As mentioned above, we are using 

here a simple metric to gauge the physics of such a system: this metric is the number of particles 
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around a selected particle. Subsequently, we shall use a series of mathematical transformations 

that are based on physical intuition to extract meaningful information from the system. 

The unperturbed system is denoted as a0; suppose we apply a perturbation of 1, 2, and 3 to the 

system and the corresponding perturbed systems are denoted as a1, a2, a3. At first, we create a high-

dimensional dataset with low-dimensional features corresponding to each of these systems (a0, a1, 

a2, and a3).  The comparison of the data (high-dimensional dataset with low-dimensional features) 

between the unperturbed and perturbed system holds the information needed to decipher the 

physics of the system. The difference between the features (associated with the unperturbed and 

perturbed states) will show us where the physics lies.   
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Figure 2. A schematic of the basic feature (nx-y) used to probe the system. The feature is the number 

of particles (denoted as “y” and shown as blue circles) around a selected center particle (denoted 

as “x” and shown as the red circle) within a certain cutoff distance from the center particle  (this 

cut-off distance is considered as 7 Å in the present case). 
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2.2.3. Generating data to feed into the ML algorithm 

The features (or data describing the features) identified above contain information about the 

system; however, they need to be transformed in a manner that can be fed into the algorithm in 

such a way that the output has some physical meaning. The transformation needs to be in such a 

way that is inspired by the constitution of the problem or the system. There should have some form 

of generality, and the generality has to come from the nature of the problem. The system we are 

studying here (PE-brush grafted nanochannel) is an inhomogeneous, but a symmetric system. The 

system is inhomogeneous in the z-direction because the constitution of the system changes as one 

goes from the grafting surface to the middle of the nanochannel. At the same time, the system is 

symmetric (in z) about the of the centerline of the nanochannel. The system also has a symmetry 

in the x-y direction as well; in other words, for a constant z value, the composition along the x-y 

directions of the system can be thought of as homogeneous.  

With such conditions under consideration, we applied two processes on the data. At first, we 

binned the features along the z direction; in other words, we divided the system (along z direction) 

into different bins and computed the features (corresponding to both unperturbed and perturbed 

systems) in these bins. Second, we averaged each of the features in each bin for a single snapshot. 

The purpose of averaging is that it will remove the noise.  

Suppose there are ‘m’ number of MD generated trajectories for an inhomogeneous, but symmetric 

system. As mentioned above, we used a simple metric or feature (namely the quantity, nx-y) to 

gauge the physics of such a system. Then we divided the system into ‘d’ number of bins above and 

below the line of symmetry. After that we obtained the features nx-ys in each of these bins and 

averaged each of the features in each of the bins. After binning and averaging, we get therefore get 

x = m×d number of data points, with each data point having ‘N’ dimensions (the number of 
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features).  The final dataset will look like as that shown in Table 1 (with the information on the 

electric field and the bin number being identified as the “labels” of the data) 
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Table 1. Example of a representative dataset 

Features 

E = 0.1 V/nm Bin # nN-Cl nN-Ow  nO-Cl  nCl-Ow ,  nN-N nmon-mon   

1 . . . . . . 

2 . . . . . . 

3 . . . . . . 

4 . . . . . . 

5 . . . . . . 

6 . . . . . . 

7 . . . . . . 

E = 0.5 V/nm 1 . . . . . . 

2 . . . . . . 

3 . . . . . . 

4 . . . . . . 

5 . . . . . . 

6 . . . . . . 

7 . . . . . . 

E = 1.0 V/nm 1 . . . . . . 

2 . . . . . . 

3 . . . . . . 

4 . . . . . . 

5 . . . . . . 

6 . . . . . . 

7 . . . . . . 
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2.2.4. Data transformation 

As mentioned above, a common way to probe the physics of a system is to apply some sort of 

perturbation and observe how certain ‘features’ (associated with the system) changes with the 

change in the intensity of the perturbation. Ideally these changes need to be large enough so that 

they can be detected in experiments. Therefore, we compare the features of each perturbed state 

(i.e., the state generated in the presence of an electric field with a specified strength) with that of 

the reference state only after applying a nonlinear transformation to each of the features (of the 

perturbed state) in a manner such that the difference between the features of the perturbed and the 

reference state gets magnified. This transformation (or the change) is ascertained in the following 

manner: 

New mean of a feature of the perturbed state = Old mean of the same feature of the same 

perturbed state + change, (1) 

Change=K (mean of the perturbative state-mean of the reference state). (2) 

Here K is the hyperparameter.  

This transformation ensures that the datasets are highly separated and the differences between the 

features of the perturbed and the reference state are significantly magnified. After the 

transformation, the dataset has information about the change in its feature w.r.t the reference state 

and that information will help us figure out the physics. 
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2.2.5. LDA analysis 

After the transformation, we generate a high-dimensional dataset describing the features of the 

perturbed and the reference states. These data are characterized by labels, namely the bin number 

and the perturbation intensity (or the strength of the electric field) (see Table 1). For many systems, 

it becomes extremely useful to project such high-dimensional dataset into a lower dimensional 

space in such a way that the difference between the dataset associated with the reference state and 

the perturbative state is maximum. This is precisely the reason for which we employ the Linear 

Discriminant Analysis (LDA) to the high-dimensional data points of the reference and perturbed 

states. This ensures that these data points are projected into a lower dimensional space, where the 

separation between the classes (datapoints of the reference and the perturbed states) is maximum; 

Figure 3 shows an explicit pictorial representation of the action of the LDA.  
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Figure 3. Pictorial representation showing the essence of the application of the LDA, enabling the 

projection of a high-dimensional (3D) data into a low-dimensional (2D) plane in two different 

ways. One type of projection (shown on the left) is more preferred than the other type of projection 

(shown on the right), since the former is more efficient in separating the high-dimensional data 

once they are projected into the 2D plane.  
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Mathematical formulation of the LDA process 

Suppose our original high-dimensional dataset (consisting of data points representing the average 

of nx-ys corresponding to the reference state and one perturbed state in a given bin of number k) is 

𝒙$. Thus, we can write 𝒙$ = &
𝒙!
𝒙"', where 𝒙! and 𝒙𝟐	are the matrices representing the dataset (in a 

given bin of number k) corresponding to the unperturbed and the perturbed states, respectively. 

Thus, each of 𝒙! and 𝒙" consist of data points representing the averages of nx-ys in the chosen bin. 

Therefore, if each of the class 𝒙! and 𝒙" contain Nd number of datapoints (here Nd is the same as 

the number of MD generated trajectories m, see section 2.2.3.), the 𝒙$ matrix is a 6 × 2𝑁$ matrix 

(this “6” comes from the fact that each of these Nd datapoint in class 𝒙! or 𝒙" has a dimension of 

6 or the number of features). 

The use of the LDA will ensure that we employ a vector w to 𝒙$ such that the result is a matrix 𝒚$ 

(with 𝒚$ 	= &
𝒚!
𝒚"'), where the difference between the classes (i.e., between 𝒚! and 𝒚") will be 

maximum. Also, 𝒚$ is a 1 × 2𝑁$ matrix since the high-dimensional dataset (of 𝒙$ matrix) is 

projected (via LDA) on a 1D line. Under these circumstances, w should be a 1 × 6 matrix. 

In other words, we start by considering the following operation: 

        𝒚$ 	= &
𝒚!
𝒚"' = 𝒘𝒙$ = 𝒘&

𝒙!
𝒙"'.         (3) 

Given that we would like the classes (or 𝒚! and 𝒚") to be as far apart as possible (or the difference 

between the classes should to be maximized), we want to maximize the quantity (𝝁1! − 𝝁1")", 

where 𝝁1%  (i = 1,2) denotes the matrix that represent the projected mean of class 𝒚% (i = 1,2).  
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Using eq.(3), certain basic matrix identity [namely (𝑨𝑩)& = 𝑩&𝑨&, where A and B are matrices 

and 𝑿& represents the transpose of matrix X], and considering 𝝁% to denote the mean of xi (where 

i = 1,2), we can express the quantity (𝝁1! − 𝝁1")" as: 

(𝝁1! − 𝝁1")" = (𝒘𝝁! −𝒘𝝁")" = [𝒘(𝝁! − 𝝁")][𝒘(𝝁! − 𝝁")]& = 𝒘(𝝁! − 𝝁")(𝝁! − 𝝁")&𝒘& =

𝒘𝑺'𝒘&.                (4) 

In eq.(4), 

𝑺' = (𝝁! − 𝝁")(𝝁! − 𝝁")&   (5)  

is the between-class scatter matrix. 

In addition, we shall also like to minimize the scatter of the points among a given class (i.e., 𝒚! or 

𝒚"). Let us first consider the class 𝒚!. Therefore, we would need to minimize the following quantity 

(with j= 1,2,…..Nd, where Nd is the total number of datapoints in the cluster represented by class 

𝒚! and the dimension of each of these Nd datapoints is 1): 

𝒔;!" = ∑ (𝒚!(𝑗) − 𝝁1!)"()!,",..,$ = ∑ (𝒘𝒙!(𝑗) − 𝒘𝝁!)"()!,",..,$ = ∑ [𝒘(𝒙!(𝑗) −()!,",..,$

𝝁!)] [𝒘(𝒙!(𝑗) − 𝝁!)]& = ∑ 𝒘[(𝒙!(𝑗) − 𝝁!)]()!,",..,$ [(𝒙𝟏(𝑗) − 𝝁!)]&𝒘& =

𝒘>∑ [(𝒙!(𝑗) − 𝝁!)]()!,",..,$ [(𝒙𝟏(𝑗) − 𝝁!)]&?𝒘& = 𝒘𝑺!𝒘&.       (6) 

In eq.(6), 𝒚!(𝑗) and 𝒙!(𝑗) represents the jth data point of the class 𝒚! (or the cluster represented by 

the class 𝒚!) and the jth data point of the class 𝒙! (which is the class prior to the application of the 

LDA). Also in eq.(6), 

𝑺! = ∑ [(𝒙!(𝑗) − 𝝁!)]()!,",..,$ [(𝒙!(𝑗) − 𝝁!)]& .      (7) 

Given that there are two classes (i.e., we have 𝒚! and 𝒚"), we shall like to minimize  
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𝒔;!" + 𝒔;"" = 𝒘𝑺!𝒘& +𝒘𝑺"𝒘& = 𝒘(𝑺!𝒘& + 𝑺"𝒘&) = 𝒘(𝑺! + 𝑺")𝒘& = 𝒘𝑺.𝒘&,  (8) 

where 

𝑺. = 𝑺! + 𝑺" = ∑ [(𝒙!(𝑗) − 𝝁!)]()!,",..,$ [(𝒙!(𝑗) − 𝝁!)]& +∑ [(𝒙"(𝑗) −()!,",..,$

𝝁")] [(𝒙"(𝑗) − 𝝁")]&.              (9) 

 

These two expressions that need to be minimized [see eqs.(4,5) and (8,9)] are captured together by 

Fisher’s criterion, expressed as: 

𝐽(𝒘) = (𝝁1!2𝝁1")"

𝒔5!"6𝒔5""
.     (10) 

Setting the derivative of the above quantity to zero we arrive at the following equation: 

𝑺.𝒘 = 𝜆𝑺'𝒘.    (11) 

Eq.(11) can be re-expressed as: 

𝑺'2!𝑺.𝒘 = 𝜆𝒘.    (12) 

After solving the above eigenvalue equation [eq.(12)], we get the projection matrix w, which will 

give us the required projected data. The top eigenvalue and the vectors are selected for projection.  
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2.2.6. Generating information from the LDA-generated data: 

After being subjected to the LDA, corresponding to each bin, the datapoints appear as separated 

clusters (one cluster representing the datapoints corresponding to the reference state or the class 

𝒚! and the other cluster representing the datapoints corresponding to the perturbed state or the 

class 𝒚") on a 1D line. Application of the LDA ensures that we now have projected the data onto 

the lower dimensional space in the axis of maximum separability: such dataset becomes easier 

to analyze. Of course, now that we have projected the data into the lower dimensional space (1 D 

line), the features lose their inherent physical meaning, given that the new axis is a linear 

combination of multiple features (or the averages of nx-ys in the given bin for the reference and the 

perturbed states) and doesn’t have any inherent physical meaning. The new axis provides us with 

the weights of the features. These weights are nothing but the components of the calculate w matrix 

(which is a 1 × 6 matrix). The six components of the 1 × 6 w matrix are the weight functions of 

six features. Thus, writing the w matrix as below [see eq.(13)] 

𝒘 =

⎣
⎢
⎢
⎢
⎢
⎡
𝑤!
𝑤"
𝑤7
𝑤8
𝑤9
𝑤:⎦
⎥
⎥
⎥
⎥
⎤

 ,          (13) 

we can identify the weight functions of the six features as 𝑤!, 𝑤", ….𝑤:. Therefore, the 

importance score associated with the six features are |𝑤!|, |𝑤"|, ….|𝑤:|. We calculate this 

importance score for a given bin for two different scenarios. In both the scenarios, we compare 

one reference state with one perturbed state. For both scenarios 1 and 2, the reference state is the 

case of the PMETAC brush grafted nanochannel subjected to an axial electric field of 0.1 V/nm. 
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On the other hand, the perturbed state for scenario 1 (2) is the case of the PMETAC brush grafted 

nanochannel subjected to an axial electric field of 0.5 V/nm (1 V/nm).  

In addition to the importance score (|𝑤%|) associated with a given feature in a given bin for a given 

scenario (1 or 2), we also study the relative contribution of each importance score in a given bin 

for a given scenario by studying the quantity |<#|
∑ ><$>%
$&!

   (where the summation in the denominator 

is conducted over the number of features, which is 6). 

There are three major forms of information that get revealed after applying LDA on the bins: (1) 

the absolute value of the feature; (2) the difference of the importance score (associated with a given 

feature) among the bins for different perturbation values; (3) difference of the importance score 

(associated with a given feature) within a specific bin for different perturbation values. Using such 

information, we will give some predictions about our system in a manner that is commensurate 

with the physics of the system. Since these are system-based quantifications, there is no-one-size-

fit all procedure, but the reader will get an idea of how to modify it for a specific problem. 
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3. RESULTS 

3.1. Features of the equilibrated system 

At the start, it is important to identify some basic features of the system (nanochannel grafted with 

chloride-ion-screened PMETA brushes) in equilibrium. There are four components in the system: 

PMETA chains, water, counterions (Cl- ions) and co-ions (Na+ ions as part of the added NaCl salt). 

Fig. 4 provides the equilibrium distributions of these components. Near the walls, the PE chain 

density is high as evident from the monomer distribution [see Fig. 4(a)]. The counterions screen 

the charges of the PE chains; accordingly, their distribution is very similar to the monomer 

distribution [see Fig. 4(b)]. The water number density is small inside the PMETAC brush layer 

due to the lack of available space, but high in the middle of the nanochannel (i.e., outside the brush 

layer) [see Fig. 4(c)]. Finally, the coions are mostly remain in the middle of the nanochannel [see 

Fig. 4(d)]. These features of the system need to be kept in mind, which will further help to decipher 

the physics. 
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Figure 4. The dimensionless distribution of the various components of the PMETAC-brush-

grafted grafted nanochannel system: (a) monomer distribution; (b) water number density 

distribution; (c) counterion distribution; and (d) coion distribution. In these figures, 𝜎 represents 

atomistic length scale.  

 

  

https://doi.org/10.26434/chemrxiv-2024-7gs4p ORCID: https://orcid.org/0000-0002-1705-721X Content not peer-reviewed by ChemRxiv. License: CC BY 4.0

https://doi.org/10.26434/chemrxiv-2024-7gs4p
https://orcid.org/0000-0002-1705-721X
https://creativecommons.org/licenses/by/4.0/


 30 

3.2. Machine Learning Data 

From the all-atom MD simulation generated data, we first obtain the average of each of the 

quantities nN-Cl, nN-Ow, nO-Cl , nCl-Ow , nN-N, nmon-mon in each of the seven bins in which the nanochannel 

half height has been divided into for each of the three conditions (E=0.1 V/nm, E=0.5 V/nm, and 

E=1.0 V/nm). The case corresponding to E=0.1 V/nm is referred to as the reference case, while 

those corresponding to E=0.5 V/nm and E=1.0 V/nm are referred to as the perturbed cases. We 

would like to compare each of these features nx-y (or more appropriately, the average of each of 

these features) in a given bin between the reference case and the perturbed case. For example, we 

would like to know how nN-Cl (or the average of nN-Cl) in bin k (k = 1, 2,…,7) changes as one 

changes the applied electric field from 0.1 V/nm to either 0.5 V/nm or 1.0 V/nm. In order to ensure 

that this change is well magnified, we employ a non-linear transformation to nN-Cl (or the average 

of nN-Cl) in bin k corresponding to the perturbed cases (i.e., the cases corresponding to E=0.5 V/nm 

and E=1.0 V/nm). At this point, we now have high-dimensional and well-separated datasets (one 

corresponding to the reference case, while others corresponding to two perturbed cases). 

We now apply the Linear Discriminant Analysis (see section 2.2.5. for the mathematical details) 

to this high-dimensional dataset and ensure that they are projected in a low-dimensional space 

(here a 1D line) in such a way that the clusters (representative of the datasets in a given bin) are 

maximally separated. Each cluster represent a given state: the reference state or any one of the two 

perturbed states, corresponding to a given bin. A given cluster in a given bin corresponding to a 

given state (reference or perturbed) consists of datapoints associated with the average value of nx-

y in that bin corresponding to the chosen state. Thus, we get clusters corresponding to bin k (k = 1, 

2,…,7) for either the reference or the perturbed state.  
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As has been already elucidated in mathematical description (see section 2.2.5.), we start with a 

high dimensional dataset (represented by a 6 × 2𝑁$ matrix) and the application of the LDA 

projects this dataset into a 1 × 2𝑁$ space; in other words, application of the LDA leads to two 

highly separated data clusters (each having Nd number datapoints) projected on a 1D line.  

Figs. 5 and 6 show these separated data clusters (projected on a 1D line) for the two separate 

situations for all the seven bins in which the nanochannel half height has been divided into. As 

already pointed out, situation 1 represents the case where we compare the reference case (case 

where we consider the transport in the PMETAC-brush-grafted nanochannels in the presence of 

an applied electric field of E=0.1 V/nm) with the perturbed case (case where we consider the 

transport in the PMETAC-brush-grafted nanochannels in the presence of an applied electric field 

of E=0.5 V/nm). On the other hand, situation 2 represents the case where we compare the reference 

case (same as situation 1) with the perturbed case (case where we consider the transport in the 

PMETAC-brush-grafted nanochannels in presence of an applied electric field of E=1 V/nm). 
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Figure 5. (a) Schematic showing the manner in which the brush grafted nanochannel is divided 

into two sets of 7 bins. One set of seven bins is from the nanochannel wall to the nanochannel 

centerline, with the bin number increasing as one goes from the wall to the centerline. LDA 

projection of the datapoints resulting in two separate clusters on a 1D line for situation 1 (reference 

state: case with E=0.1 V/nm and perturbed state: case with E=0.5 V/nm) for (b) Bin 1, (c) Bin 2, 

(d) Bin 3, (e) Bin 4, (f) Bin 5, (g) Bin 6, and (h) Bin 7.   
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Figure 6. (a) Schematic showing the manner in which the brush grafted nanochannel is divided 

into two sets of 7 bins. One set of seven bins is from the nanochannel wall to the nanochannel 

centerline, with the bin number increasing as one goes from the wall to the centerline. LDA 

projection of the datapoints resulting in two separate clusters on a 1D line for situation 2 (reference 

state: case with E=0.1 V/nm and perturbed state: case with E=1 V/nm) for (b) Bin 1, (c) Bin 2, (d) 

Bin 3, (e) Bin 4, (f) Bin 5, (g) Bin 6, and (h) Bin 7.   
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3.3. Importance Score 

Projecting the high-dimensional data into the clusters on a 1D line via the application of the LDA 

(see Figs. 5,6) is made possible by the calculation of the matrix w (a 1 × 6 matric). The absolute 

values of the components of w matric (namely, |𝑤!|, |𝑤"|, ….|𝑤:|) serve as the importance score 

associated with each feature in a given bin for a given situation. We use these importance score to 

also calculate the relative contributions of each feature in a given bin for a given situation. In Figs. 

7 and 8 we plot these quantities for situations 1 and 2, respectively.  
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Figure 7. Importance score associated with different features for situation 1 (reference state: case 

with E=0.1 V/nm and perturbed state: case with E=0.5 V/nm) for (a) Bin 1, (c) Bin 2, (e) Bin 3, 

(g) Bin 4, (i) Bin 5, (k) Bin 6, and (m) Bin 7. Relative percentage contribution of the importance 

score associated with different features for situation 1 (reference state: case with E=0.1 V/nm and 

perturbed state: case with E=0.5 V/nm) (b) Bin 1, (d) Bin 2, (f) Bin 3, (h) Bin 4, (j) Bin 5, (l) Bin 

6, and (n) Bin 7.  
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Figure 8. Importance score associated with different features for situation 2 (reference state: case 

with E=0.1 V/nm and perturbed state: case with E=1 V/nm) for (a) Bin 1, (c) Bin 2, (e) Bin 3, (g) 

Bin 4, (i) Bin 5, (k) Bin 6, and (m) Bin 7. Relative percentage contribution of the importance score 

associated with different features for situation 2 (reference state: case with E=0.1 V/nm and 

perturbed state: case with E=1 V/nm) (b) Bin 1, (d) Bin 2, (f) Bin 3, (h) Bin 4, (j) Bin 5, (l) Bin 6, 

and (n) Bin 7.  
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Finally, in Figure 9, we summarize the variation of the relative percentage of the importance score 

associated with the six features for each bin and for each situation. This figure has all the message 

that we need. It tells us (1) how a given feature varies across different bins for a given situation (or 

a given perturbation) and (2) how a given feature in a given bin varies with the perturbation (i.e., 

between the two different situations).  

The most prominent and the abrupt change occurs for the feature nN-N [see Fig. 10(a)]. For both 

the situations, it is zero for all the bins except for the bin at the brush-bulk interface (bin 6). In fact, 

in this bin, it becomes significantly large ~20% for both the cases. This feature nN-N represents the 

presence of one {N(CH3)3}+ group of the PMETA chain in close vicinity of another {N(CH3)3}+ 

group. Given that nN-N=0 for bins deep inside the brushes implies that inside the brush layer, such 

an occurrence (where one {N(CH3)3}+ group of the PMETA chain comes in close vicinity of 

another {N(CH3)3}+ group) is not possible. This implies that something with regards to the 

structure of the PMETAC brushes is changing at the brush-bulk interface (or bin 6) that is making 

nN-N suddenly change to a finite value (for both the situations) at the brush-bulk interface (bin 6). 

This points to the fact that in order to better understand the response of the PMETAC brush-grafted 

nanochannel system to the applied electric field (and the resulting non-linear EOS transport), we 

must investigate the structure of the PMETAC brushes at the brush-bulk interface.  

The variation of the feature nmon-mon across different bins and for different situations is 

unremarkable [see Fig. 10(b)]. It is significantly high at near wall locations (bin 1), and 

progressively decreases as one moves away from the wall. This is an expected occurrence 

characterizing the decreases of the monomer density as one moves away from the grafting surface.  

The features nN-Cl and nCl-Ow also show interesting result at the bin corresponding to the brush-bulk 

interface [see Figs. 10(c,f)]. At such brush-bulk interface, where we expect some alteration in the 
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PMETAC brush structure, we find a significant percentage contribution of nN-Cl for either of the 

situations. This implies that the chloride ion is still having a significantly large interaction with the 

part of the brushes that are in the brush-bulk interface. Therefore, in addition to probing the 

structure of the brushes in greater detail at the brush-bulk interface, one should also probe the 

distribution of the chloride ions (and their association with the brushes) at the brush-bulk interface. 

Finally, the significantly high nCl-Ow percentage contribution at the brush-bulk interface points to 

a close association of the water oxygen atoms with the chloride ions at the brush-bulk interface. 

Therefore, the water number density distribution at the brush-bulk interface should be the third 

quantity that should be probed.  

In summary, this entire effort of treating the all-atom MD simulation data to LDA-based ML 

protocol boils down to answering the question what should be probed and where should be 

probed? The answer to this question for the specific problem of the electric field response of the 

PMETAC brush-grafted nanochannel and the resulting non-linear EOS flow is as follows: we 

should probe the behavior of the brushes, chloride counterions, and counterion-solvating water 

molecules at the location of the brush-bulk interface.   
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Figure 9. Variation of the percentage contribution of the importance score associated with the 

different features as a function of the bean number for (a) feature nN-N; (b) feature nmon-mon; (c) 

feature nN-Cl; (d) feature nN-Ow; (e) feature nOw-Cl; and (f) feature nCl-Ow. In each sub-figure, the 

results are shown by bold line for situation 1 (reference state: case with E=0.1 V/nm and perturbed 

state: case with E=0.5 V/nm) and by dashed line for situation 2 (reference state: case with E=0.1 

V/nm and perturbed state: case with E=1 V/nm).  
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3.4 Utilization of the findings from the LDA based ML approach in explaining the 

mechanism of non-linear EOS transport in PMETAC brush grafted nanochannels 

Fig. 10(a) shows the result confirming the non-linear EOS transport in PMETAC brush grafted 

nanochannels: one can see that the volume flow rate increases non-linearly with the electric field 

strength. Application of the LDA-based ML protocol to the all-atom MD data revealing such non-

linear EOS transport directs us (see the previous subsection) to first study the PMETAC brush 

structure at the brush-bulk interface. This is done by calculating the monomer number distribution 

[see Fig. 10(b)]: most remarkably, there is an increase in the monomer number density at the brush-

bulk interface with the increase in the electric field strength. A deeper analysis reveals that at larger 

electric fields, the brushes tilt/bend and occupy an unprecedented parallel (to the grafting substrate) 

configuration at the brush-bulk interface [see Figs. 10(c,d)].  

The LDA-based ML protocol also directs us to study the chloride ion distribution at the brush-bulk 

interface. We do that and find that chloride ions, too, show a similar increase in the concentration 

with the electric field at the brush-bulk interface [see Fig. 10(e)]. This suggests that while the 

brushes are undergoing a significant deformation and getting parallel to the brush-bulk interface, 

the counterions are not leaving the brushes: this is also confirmed from the corresponding 

screening efficiency (SE) result (for all electric field values, the SE is ~100%, indicating that the 

chloride ions never leave the brush layer) [see Fig. 10(f)]. Such accumulated counterions at the 

location of the brush-bulk interface, in the presence of an applied electric field, experience a 

significantly large velocity [see Fig. 10(g)] as they are “much freer” and are only subjected to 

much weaker resistance from the monomers (at such brush-bulk interface).  

Finally, the LDA-based ML protocol has also indicated to study the water molecules that are 

closely associated (hydrating) the chloride ions at the brush-bulk interface. Therefore, we study 
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the water velocity, and it closely resembles the velocity of the chloride counterions [see Fig. 10(h)]: 

the large velocity of the chloride counterions and their strong association with the water molecules 

ensure such large velocity of the water molecules in the presence of the applied electric field, 

justifying the non-linearly large EOS transport in PMETAC-brush-grafted nanochannels.  

All these results on the EOS transport in the PMETAC brush grafted nanochannels were obtained 

without any guidance from the LDA-based ML protocol (see our paper in Ref. 59); hence it took 

us several months and a large number of analyses to converge on these results (and explanations 

for the non-linearly large EOS transport). On the other hand, with the guidance from the results of 

the LDA-based ML protocol, we are able to capture the appropriate physics governing the EOS 

transport in PMETAC brush grafted nanochannels much more quickly.  
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Figure 11. (a) Variation of the EOS volume flow rate as a function of the applied electric field 

strength in PMETAC-brush-grafted nanochannels. (b) Variation in the percentage of the PMETAC 

monomers in the “inside the brush” region (minside) and in the “brush-bulk interface” region 

(minterface) with the strength of the applied electric field. (c) Chain profile of the PMETAC chains 

for different electric field strengths. (d) Probability distribution of the tilt angle (𝜃?) of the brushes 

[the tilt angle is shown in the caption of (d)] for as a function of the applied electric field. (e) 

Variation in the percentage of counterions inside the brush” region (Cinside) and in the “brush-bulk 

interface” region (Cinterfaces) with the electric field. (f) Screening Efficiency (SE) of the PMETAC 

PE brushes (by the counterions) for the cases of the different electric fields. (g,h) Variation of the 

velocity of the (g) counterions and (h) water molecules across the nanochannel. All the results 

have been taken from Ref. 59.  
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4. CONCLUSIONS 

In this paper, we have proposed a new ML approach, based on Linear Discriminant Analysis, 

enabling the use of basic features (low domain knowledge data) from all-atom MD simulations to 

provide rapid dissemination of the mechanism dictating certain perplexing phenomena revealed 

by the MD simulations. Specifically, we consider the all-atom MD simulation-revealed highly 

non-linear EOS transport in the PMETAC-brush-grafted nanochannels. We show that the use of 

the LDA approach enables us to quickly identify what factors to study and in what locations of the 

nanochannel: such knowledge helps to identify the mechanism of such non-linear EOS transport 

very quickly. On the contrary, when such LDA-based information is unavailable, it takes a 

significantly larger effort and analyses to identify the mechanism of the non-linear EOS transport. 

This approach will be further utilized in future studies for quickly explaining the mechanisms 

associated with a variety of different electrokinetic and pressure-driven liquid flows in 

nanochannels grafted with different types of PE brushes and screened by a variety of different 

counterions.  
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