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Abstract

This study meticulously examines the criteria for assigning electron rearrangements along the
intrinsic reaction coordinate (IRC) leading to bond formation and breaking processes during the
pyrolytic isomerization of cubane (CUB) to 1,3,5,7-cyclooctatetracne (COT) from both
thermochemical and bonding perspectives. The computed gas-phase activation enthalpies obtained
using state-of-the-art DFT functionals strongly align with experimental values. Notably, no cusp-type
function was detected in the initial thermal conversion step of CUB to bicyclo[4.2.0]octa-2,4,7-triene
(BOT), as evidenced by examining the modulus of the Hessian determinant at all potentially
degenerate critical points (CPs) and their relative distances. Contrary to previous reports, all relevant
fluxes of the pairing density must be described in terms of fold unfolding. The transannular ring
opening in the second step highlights characteristics indicative of a cusp-type catastrophe, facilitating
a direct comparison with fold features. This fact underscores the critical role of density symmetry
persistence near topographical events in determining the type of bifurcation. A fold-cusp unified
model for scaling the polarity of chemical bonds is proposed, integrating ubiquitous reaction classes
such as isomerization, bimolecular nucleophilic substitution, and cycloaddition. The analysis reveals
that bond polarity index (BPI) values within the [0, 10~] au interval correlate with cusp unfolding,
whereas fold spans over a broader [1073, o) au spectrum. These insights emphasize that the cusp
polynomial is suitable for describing chemical processes involving symmetric electron density
distributions, particularly those involving homolytic bond cleavages; in contrast, fold characterizes
most chemical events. The elucidated unified model accurately captures the CUB to COT stepwise
reaction mechanism, as illustrated by the sequence of catastrophes describing ELF topology changes
along the IRC. The rigorous application of BET and identifying unfoldings that describe crucial
electron rearrangements are highlighted as essential for understanding and predicting chemical
reactivity.

Keywords Bonding Evolution Theory (BET); Gas-phase thermochemistry; Catastrophe Theory;
Annulenes thermal isomerization; Hessian matrix; Electron density symmetry
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1. Introduction

Chemists have been fascinated by the molecular structure and physical properties of cubane (CUB)
and its derivatives for almost six decades [1-11]. The cubic symmetry and extreme bond strain of
cubane result in unique chemical behaviors that continue to challenge and inspire synthetic
chemists[12-14]. The rigid C8 framework, characterized by bond angles of 90°, defies the typical
tetrahedral geometry associated with sp? hybridized carbon atoms, leading to significant angular
strain and high strain energy [7, 12, 15]. This strain is a driving force behind the distinctive reactivity
of cubane [16], often facilitating reaction pathways that are less accessible in less strained systems
[5, 13]. Additionally, the geometric rigidity of cubane ensures that introducing substituents at any of
its eight carbon atoms results in well-defined and predictable structural modifications [11-14]. This
fact makes cubane an excellent scaffold for the design of new materials and pharmaceutical
compounds [14], where its compact, energy-dense nature can be harnessed to create molecules with
novel properties, such as enhanced stability, specific steric interactions, and the ability to store and
release significant amounts of energy in controlled environments [2, 13, 17, 18]. The exploration of
cubane derivatives has already led to advances in developing high-energy materials, pharmaceuticals,
and even molecular machines, highlighting this remarkable framework’s ongoing relevance and clear
potential in modern chemistry [3, 4, 6, 8-10].

The inherent strain and distinctive geometric features of cubane have sparked interest in its synthesis
and stability and prompted further exploration into its reactivity and transformation pathways [12-
14]. Indeed, cubane is an excellent model system for theoretical studies, strain energy analysis, and
reactivity [19]. Investigating bond dissociation energies and the nature of chemical bonding in cubane
provides valuable insights into strained molecules. One of the significant model transformations is
the thermal decomposition of CUB to cyclooctatetraene (COT) [20]. This process highlights the
dynamic interplay between the structural strain and the resulting thermochemical properties as
modeling the conversion towards more stable isomers [5, 13, 19, 20]. Recently, Seif and co-workers
[21] have presented computational results concerning such a thermal decomposition via a two-step
mechanism involving the formation of bicyclo[2.2.2]octane (BOT) as an intermediate, as illustrated
in Scheme 1.

cuB BOT cot

Scheme 1. Thermal decomposition of cubane (CUB) to yield cyclooctatetraene (COT) via the
intermediate bicyclo[2.2.2]ocane (BOT) [21].
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Based on the application of bonding evolution theory [22], they provide evidence that supports bond-
breaking/bond-forming processes and the associated electron density rearrangements to be
asynchronous along the entire reaction path. The reaction mechanism features thus 18 structural
stability domains (SSDs) separated by 17 bifurcation catastrophes of fold and cusp nature, specifically
denoted [23] as 5-1-13-C'CTFFFC'CTFFFCTCT-2-6-[C]o.C[F]2[CT].C'-0 [20]. Considering recent
findings regarding the characterization of such processes involving CC bonding [24], this
observation warrants a more detailed examination. Cusp-type catastrophes are particularly
significant, as they are typically anticipated only in cases where local symmetry is preserved
throughout the reactive process [24-35].

Within the BET framework, a reacting system is modeled as a gradient dynamical system (GDS),
with the electron localization function (ELF) [36] as the time-independent “potential function” [37].
BET uses catastrophe theory principles to characterize sudden changes in ELF along the reaction
coordinate. Let us briefly outline the basis of CT [38], as comprehensive resources are readily
available [37-40]. The gradient nullity condition applied to the smooth R3® ELF potential results in
four types of equilibrium or critical points (CPs): attractors of index zero (local maxima), saddles of
index one and two, and repellors of index three (local minima). The index stands simply for the
number of positive eigenvalues of the Hessian matrix evaluated at the CP. The collection of CPs
defines the molecular map or phase-space portrait of the gradient vector field of the examined local
potential [41, 42]. The curvature of the phase space flattens as the distance between two or more
critical points (CPs) decreases. This change in curvature can be directly evaluated using the
determinant of the Hessian matrix, |[det H|. A CP is termed degenerate if the |det H| evaluated at this
point yields a zero value [39, 40, 43]. Catastrophe theory describes all distinct changes in the
geometric shape of generic parametric families triggered by the creation or annihilation of CPs
through seven unfoldings, constrained to a maximum of four parameters, provided these CPs are not
exclusively saddle points [39]. This observation underscores that merely counting changes in the
number and type of Morse critical points separating adjacent structurally stable domains (SSDs) is
insufficient for determining the associated parametric unfolding [24-35]. BET provides a chemically
convenient perspective[44-51] on the behavior of dynamical systems by examining bifurcations that
occur due to changes in the gradient field of a well-characterized local function along a given reaction
coordinate. ELF is a local function describing the relative electron pair (de)localization associated
with a given electron density [52-54]. ELF can be understood as the relative local excess of kinetic
energy density resulting from the Pauli exclusion principle [36, 44, 50, 52-55]. Integrating the one-
electron and two-electron density probabilities within the volume of ELF basins makes it possible to
assess electron delocalization quantitatively [36, 44, 52-58]. Sudden variations in the number and
type of critical points (CPs) along the reaction path can be associated with relevant electronic events
responsible for bond-breaking and bond-forming processes. Based on Thom’s theorems [39, 59-61],
this link is established via the so-called universal unfoldings [38]. The system evolution is sketched
into a sequential series of structural stability domains (SSDs) defined by a definite number and type
of nondegenerate critical points of the gradient field of ELF [22, 62-66]. Each SSD can, in principle,
be associated with a given “bonding state” of the evolving system [24-35]. The turning points
separating each pair of SSDs can be properly associated with the results of discontinuities or
elemental bifurcation catastrophes [22, 61, 64]. This comprehensive understanding of SSDs and their
bifurcation points provides a rigorous framework for analyzing the reaction mechanism and bridges
theoretical models with practical chemical intuition. The BET approach has provided significant
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insights into the fundamental mechanisms of chemical reactions, as evidenced by examining different
bonding challenges [67]. Recent advancements in the rigorous application of the BET methodology
have evidenced that describing relevant chemical events along a reactive coordinate of only visually
inspecting the sudden changes in the number and type of critical points leads to erroneous assigning
of the unfolding characterizing electronic rearrangements [29]. It is crucial to assess local curvature
metrics involving the Hessian matrix at potentially degenerate CPs and to monitor the distance
variation between them to avoid misinterpretations. Building on the ongoing interest in the detailed
study of bifurcations in ELF topology along reaction coordinates [24-35], our approach employs a
methodological framework that assesses the modulus of the Hessian matrix determinant, |[det H],
evaluated at all potentially degenerate critical points (CPs) of the ELF, the relative distance between
these CPs, and the maximum number of CPs associated with each unfolding [24-35]. As we will
discuss, a notable and striking finding emerges, significantly diverging from previous cubane
pyrolysis observations [21]. These results will highlight the complex interrelationships between the
minimal energetic configurations of the reaction system, key electron reorganizations, and the
associated topological changes. We aim to demonstrate that identifying key fluxes of electric charge
along a reaction path is far more than a technical detail; it is pivotal in utilizing Thom’s polynomials
as effective markers of the persistency of electron-pairing densities [33, 35]. Henceforth, such a
comprehensive approach to analyzing chemical reactions addresses the intricacies of electronic
rearrangements and offers an opportunity to provide a deeper understanding of bond polarity
intimately related to the electronegativity concept [68, 69]. Metrics associated with the bond polarity
index (BPI), as originally proposed by Allen and co-workers [70, 71] can be utilized to assess bond
polarity, providing new insights into the chemical implications rationalizing previous findings [24-
35]. This work is organized as follows: First, we briefly outline the theoretical foundations of BET
and describe the computational methodologies employed. Next, we provide a detailed re-evaluation
of the topographic aspects of the thermal conversion mechanism from cubane (CUB) to
cyclooctatetraene (COT). We then introduce a bond polarity scale based on the fold-cusp composite
model, utilizing the connection between universal unfoldings and the symmetry of electron density
in bond-breaking and bond-forming regions. The last section summarizes the main findings.

2. Theoretical and computational details

Geometry optimization using analytical gradients [72-75], frequency calculations, and the assessment
of thermochemical properties regarding the pyrolytic isomerization of CUB to BOT were performed
using the B3LYP hybrid functional in combination with both the 6-31G(d) and 6-31+G(d,p) Pople
basis sets. All calculations concerning thermal conversion from BOT to COT were tested with the
B3LYP, ®B97X-D, M06-2X, and MN15-L functionals, each combined with the 6-31+G(d,p) split-
valence basis set, as implemented in the Gaussian 16 package of programs [76]. The intrinsic reaction
coordinate (IRC) [77, 78] was obtained for both chemical reactions using the standard integration
method [74, 75] with a step size equal to 0.001 amu'?Bohr to validate that the transition structure
connected the correct minima.

The topological analysis of the ELF and the characterization of its phase-space portrait were carried
out using the Multiwfn package of programs [79]. The topographic maps were generated using the
VMD software [80]. The fulfillment of the Poincaré-Hopf relationship was verified for all
topographic maps along the IRC. The classification of topographical bifurcations was carried out by
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strictly examining the absolute value of the Hessian determinant evaluated at all potentially
degenerate critical points and their relative distance near the degeneration region. To elucidate the
nature of elementary catastrophes associated with bond-breaking and bond-forming processes, we
employ a three-step sequential procedure [29] based on the CT principles [22, 23, 63-65, 81-84]. This
method enables the accurate identification and assignment of the correct unfolding, i.e., first, the
determinant of the Hessian matrix is evaluated at all potentially degenerate critical points, excluding
cases where all points are saddle points. Second, the relative distance between potentially degenerate
critical points is evaluated, again excluding cases with only saddle points. This step is instrumental
when the potential energy surface is relatively flat. Finally, the unfolding assignment process relies
on the outcomes of the first two steps, considering the maximum number of critical points for each
universal unfolding [29]. The BPI has been evaluated [79] following the metric proposed by Allen
and coworkers [70, 711, i.e., BPLyy = (Ely — EIf) — (Ely — EIFT), where EIS* and EI;* are
the energy index of the reference system for atoms X and Y, respectively. A larger magnitude of BPIyy
indicates a higher bond polarity of the X-Y bond. It is worth mentioning that Ely =
Zl{alence n;€; Ui,X/
molecular orbital, with occupation n; and energy ¢;. Diffuse functions were avoided in such a context,
as we use the simple Mulliken-based population partition for obtaining g; x. Despite El and BPI being

yvalence n. o, v, where 0;x is a matrix representation for atom X in the i-th

essentially one-electron measures [70, 71, 85, 86], has been demonstrated to be functional parameters
in predicting the behavior of chemical bonds along related series of molecules and materials-related
complex systems [8§7-89].

3. Results and Discussion

3.1. Thermal cage-opening process of cubane.

To our knowledge, there is no record of an experimental barrier for the CUB — BOT reaction.
Nonetheless, static pyrolytic experiments performed in the 503.15-533.15 K range report an
activation energy of 43.0 kcal/mol for the cage-opening pathway leading to syn-
tricyclo[4.2.0.0>3]octa-3,7-diene, which is 39.0 kcal/mol above COT [90]. Predicted activation
enthalpies AH¥ in the gas phase, computed using the popular B3LYP exchange-correlation functional
combined with the 6-31G(d) and 6-31G+(d,p) split-valence basis sets, are consistent with the
experimental measurements [90, 91]. This suggests that the level of theory used is appropriate for
examining the ELF topography along the IRC and the invariance of results concerning the level of
theory, corroborating previous observations [24, 46, 92, 93]. Hereafter, the provided distance values
between reacting centers correspond to the B3LYP/6-31G(d) level. In Scheme 2, we report molecular
graphs associated with all identified structural stability domains of ELF, namely SSDs labeled from
I to XIII. All identified catastrophes are classified as the fold type involving one maximum and one
index-one saddle, and in contrast to the previous assignations [21], no signatures for cusp types have
been found. It is worth noting that the fold is the simplest unfolding, i.e., it is a third-degree
polynomial characterized by one state variable and one control parameter. In contrast, the cusp is a
fourth-degree function with two control parameters. The first two topological ELF bifurcations,
SSD 1 — SSD 1l — SSD 111, correspond to the C4-C8 and C1-C2 bond breakings, which are
associated with a; and as maximums, respectively. Seif and co-workers [21] characterized both events
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through cusp-type functions, meaning that a; and as degenerate and split into three hyperbolic CPs:
two maxima and an index-one saddle point. However, a deeper examination [29] reveals an entirely
different result. By following the absolute determinant of the Hessian matrix, |det H|, at maxima a;
and as, any signature for degeneration can be found. Conversely, the |det H| increases towards more
positive values in the neighborhood of the topographical bifurcation (see Supporting information, Fig
S1). The number of CPs for each event varies in two, and neither a; nor as are involved. Specifically,
once the C4-C8 length reaches a value of 2.269 A, the maximum a;; and the saddle s; originate near
the C4 carbon from a wandering point (wp), i.e., wp — a3 + S1, whereas the maximum a, remains
near the C8 center. This change in the ELF phase portrait constitutes the onset of the C4-C8 breaking.
As the reaction evolves, and the C1-C2 distance is 2.011 A, another fold process, i.e., wp — a4 + 5,
occurs in the locality of the C1 center, marking the initial stages of the C1-C2 cleavage, whereas the
maximum asremains as a non-degenerated CP near the C2 center. Hence, these CC bond breakings
should be described as the simplest unfolding, i.e., the fold. Note that regardless of the inherent
complexities of the above cage- and ring-opening events, which are influenced by a variety of factors,
including the activation enthalpy, species concentration, partial and total pressure, temperature, molar
mass, heat capacities, and steric effects, both topological changes can be studied via the universal
unfolding expression n(r, ) = x3 + ux + y3, where 7 is the ELF, x stands for the state variable
(i.e., the eigenvector associated with the vanishing eigenvalue), y designates any arbitrarily
orthogonal degree of freedom with respect to x, and p is the control parameter. This parameter is
conveniently (yet arbitrarily) defined as the negative in the length variation of reaction centers,
yielding real roots (i.e., CPs) [29]. Considering recent discussions [24-35], it becomes clear that
assigning a cusp function to bond-breaking processes implies that the electron pairing density
(indicative of a bond) splits into two equivalent fractions. The homolytic bond dissociation of
molecular systems resulting in two identical moieties, each bearing an unpaired electron (in the case
of closed-shell systems), accurately exemplifies this situation [29]. In contrast, the |det H| evaluated
at a; and at as reveals an entirely different picture concerning the cage-opening and ring-opening,
respectively. The density represented through such ELF maxima does not split. An essential element
in the current discussion is the analysis of CUB geometric changes along the IRC.
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Scheme 2. Simplified molecular structures, critical points, and topology changes connecting the different structural stability domains (SSDs, labeled
using Roman numbers), which feature bonding states associated with the CUB cage-opening process. Violet numbered spheres represent ELF
maxima, and green numbered spheres are saddles of index one. The CUB, the transition state (TS), and BOT species belong to SSDs 1, V, and XIII,
respectively. The labels FT or F represent fold bifurcations that increase or decrease the number of basins, respectively, as summarized by the process
below the arrow.
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The CUB shape is highly distorted at the point where the cage opens, i.e., the C4-C8 bond breaking;
thus, a plane containing a; and perpendicular to the C4-C8 bond fails to yield two fragments similar
enough to induce any cusp flags. It is worth noting that the same argument applies to the description
of the ring-opening via the C1-C2 bond breaking. As previously reported, the subsequent three
changes in the phase space, i.e., SSD III - SSD IV — SSDV — SSD VI, are characterized as folds
[21] since each maximum a;4, a3, and as collides each with one-index saddle CP, annihilating through
q4 + S3 = Wp, a3 + 5, > wp, and ag + S5 = wp processes, respectively. After the C1-C4 bond
length becomes 1.357 A, two new CPs (a;5 and s4) are formed near ay, featuring the SSD VI —
SSD VII process (Wp = aq5 + Sg)- Subsequently, the maximum a;s and the index-one saddle s arise
near the C5 atom after the C5-C6 bond reaches the critical length of 1.792 A ie., SSDVII -
SSD VIII (wp = aq¢ + s7). The first topographical event marks the initial stage of the double bond
between C1 and C4, whereas the second constitutes the onset of the C5-C6 bond breaking. Hence,
the electron reorganizations leading to such processes must also be described via the fold unfolding
as ajpand as do not degenerate (see Supporting information, Fig S2). The next three bifurcations, i.e.,
SSDVIII - SSDIX — SSD X — SSD XI, are verified to be of the fold type, as previously
identified [21]. Near the C8 center, the ELF maximum a; merges with the saddle ss through the a; +
sg = wp process. Then as collides with so, and both points annihilate through the ag + s9 = wp
process. Lastly, a;s and s;9 disappear via the aig + S;9 & wp event near the C5 center. The
continuous contraction of the C2-C6 bond distance until it reaches the value of 1.370 A leads to the
apparition of the (a;7, s;) pair near the maximum a,, wp — aq; + S11. From a topological
perspective, this maximum indicates the onset of the formation of a double bond between these carbon
atoms, i.e., SSD XI — SSD XII. The last significant change featuring the CUB — BOT reaction is
the onset of the double bond formation in the C5-C8 region when it reaches the distance of 1.353 A,
through the wp — a;g + s1, topographical mechanism, i.e., SSD XII — SSD XIII. These events are
described in terms of the simplest Thom’s unfolding in both cases since the |det H| at both a7 and a
shows these CPs play no role in the bifurcations (see Supporting information, Fig S3). In conclusion,
the full scrutiny [29] of the pyrolytic isomerization of cubane to bicyclo[4.2.0]octa-2,4,7-triene
through the cage-opening process reveals no flag of the cusp unfolding along the IRC. These findings
further exhibit the underlying correlation between electron density symmetry and unfoldings [24, 29,
30]. The spatial rearrangement of the density along the minimum energy path gives the molecule its
geometric shape, which, in turn, dictates the local topographical behavior of pairing density fluxes
associated with key chemical events, such as the bond-breaking and bond-forming processes. Thus,
this rationale enables assigning, a priori, the correct unfolding to describe each relevant chemical
change along a pathway by visually inspecting the system geometry near the event. Considering that
the spatial configuration of the cubane is strongly distorted during all chemical changes, it is
reasonable that the fold correctly characterizes the electron rearrangements featuring the CUB —
BOT pyrolytic isomerization.

3.2. Further insights concerning the transannular ring-opening

In Scheme 3, we depict the sequence of significant changes featuring the BOT — COT isomerization.
For this elementary step, an activation energy equal to 18.7 kcal/mol was experimentally estimated at
298 K [94], consistent with 18.0 kcal/mol obtained under pyrolysis conditions (503-533 K) [95]. The
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absolute error between experimental and computed enthalpies at 533 K ranges from 0.0-5.7 kcal/mol,
using the 6-31G+(d,p) basis set and various global hybrid long-range-corrected functionals, including
B3LYP, ®B97X-D, M06-2X, and MN15-L. This indicates these methods are appropriate to estimate
the barrier in the gas phase. The topographical analysis of ELF was performed at the MN15-L/6-
31G+H(d,p), for which an absolute error of 2.4 kcal/mol was observed. See the Supporting information
for further details.

The first changes in the BOT reacting system are associated with the simultaneous reduction of the
C1C4 and C5CS8 double bonds to single ones. The maxima a;s and a;s are shown to collide with saddle
points of index one when the CC distance is 1.369 A. Consequently, each maximum-saddle pair
annihilating through the a;5 + s¢ @ wp and a;g + s;, = Wwp events constitutes the initial stages of
the 7w bond losses. Although the remaining ay and a;s are in the bonding regions, they are not involved
in these chemical processes since the |det H| at such a position remains almost constant. However, as
the topography change is imminent, the increase in the dropping ratio of this curvature metric at a;s,
ais, s, and s, constitutes a strong flag of a bifurcation, signifying these CPs will degenerate (See
Supporting information, Fig S4). Therefore, the density fluxes resulting in such bond reductions must
be correlated to the fold, contrary to the previously reported assignment. The continuous stretching
of the C3-C7 bond until the distance becomes 1.963 A results in a; splitting into three hyperbolic
CPs, namely, a9, az, and s;3. This abrupt change in the ELF phase space occurs through the a; —
Q19 + S13 + ayg cusp-type mechanism [21]. The |det H| at these points fully supports such a
classification. Indeed, as degenerates because of the increasing separation between C3 and C7. Also,
the symmetry in the Hessian values at the new maxima is a strong flag, evidencing the cusp nature of
this chemical event [29] (see Supporting information, Fig S5). In this scenario, it is crucial to note the
substantial differences between the reduction of double to single bonds and the C3-C7 homolysis
regarding the characterization provided by |det H|. In the latter case, the reverse IRC traversing yields
that Hessian at the three points decreases, and at the merging point, these CPs have a similar Hessian
value, a direct consequence of their spatial proximity. In contrast, the |det H| picture of the former
case radically differs since only two points degenerate, unveiling the underlying fold features of such
electron reorganizations. The following two changes in the ELF topography co-occur as maxima a;o
and azomerge with two saddle points of index one via fold catastrophes, namely a9 + 514 = wp and
Ayo + S15 = wp [21]. The (a2, s15) and (az2, $17) pairs emerge simultaneously from wandering points
in the C3-C4 and C7-CS8 single bond regions, respectively, at a distance of 1.370 A. These new ELF
maxima mark the onset of the formation of m bonds. However, a,; and a, are not involved in the
chemical changes even though a,; and a.; arise in the respective localities of the former points.
Therefore, fold functions should better characterize both topographical transformations [21]. The
arising of a,; and s;sin the vicinity of as constitutes the last change in the ELF phase space and was
misassigned as a cusp-type catastrophe [21]. The determinant of the Hessian evaluated at a5 evidence
that this point is not degenerate, meaning the (a3, s5) pair appears through the simplest fold unfolding
(see Supporting Information Fig. S6).
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ct Fl,

a9 + 514 = Wp
Qo + S15 = wp

[Fl2

—_—
15 + S¢ = Wp
a1 + S12 2> wWp

—_—
a3 = Gyg + 513+ ay

Ft
_
wp = a3+ Sig

[Ft],
—_—
Wp = Gz; + Si6
wp = dz; + Si7

Scheme 3. Simplified molecular structures, critical points, and topology changes connecting the different structural stability domains (SSDs, labeled
using Roman numbers), which feature bonding states associated with the BOT — COT process. Violet numbered spheres represent ELF maxima,
and green numbered spheres are saddles of index one. The BOT, the transition state (TS), and the COT species belong to SSDs I, III, and VI,
respectively. The labels FT or F represent fold bifurcations that increase or decrease the number of basins, respectively, as summarized by the process

below the arrow.
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The formation and reduction of all double bonds featuring the BOT — COT transannular ring opening
cannot be cusp catastrophes as previously assigned [21]. Flags for the cusp polynomial can be
exclusively observed in just one relevant chemical event, i.e., the C3-C7 bond breaking (i.e., the
transannular ring-opening process). This finding further underscores the significance of the density
symmetry persistency near the topographical bifurcation [24, 29, 30, 32]. In this context, we want to
stress that a perpendicular plane to the C3-C7 stretching bond containing as yields two identical
fragments. The symmetry persists before and after this change in the ELF phase space; thus, each
fragment, specifically C3 and C7, exerts the same attracting power on the pairing density represented
by as. Consequently, this CP degenerates and splits into three hyperbolic points. This fact is congruent
with the non-polarity of this bond. The new maxima are characterized by the same statistical (e.g.,
electron population) and local curvature (e.g., the Hessian matrix) metrics, further supporting the
balance in the electronegativity featuring the C3 and C7 centers at this reaction stage.

3.3. Chemical bond polarity and universal unfoldings

To further explore the interplay between electron density symmetry persistency, bond polarity, and
unfolding flags, we have evaluated the bond polarity index [70, 71] between selected pairs of atoms
for nine reacting systems (see Table 1).

Table 1. Bond polarity index, BPI, in au for specific bonds, considering the transition state (TS) and reactant

configurations for reactions in the vacuum phase. Computed, AHfomp, and experimental, AHe*xp, activation

enthalpies in kcal/mol. The activation enthalpy was calculated at 7= 298 K when no experimental reference
was available.

i Exami ELF
No. Level of Theory Reaction xgg:]lged BPlreactant BPlts AHpmp/AHE Catastrophe
3
. i 2.000 x 10°
R MNIS-L/6316() E,@ © e 0.000 10.9 /16.9(533K)[20] Cusp
3
- - & 3 1771-
R MN15-L/LANL2TZ ;@ c3-c7 4574 %10 3.825x 10 Fold
|
1 I'
3
— C3-C7 7.000 x 10 1.300 x 108 1771- Cusp
R3 MN15-L/LANL2TZ 7 :
1 |
4
" o 2 78.0/-
R4 B3LYP/6-31G(d) %s - E@ ca-ce 700010 328410 Fold
R5 M06-2X/6-311G(2df,p) F— OH— F —OH C-F -0.006x 107  -2:193x 107 10.2/2.1(297K)[96] Fold
\ 2
— -5 . -5
R6 @B9TX-DI6-31G(d) ‘ C1---C2 1.200 x 10 1.600 x 10 21.2 /29.0(430K)[97] Cusp
A1
2 /
— c1-C2 2000x10° 2200 x 10°  38.5/32.0(440K)[98- Cusp
R7 ©B9I7X-D/6-31G(d) EL S 100]
A7 [-dn
-2
RS MPWILK/6-31G(d.p) | N— . C1--N1 - 6.280 x 10 14.3 /13.2(313K)[101] Fold
N1
c2.-C3 - 3.251 x 102 Fold
/4 2
—_— - -3
Ro wBY7X-DI6-31G(d) . 1H C1---C3 9.503 x 10 18.2 /24.3(800K)[102] Fold
3
C2.--C4 - 9.496 x 10° Fold
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This set includes ubiquitous reaction classes broadly applied in organic synthesis and biochemical
processes: isomerizations (R1-R4), bimolecular nucleophilic substitution (R5), and pericyclic
processes, including electrocyclic (R6-R7) and cycloaddition (R8-R9) subclasses. For convenience,
the isomerization mainly comprises iodine-substituted and -unsubstituted species of BOT and COT.
In the case of R5, OH is the nucleophile, while fluorine acts as the leaving group. The cyclization
of 1,3-cis-5-hexatriene (R6), the cyclobutene to 1,3-butadiene conversion (R7), the 1,3-dipolar
cycloaddition between diazomethane and norbornene (R8), and the archetypal Diels-Alder reaction
between 1,3-butadiene and ethylene (R9), are thermally driven processes typically rationalized using
the orbital symmetry. Ethane (H3C-CHzs), diazane (H.N-NH>), and molecular fluorine (F») served as
reference systems for computing the energy index (EI) of carbon, nitrogen, and fluorine atoms,
respectively.

A comprehensive overview of the bond polarity changes and ELF catastrophes for various reactions
is reported in Table 1, highlighting the impact of different theoretical methods on the calculated
properties. This information can be crucial for understanding the electronic changes occurring during
chemical reactions and selecting appropriate computational methods for future studies. The absolute
deviation between computed and experimental activation enthalpy ranges from 1.1 to 8.1 kcal/mol,
indicating the reliability of the level of theory used for computing each BPI.

The analysis of bond polarity index differences and ELF catastrophes reveals significant insights into
the electronic changes occurring during chemical reactions. For reactions R1 and R3, involving BOT
and 2,5-diiodobicyclo[4.2.0]octa-2,4,7-triene, respectively, the BPI values for the C3-C7 bond are
very small, indicating minimal changes in electron density, which is consistent across different
topographical assignations and suggests a symmetrical distribution of electron density around the
breaking bond. In contrast, reaction R2, involving a single substituted iodine species, shows a
substantial increase in BPI by two-three orders of magnitude for the same bond, reflecting a
significant reorganization of electron density and a major change in bond polarity. A low BPI value
(~107° au) is observed for C4-C8 in CUB (R4), reflecting its highly symmetrical structure; however,
this value increases by four orders of magnitude upon reaching the transition state, highlighting
pronounced disparities in electron density distribution and underscoring the critical role of density
symmetry near topographical bifurcations. Correspondingly, a fold catastrophe is observed, as
discussed above. For the prototypical Diels-Alder reaction (R9) between 1,3-butadiene and ethylene,
the relatively high BPI value strongly supports the fold [24, 32] classification over the cusp [64, 103]
concerning the electron reorganizations featuring the ring closure, indicating significant changes in
electron density and bond polarity. These observations underscore the possibility of integrating both
fold and cusp polynomials into a unified model for scaling the bond polarity index, where the fold
function describes a larger interval of BPI values suitable for bond-forming and bond-breaking
processes with low electron density symmetry. In contrast, the cusp function characterizes exceptional
cases of high-density symmetry. Such a fold-cusp composite model comprising universal functions
(See Scheme 4) provides a robust framework for understanding the chemical bond polarity along
reactive coordinates, offering valuable insights into various chemical systems’ electronic structure
and reactivity.
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Scheme 4. High absolute BPI values (> ~107 au) featuring the catastrophic region (e.g., the TS configuration)
correlate with the fold unfolding, which characterizes bond-forming and bond-breaking processes exhibiting a
low symmetry of electron density. In contrast, such phase spaces with low BPI (< ~107 au) constitute a cusp
flag, which describes relevant electron reorganizations showing a high-density symmetry relative to a plane
perpendicular to the breaking/forming bond.

4. Concluding remarks

The criteria for assigning electron rearrangements along the intrinsic reaction coordinate that leads to
bond formation and breaking processes during the pyrolytic isomerization of cubane (CUB) to
1,3,5,7-cyclooctatetraene (COT) have been meticulously examined from both thermochemical and
bonding perspectives. Our study applied a recently developed methodology [29] that adheres to the
foundational principles of bonding evolution theory (BET) [22]. The computed gas-phase activation
enthalpies using state-of-the-art DFT functionals align well with experimental values. Notably, no
indication of a cusp-type function was detected during the initial step of the reaction mechanism,
specifically the thermal conversion of CUB to bicyclo[4.2.0]octa-2,4,7-triene (BOT). This conclusion
was drawn by examining the modulus of the Hessian determinant at all potentially degenerate critical
points (CPs) and their relative distances. Contrary to previous reports [21], all relevant fluxes of the
pairing density must be described in terms of fold unfolding. The transannular ring opening in the
second step is particularly significant, as it allows for visualizing characteristics indicative of a cusp-
type catastrophe, facilitating a direct comparison with fold features. This finding underscores the
importance of density symmetry persistence near topographical events, which plays a crucial role in
determining the type of bifurcation. The fulfillment of this condition serves as a reliable descriptor
for assigning the unfolding a priori, based on a visual assessment of molecular geometry. This fact
reveals an intricate correlation between key electron density fluxes, the most stable molecular
configuration, and the local topographical description of significant chemical changes. Consequently,
it establishes a direct link between topology and the energetic features.

A fold-cusp unified model for scaling the polarity of chemical bonds is proposed by gauging such a
multi-correlation. The integration of ubiquitous reaction classes into the analysis, including
isomerization, bimolecular nucleophilic substitution, and cycloaddition, showed that values of the
BPI within the interval [0, 10~] au correlate with the cusp unfolding, whereas the fold spans over a
broader spectrum, [107, o) au. These insights stress that the cusp is the adequate polynomial to
describe chemical processes when a plane perpendicular to the breaking/forming bond yields two
equivalent molecular moieties, and since this unfolding involves three CPs. Bond cleavage aligns
with chemists’ expectations due to the formation of new densities near reacting centers, exemplified
in homolytic bond breakings. Consequently, the fold is expected to characterize most chemical events
since no particular condition is required. This fact is corroborated by the CUB — COT stepwise
reaction mechanism and accurately captured by the elucidated unified model. Using the standard
proposed notation [23], and strongly contrasting with previous reports [21], the adequate sequence of
catastrophes describing the changes of the ELF topology along the IRC for the complete CUB —
BOT — COT is 5-1-13-F'F'FFFF'F'FFFF'F-2-6-[F].C'[F]o[F].F'-0. These findings emphasize the
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importance of rigorously applying Bonding Evolution Theory (BET), particularly in accurately

identifying the unfoldings that describe key electron rearrangements [24-29, 31-35, 104, 105].
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Figure S1. Variation in the modulus of the Hessian determinant, |det H|, at al (Panel a) and
at a2 (Panel b) along the IRC for the process CUB— BOT.

Figure S2. Variation in the modulus of the Hessian determinant, |det H|, at a10 (Panel a) and
at a8 (Panel b) along the IRC for the process CUB— BOT.

Figure S3. Variation in the modulus of the Hessian determinant, |det H|, at a7 (Panel a) and
at a9 (Panel b) along the IRC for the process CUB— BOT.

Figure S4. Variation in the modulus of the Hessian determinant, |det H|, at CPs a10, al5, and
s6 (Panel a) and at points a9, al8, and s12 (Panel b) along the IRC for the process
BOT—COT.

Figure S5. Variation in the modulus of the Hessian determinant, |det H|, at points a3, al9,
a20, and s13 as we move along the IRC for the process BOT—COT.

Figure S6. Variation in the modulus of the Hessian determinant, |det H|, at points a2 (Panel
a), a4 (Panel b), and a5 (Panel ¢) when we traverse the IRC for the process BOT—COT.
Optimized cartesian coordinates for minima and the first-order saddle point (TS) featuring
the pyrolytic isomerization of cubane to bicyclo[4.2.0]octa-2,4,7-triene at the B3LYP/6-
31G(d), and B3LYP/6-31+G(d,p) DFT levels.

Optimized Cartesian coordinates for minima and the first-order saddle point (TS) featuring
the pyrolytic isomerization of bicyclo[4.2.0]octa-2,4,7-triene to 1,3,5,7-cyclooctatetraene at
the B3LYP/6-31+G(d,p), ®B97X-D/6-31+G(d,p), M06-2X/6-31+G(d,p), and MN15-L/6-
31+G(d,p) DFT levels.

Optimized Cartesian coordinates for minima and the first-order saddle point (TS) of reactions
R1-R9.

Optimized Cartesian coordinates of reference species used for computing the bond polarity
index (BPI).

Table S1. Performance of DFT levels in predicting the activation enthalpy of the thermal
isomerization of bicyclo[4.2.0]octa-2,4,7-triene to 1,3,5,7-cyclooctatetraene at 533 K.
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