
Analytical Derivative Approaches for Vibro-Polaritionic Structures and Properties

Xunkun Huang and WanZhen Lianga)

State Key Laboratory of Physical Chemistry of Solid Surfaces,

Collaborative Innovation Center of Chemistry for Energy Materials,

Fujian Provincial Key Laboratory of Theoretical and Computational Chemistry,

and Department of Chemistry, College of Chemistry and Chemical Engineering,

Xiamen University, Xiamen 361005, P. R. China.

Vibro-polaritons are hybrid light-matter states that arise from the strong coupling be-

tween molecular vibrations and the electromagnetic field in an optical resonator. The

study of the related phenomena has spurred the emergence of a new field, now known

as polaritonic chemistry. To fully understand the precise mechanisms underpinning

polaritonic chemistry and provide a deeper understanding of the underlying quan-

tum mechanical processes, developing useful theoretical models and advanced com-

putational frameworks to describe and predict the behavior of these hybrid states is

crucial. Here we present advanced analytical energy derivative approaches within the

framework of the cavity Born-Oppenheimer density functional theory (CBO-DFT)

to efficiently calculate the vibro-polaritonic spectra and explore the critical points

on the cavity potential energy surface. We not only demonstrate the formulation

and implementation of analytical energy gradient and Hessian as well as the infrared

(IR) and Raman scattering spectral intensities into the electronic structure software

package, but also proposes a classical model that helps us to understand the spectral

signatures. As a first application of our developed codes, we study the IR and Raman

scattering spectra of acetone in the cavity.
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I. INTRODUCTION

When few (many) molecules are placed in a nano- (micro-)cavity, the photon quasi-

particles in the cavity will greatly enhance the intrinsic coupling between the molecular

electrons/vibrations and the quantized electromagnetic field, resulting in the formation of

polariton states and the modification of the physical and chemical properties.1–6 In the vibra-

tional strong coupling (VSC) regime in which the light-matter coupling is strong enough to

exceed the sum of the two parts’ dissipation rates, the coupling of cavity photon and molec-

ular vibrations creates the vibro-polariton states, which have exhibited modified properties

compared to the uncoupled states,7–10 such as enhancing11,12 or suppressing13,14 the rate of

chemical reactions, controlling the reaction selectivity.15–17 In experiments, the formation of

vibro-polaritons can be detected by vibrational spectroscopy, including linear infrared (IR)

spectra,18 nonlinear 2-dimensional IR,19–23 and Raman scattering spectra.24–27

The research in this field is advancing rapidly, with experimental techniques being devel-

oped to predict and control the formation of vibro-polaritons and with theoretical models

and computational frameworks being developed to describe and predict the behavior of these

hybrid states.28–35 The cavity Born-Oppenheimer approaximation (CBOA) provides a the-

oretical framework to study VSC, in which the nuclei and photon are treated on the equal

footing so that spans the cavity potential energy surfaces (CPES).36,37 Currently there are

two types of theoretical methods based on the CBOA which focus on the energy representa-

tion. The time-dependent dynamics methods38,39 are beyond the subject of this manuscript.

The first type (denoted as ab initio CBO in this manuscript) focuses on solving electronic

eigenstates, including QEDFT,40 CBO-HF,41,42 and CBO-CC.43 Among these methods, the

photon displacement coordinate is added as an external parameter like nuclear coordinates,

and light-matter interaction is treated self-consistently. Therefore the photon-electron cor-

relation has been taken into account. Another types of methods (denoted as perturbative

CBO in this manuscript) include crude CBOA44 and CBO-PT.45,46 In these methods, the

light-matter interaction operator is projected onto the bare electronic eigenstates, which

can be obtained by conventional quantum chemistry calculations. And the photon-electron

correlation is added perturbatively. A main advantage of perturbative CBO methods is

that one can just relay on the existing quantum chemistry code, as long as the molecular

vibrational normal mode and light-matter interaction matrix elements can be calculated.
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While for ab initio CBO methods, the photon displacement coordinate and the light-matter

interaction have to be explicitly added in the electronic structure software package.

Beyond the energy calculations, one would like to optimize molecular geometries, find

reaction pathways, calculate thermal and spectroscopic properties and so on with respect to

the CPES. This urges us to implement the analytical energy derivatives with respect to the

nuclear, perturbed electric field and photonic degrees of freedom (DOF) into the electronic

structure package.47,48 The analytical gradient of CBO-HF energy has been formulated and

used to calculate ab initio vibro-polaritonic spectra by Kowalewski et al.42 However the

required Hessian in their spectral calculation was obtained by numerically differentiating

the energy gradient, and the geometries of molecules in the cavity were not re-optimized.

Furthermore, the HF method largely overestimates the harmonic frequencies compared with

the corresponding experimental fundamentals. Aiming at solving these issues, in this work,

we first combine the CBOA with the density functional theory (DFT) and develop CBO-

DFT approach. Then we formulate the analytical gradient and Hessian of CBO-DFT energy

as well as the nuclear and photonic derivatives of dipole and polarizability. The successful

implementation of analytical derivatives enables us to effectively calculate the linear IR and

Raman scattering spectra of vibro-polaritons. The procedure of geometry optimization on

the CPES will also be implemented so that one can analysis the critical points on the CPES.

Thanks to the explicit expression of analytical derivatives, we also present a model Hessian

with respect to two coupled harmonic oscillators in order to understand the features in the

vibro-polaritonic spectra. The acetone molecule is selected as an example to show all the

features of vibro-polaritonic spectra.

The manuscript is arranged as follows. In Sec.II, we present the expressions of CBO-DFT

energy, energy gradient, and Hessian, and we also rationalize the procedure of calculating

the frequencies and spectral intensities of vibro-polaritons. In Sec.III, we show geometry

optimization on the CPES, the model Hessian that helps us to understand the features of

vibro-polaritonic spectra, and the ab initio vibro-polaritonic spectra of acetone calculated

within the framework of the CBO-DFT. Finally, the concluding remarks are summarized in

Sec.IV.
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II. THEORY

In this manuscript, the subscript A is the index of nuclei, and i the electrons. n represents

the Cartesian components which can be {x, y, z}. {p, q, . . .} index molecular orbitals (MO),

{i, j, . . .} the occupied MOs, and {µ, ν, . . .} the atomic orbitals (AO). The superscript x

represents nuclear derivative, and q the derivative with respect to photon displacement

coordinate. The superscripts bracketed with ‘[ ]’ refer to the explicit derivatives excluding

the contributions from orbital rotations Θ. The detailed derivations of analytical derivatives

shown in this section are presented in the supplementary material.

A. CBO-DFT Energy and Gradients

The usual starting point of polaritonic chemistry is the Pauli-Fierz Hamiltonian (in the

length gauge and dipole approximation)49

Ĥ = T̂nuc + Ĥe + ωcb̂
†b̂−

√
ωc

2
(λ · µ̂)(b̂† + b̂) +

1

2
(λ · µ̂)2, (1)

= T̂nuc + Ĥe +
p̂2

2
+

1

2
ω2
c q̂

2 − ωc(λ · µ̂)q̂ + 1

2
(λ · µ̂)2. (2)

T̂nuc + Ĥe constitutes the molecular Hamiltonian in vacuum. ωb̂†b̂ or 1
2
(p̂2 + ω2

c q̂
2) is the

photonic Hamiltonian (we only consider single mode). The last term 1
2
(λ · µ̂)2 is the so-

called dipole self-energy operator, and it ensures the light-matter system to have a ground

state.50 µ̂ =
∑

A ZAR̂A − ∑
i r̂i is the molecular dipole operator, and λ =

√
h̄

ε0V
e is the

coupling vector, in which its magnitude represents the strength of cavity electric field, and

e is the unit vector representing the transverse polarization direction. The remaining term

−√
ωc

2
(λ · µ̂)(b̂† + b̂) or −ωc(λ · µ̂)q̂ describes the light-matter interaction.

In the VSC regime, the cavity electromagnetic mode is coupled to molecular vibrational

degrees of freedom. The CBOA provides a theoretical framework to describe VSC. At this

stage, the nuclear and photonic kinetic operators are separated from the PF Hamiltonian,

and we treat the nuclear coordinates and photon displacement coordinate as external pa-

rameters instead of operators. This results in the CBO Hamiltonian

ĤCBO = Ĥe(R) +
1

2
ω2
cq

2 − ωc(λ · µ̂)q + 1

2
(λ · µ̂)2, (3)

and also defines the CPES, ECBO(R, q).
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In this work, we include the DFT exchange-correlation (XC) functional in the electronic

Hamiltonian Ĥe. The formalism of the adopted XC functional is just the standard one that

employed in conventional quantum chemistry code. This treatment neglects the electron-

photon correlation in the functional, but we also point that the electronic response to the

cavity photon is treated self-consistently in this work. Similar to the CBO-HF ansatz, the

electronic ground state is described by a single determinant of Kohn-Sham orbitals, and the

corresponding expression of energy in atomic orbital (AO) representation is41,49

ECBO(R, q) = h ·P+
1

2
P ·Π ·P+ Exc + Vnuc +

1

2
ω2
cq

2

− ωcqλ · µ+
1

2
(λ · µ)2 + q ·P− 1

2
P · (dPd).

(4)

Here we define the matrix dµν =
∑

n λnMn,µν in which Mn is the dipole matrix of n-

component, and also define the matrix qµν = 1
2

∑
mn λmQmn,µνλn in which Qmn is the

quadrupole matrix. µn =
∑

A ZARA,n − P · Mn is the total dipole moment of molecule

in n-direction. The CBO-DFT Fock matrix is

F = h+Π ·P+Vxc(P) + (ωcq − λ · µnuc)d+ q+ d(d ·P)− dPd. (5)

Because CBO-DFT wavefunction is variational, the nuclear gradients of CBO-DFT energy

can be derived by the Lagrangian approach.51 The CBO-DFT Lagrangian is defined as

LCBO = ECBO −∑
pq εpq(Spq − δpq). The derivative of CBO energy is therefore the partial

derivative of energy Lagrangian

Ex
CBO =

dECBO

dx
=

∂LCBO

∂x

= h[x] ·P+
1

2
P ·Π[x] ·P+ E[x]

xc + V [x]
nuc −WS[x]

+ (λ · µ− ωcq)(λ · µ[x]
nuc − d[x] ·P) + q[x] ·P−P · (dPd[x]),

(6)

in which Wµν =
∑

i CµiεiCνi = (PFP)µν and it is called energy weighted density matrix.

Since there is one new dimension, the photon displacement coordinate q, the gradient with

respect to it is also required. The Lagrangian approach is also applied, but in this case the

constraint term does not explicitly depend on q. The expression of photonic gradient is

Eq
CBO =

∂LCBO

∂q
= ω2

cq − ωcλ · µ. (7)
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B. CBO-DFT Hessian

The second derivative of CBO-DFT energy is essential for calculating harmonic vibra-

tional spectra, and it is important for geometry optimization on the CPES. The expression of

Hessian is obtained by directly differentiating on the gradient. The photon-photon Hessian

and photon-molecule Hessian are easy to get:

Eqq
CBO = ω2

c − ωcλ · µq, (8)

Eqx
CBO = −ωcλ · µx. (9)

In both parts, the derivatives of total dipole are involved. The nuclear derivative of dipole

is µx
n =

∑
A ZAR

[x]
A,n−Mn ·Px−M

[x]
n ·P and photonic derivative of dipole is µq

n = −Mn ·Pq.

And the expression of Hessian with respect to nuclear displacement is

Exy
CBO = h[xy] ·P+

1

2
P ·Π[xy] ·P+ E[xy]

xc + V [xy]
nuc

− (λ · µ− ωcq)d
[xy] ·P+ (λ · µ[y]

nuc − d[y] ·P)(λ · µ[x]
nuc − d[x] ·P)

+ q[xy] ·P−P · (dPd[xy])−P · (d[y]Pd[x])

+ F[x] ·Py −Wy · S[x] −W · S[xy].

(10)

The derivative of energy weighted density matrix is

Wy = PyFP+PFPy +PFyP, (11)

and the Fock matrix derivative is

Fy = F[y] +Π ·Py +Vxc(P
y) + d(d ·Py)− dPyd. (12)

In the above expressions, the derivatives of density matrix Px and Pq are required. To

calculate them, the derivative of molecular orbital coefficients or orbital rotations Θ[x] and

Θ[q] are obtained by solving the coupled-perturbed self-consistent field (CPSCF) equations

with respect to nuclear displacement and photonic displacement.52,53 Besides, the orbital

response Θ[n] to electric field perturbation fn is also solved, which gives us Pn.

To calculate Raman scattering intensity, the derivative of polarizability is required. The

expression of polarizability is αmn = ∂µm

∂fn
= −Mm · Pn, in which fn is the electric field

along n-direction. And its derivatives with respect to x and q are αx
mn = −Mm · Pnx and

αq
mn = −Mm ·Pnq. Thanks to the 2n + 1 rule, the second derivative of density matrix can

be calculated only using the first-order orbital response.54,55 The details of derivations are

shown in the supplementary material.
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C. Harmonic Frequency and Spectral Intensity

In this work, the procedure for calculating the harmonic frequencies of vibro-polaritons

and the corresponding vibro-polaritonic normal modes is as follows. The Hessian matrix

is converted to the mass-weighted Hessian (MWH) matrix: Hm,xy = Exy
CBO/

√
MxMy, gx =

Eqx
CBO/

√
Mx, and Hc = Eqq

CBO. Note that the “photon mass” is assumed to be 1 a.u. so that

we do not show it explicitly. This gives us a MWH matrix with size of (3N +1)× (3N +1),

and the matrix has four blocks Hm g

g† Hc

 . (13)

We first diagonalize the molecule part Hm

L′†D†HmDL′ = ω′2
m. (14)

Here D is the projection matrix (following the Eckart conditions56) that projects out the

translational and rotational normal modes of molecule, and L′ is the mass-weighted vibra-

tional normal coordinate matrix. In this step, we solve 3N−6 (or 3N−5 for linear molecules)

effective vibrational normal modes of molecule in the cavity that are ready to be mixed with

cavity mode (, and the corresponding spectral intensities are calculated if needed). Next we

build the unitary matrix

U =

DL′ 0

0 1

 , (15)

and use it to transform the original MWH matrix into an intermediate MWH matrix

H̃ = U†

Hm g

g† Hc

U =


ω′2
m,1 0 . . . g′1

0 ω′2
m,2 . . . g′2

...
...

. . .
...

g′1 g′2 . . . ω′2
c

 , (16)

in which ω′2
c = Eqq

CBO. Finally we diagonalize H̃, i.e. X†H̃X = ω2, to get the harmonic

frequencies of vibro-polaritonic states, and the vibro-polaritonic normal coordinate matrix

is L = UX.

The IR spectral intensity of vibro-polaritonic mode k is Ik = |µk|2, in which µk is the

derivative of total dipole with respect to the vibro-polaritonic normal coordinate Qk

µk =
∂µ

∂Qk

=
3N∑
A=1

LA,k√
MA

∂µ

∂RA

+ L3N+1,k
∂µ

∂q
. (17)
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The polarizability derivative of normal coordinate Qk is

αmn,k =
∂αmn

∂Qk

=
3N∑
A=1

LA,k√
MA

∂αmn

∂RA

+ L3N+1,k
∂αmn

∂q
. (18)

The expression of Raman activity Sk is quite lengthy, and readers can refer to it in the Eq.43

of Ref. 57.

The treatment proposed in this section is due to the following reasons. Because the trans-

lational and rotational normal modes that include photon displacement coordinate may not

be well-defined, the projection only applies to the molecule part of MWH matrix. And the

intermediate MWH matrix H̃ in Eq.16 gives a clear picture of how each molecular vibration

interacts with the cavity mode. Additionally, due to the block form of the intermediate

MWH matrix, we can build the MWH matrix of molecular ensembles by simply duplicat-

ing the effective frequencies and corresponding couplings of molecule, and diagonalize the

matrix to calculate the vibrational spectra of molecular ensembles.

III. RESULTS AND DISCUSSIONS

A. Implementation

The CBO-DFT method and its analytical derivative (including gradient and Hessian)

are implemented in a local version of Q-Chem package.58 The procedures of geometry opti-

mization on the CPES, including full optimization and optimization of q with fixed nuclear

configuration, are also implemented based on the libopt3 driver.

The full geometry optimization on the CPES requires a mixed coordinate definition, in

which the molecule part uses internal coordinate and the photon displacement coordinate

is another part. Since the CPES along the q direction is usually much smoother than along

the nuclear DOFs, quasi-Newton methods (e.g. BFGS algorithm) are recommended. A

brief description of our geometry optimization scheme is presented in the supplementary

material. Fig.1 shows geometry optimization of HF molecule in the cavity. The theoretical

level of CPES is B3LYP59/aug-cc-pVDZ60, and the strength of coupling vector λ = 0.05 (in

atomic unit, as 1 a.u. = 1
√
meEh/eh̄) with the direction parallel to the H−F bond. The

initial bond length and q are 0.8 Å and −4.9 a.u. respectively. With an exact initial Hessian

(orange line) or guess initial Hessian (blue line), the full geometry optimizations all converge
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to the local minimum, and convergence is faster using the exact initial Hessian.

1.6 1.8

RH−F (a.u.)

−4

−2

0

q
(a

.u
.)

1.5

2.0

R
H
−

F
(a

.u
.)

0 5 10 15

step

−5

−2

q
(a

.u
.)

FIG. 1. Left panel displays the trajectories of geometry optimization of HF molecule on the

CPES. Right panel displays the H−F bond length and the value of q varied with the number of

optimization steps. Orange and blue colors represent the geometry optimization using exact and

approximate initial Hessian, respectively.

B. Understanding Vibro-Polaritonic Spectra from Model Hessian

Before presenting the calculated vibro-polaritonic spectra, we can have a basic under-

standing of them by looking into the formalism of CBO-DFT (which also applies for CBO-

HF) and linear response theory of vibro-polariton. The framework of ab initio vibro-

polaritonic spectra was introduced by Flick et al.,40 in which the contribution of µq to

the cavity frequency and spectral intensity was explicitly considered. Physical insight into

the cavity frequency shift and asymmetry in vibro-polaritonic spectra via the perturbative

CBO approach were also presented in Ref. 44,46. Here, we show the physical nature of µq

from the perspective of molecular property theory. And we propose a model Hessian to show

how vibro-polaritonic frequencies and spectral intensities vary with the strength of λ.

µq is a very important quantity in ab initio vibro-polaritonic spectra. In fact, µq shares

a similar expression with polarizability: µq
n = −Mn ·Pq and αmn = −Mm ·Pn. In addition,

in the coupled-perturbed self-consistent field equations EΘΘ
CBO ·Θ[n] = −L

[n]
vo and EΘΘ

CBO ·Θ[q] =

−L
[q]
vo, the photonic Lagrangian is L[q] = −ωc

∑
n λnMn, and the electric field Lagrangian

is L[n] = −Mn (the derivation of these equations are shown in the supplemetary material).

It is obvious that Θ[q] = ωc

∑
n λnΘ

[n]. Through this analogy we can interpret µq as the

“induced dipole” under the action of λ, and µq = ωcα ·λ. µq and λ usually have the same

direction (i.e. the off-diagonals of polarizability tensor can be ignored). As a result, the value
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of ω′
c (Eq.16) is always smaller than ωc, and the frequency shift ω′2

c − ω2
c is approximately

−ω2
c (λ ·α · λ).
The discussion in this section bases on a 2×2 MWH matrix, which describes two coupled

harmonic oscillators,61 i.e. one molecular vibrational mode Q (from out-of-cavity) and one

cavity mode: ω2
m g

g ω′2
c

 . (19)

We assume that the parameters (µQ and α) in Eq.19 are from ab initio calculations of a

molecule out-of-cavity. And it also worth noting that µQ should be mass-weighted like in

the Eq.17. The expression of coupling is g = −ωcλ · µQ. Its strength depends on the dot

product between coupling vector λ and transition dipole µQ of molecule vibrational mode

Q. Again, ω′2
c = ω2

c − ωcλ · µq, in which µq is the derivative of total dipole with respect to

photon displacement, or the “transition dipole” of cavity mode.

k

λ

µq

µQ

Frequency Frequency

g < 0 g > 0

(a) (b) (c)

FIG. 2. (a) µq interpreted as the induced dipole due to λ, and transition dipole µQ of the molecule

vibrational mode. (b) and (c) The interaction diagrams of molecule vibration and cavity mode

(above part), and the corresponding vibro-polaritonic spectra (lower part).

The vibro-polaritonic spectra is obtained by diagonalizing the interaction matrix in Eq.19.

At first, we assume the resonance case of ωm = ω′
c, indicating that the detuning is zero.

Therefore the transition dipoles of upper polaritonic (UP) state and lower polaritonic (LP)

state are combinations of µQ and µq of equal weight as shown in Fig.2. (The quantum and

classical descriptions of coupled harmonic oscillators can be mapped to each other as shown

in the supplementary material and Ref. 61.) It is interesting to see that no matter what the

coupling value of g takes, the IR spectral intensity of LP state is always larger than that
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of UP state. For example, if g > 0, which means that λ (i.e. µq) and µQ are oriented in

same direction, after diagonalization, the LP transition dipole is 1√
2
(µq + µQ) and the UP

transition dipole is 1√
2
(µq −µQ). Therefore, the spectral intensity of LP state is larger than

that of UP state at g > 0. If g > 0, meaning that λ (µq) and µQ have opposite directions,

then the LP and UP transition dipoles are 1√
2
(µq−µQ) and 1√

2
(µq+µQ), respectively. This

implies that the spectral intensity of LP state is still larger than that of UP state at g < 0.

So in resonance case, the spectral intensity of LP state is always larger than that of UP

state.

In practical calculations, the cavity frequency ωc (which appears in ĤCBO) is often set

equal to the frequency of one of molecular vibrations out-of-cavity. We consider µQ and

λ are oriented in the same direction so that we just represent them as scalars. The model

Hessian is written as  ω2
c −ωcλµ

Q

−ωcλµ
Q ω2

c − ω2
cαλ

2

 . (20)

Diagonalizing the model Hessian (details are shown in the supplementary material), the

frequency and transition dipole of UP state are

ω+ =

[
ω2
c −

(µQ)2

α
λ̃2 sin2 θ0 −

(µQ)2

α
λ̃ sin 2θ0

]1/2
, (21)

µ+ = µQ cos θ0 + µq sin θ0 = µQ(cos θ0 + λ̃ sin θ0), (22)

and the frequency and transition dipole of LP state are

ω− =

[
ω2
c −

(µQ)2

α
λ̃2 cos2 θ0 +

(µQ)2

α
λ̃ sin 2θ0

]1/2
, (23)

µ− = µQ sin θ0 − µq cos θ0 = µQ(sin θ0 − λ̃ cos θ0). (24)

In the above equations, we define a dimensionless auxiliary variable λ̃ = λ/
(

µQ

ωcα

)
, and

the optimal rotating angle θ0 = 1
2
tan−1(−2/λ̃). The results are plotted in Fig.3. In the

left figure, as the strength of λ increases (characterized by λ̃ in the figures), the splitting

between LP and UP states becomes larger. However we can see that the blue-shift of UP

state eventually converges while the LP state continues to red-shift. The spectral intensities

of UP and LP states are shown in the right figure. At the beginning (λ̃ = 0), UP and LP

states share equal spectral intensity. For non-zero λ̃, we find the result is similar to the

previous paragraph: the intensity of LP state is always greater than that of UP state. And

the peak of UP state even approaches to zero if λ̃ is large.
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FIG. 3. The evolution of vibro-polaritonic spectra with respect to λ̃ at the case of ω = ωm. Left

and right panels separately show the peak positions and spectral intensities of UP and LP states

varied with λ̃.

The model Hessian presented in this section gives us a perspicuous picture to understand

the cavity frequency shift and asymmetry peak in the ab initio vibro-polaritonic spectra.

However the model Hessian neglects the interaction of cavity vacuum field on the molecules.

First, the deformation of molecular geometry and the shift of molecular vibration frequency

are neglected in the model. As shown in Ref. 46, the effective frequency of molecular vi-

bration ω′
m is greater than the vibration frequency out-of-cavity ωm due to the quadratic

correction term with respect to λ. We also assume that µQ and α do not vary with the

strength of λ. But since they depend on the electronic wavefunction (and nuclear configu-

rations), this assumption becomes less appropriate when the strength of λ is large.

In CBO-DFT, the light-matter interaction is included, and the dependence of electronic

state on cavity vacuum field is also considered. And in most cases, we will re-optimize the

molecular geometry. Therefore, compared to the model Hessian, the ab initio method CBO-

DFT and its analytical derivatives presented in this work allow us to adequately describe

the vibro-polariton in the VSC regime.

As for Raman scattering spectra, the contribution to polarizability derivative from cavity

mode αq is also considered. Following the same argument, αq corresponds to the first-order

(static) hyperpolarizability, i.e. αq
mn = ωc

∑
l λlβmnl. To realize vibro-polariton, the relative

orientation of λ and µQ should be consistent to achieve strong coupling. And this explains

the features that emerge in IR spectra. However for Raman spectra, the relation between

αQ and αq is not so clear as in the case of dipole. The features of Raman scattering spectra

of vibro-polariton may be system-dependent.
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C. Vibro-Polaritonic Spectra of Acetone

In this section, we study the vibro-polariton formed by C−O stretching vibration of ace-

tone and cavity mode. All calculations are performed at the theoretical level of B3LYP/def2-

ma-SVP62. The spectral lineshapes are broadened using Lorentz distribution function, with

full width at half maximum (FWHM) being 10 cm−1. For acetone out-of-cavity, the vibra-

tion frequency of C−O stretching is 1805.34 cm−1. As show in Fig.4, the C−O stretching

mode is both IR and Raman active.
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FIG. 4. The calculated IR (above) and Raman scattering (below) spectra of acetone out-of-cavity.

The blue arrow shows the polarization direction of λ.

For acetone in the cavity, we set cavity frequency ωc = 1805.34 cm−1, and λ is polarized

along the C−O stretching direction (z-axis). The geometry of acetone and photon displace-

ment coordinate q are all optimized. First we consider λ being 0.02, and the calculated

vibro-polaritonic spectra (IR and Raman) are shown in Fig.5. The top panel in column (a)

is the IR peak of C−O stretching out-of-cavity, and the cavity frequency we set is repre-

sented by the dashed line. In the second panel, we can see the effective vibration frequency

of C−O stretching is slightly blue-shifted, and its IR intensity is nearly unchanged. The

red-shift of cavity frequency is distinct (ω′
c = 1789.752 cm−1), and the intensity of cavity

peak is strong enough that can not be ignored. The IR spectra of vibro-polaritons are plot-

ted in the lowest panel. The Rabi splitting between LP and UP states is 52.64 cm−1, and

the central frequency of two peaks is 1799.92 cm−1. As expected, the vibro-polaritonic IR

spectra is asymmetric, and the intensity of LP peak is stronger than that of UP peak. The

13

https://doi.org/10.26434/chemrxiv-2024-njsd9 ORCID: https://orcid.org/0000-0002-5875-3668 Content not peer-reviewed by ChemRxiv. License: CC BY-NC 4.0

https://doi.org/10.26434/chemrxiv-2024-njsd9
https://orcid.org/0000-0002-5875-3668
https://creativecommons.org/licenses/by-nc/4.0/


10

20(a)

10

20

IR
In

te
n

si
ty

(k
m

/m
ol

)

1730 1800 1870

Frequency (cm−1)

0

10

20
LP

UP

0.5

1.0(b)

0.5

1.0

R
a
m

an
In

te
n

si
ty

(Å
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FIG. 5. The formation of vibro-polaritons and their IR and Raman spectra. (a) and (b) The

IR and Raman spectra around the C=O vibration in the case of out-of-cavity (top) and in the

cavity (bottom). The vibration mode and the naked cavity photon mode are presented as energy

level in (c). In the cavity, the effective vibration frequency of molecule ω′
m is blue-shifted, while

the frequency of cavity photon ω′
c is red-shifted. In the VSC regime, the hybrid vibro-polaritonic

states are formed, leading to the lower-polariton (LP) and upper polariton (UP).

Raman spectra are presented in the second column. In contrast to IR spectra, the Raman

scattering intensity of C−O stretching decreases in the cavity, and the contribution from the

cavity is very small. The Raman spectra of vibro-polariton is also asymmetric, but in this

case the peak of UP is higher. This is due to that the UP state has more molecule character

(68.9%).

Next we compare the IR spectra calculated by CBO-DFT and the model Hessian approach

with respect to different value of λ. The strength of λ includes 0.005, 0.01, 0.02, 0.04, and

0.06. In the model Hessian, the parameters α and µQ come from the calculation of acetone

out-of-cavity. As for CBO-DFT, the parameters α and µQ in calculating the dimensionless λ̃

are from the CBO-DFT calculations with corresponding λ. The results are plotted in Fig.6.

It is shown that when the strength of λ is weak, the model Hessian can provide a good

approximation of the vibro-polaritonic spectra. However, as the strength of λ increases, the

deviation of model Hessian from the ab initio approach becomes apparent. The deviation of

frequency of UP state is larger, mainly attributed to neglecting the shift of molecule effective
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FIG. 6. The frequencies (left panel) and IR intensities (right panel) of vibro-polartions calculated

by CBO-DFT and the model Hessian (dashed lines), respectively.

vibration frequency. For LP state, the error of transition dipole predicted by model Hessian

is greater, and the source of error is that the changes of µq (the main factor), α, and µQ

are not considered in model Hessian (the values of these quantities calculated at different

strength of λ are plotted in the supplementary material).

Since we do not develop a model Hessian for the Raman spectra of vibro-polaritons,

here we just show the Raman scattering factor of vibro-polaritons calculated by CBO-DFT,

which are plotted in the Fig.7 as the ratio relative to the Raman scattering factor of C−O

stretching out-of-cavity. In this example, the Raman intensity of UP state is always larger

than that of LP state. Because ω′
m > ω′

c, the upper polariton has more molecule character

so that its Raman intensity is stronger (contribution from cavity photon is marginal). When

the strength of λ is relatively weak (< 0.02), the increase in the Raman intensity of UP state

and the decrease in the LP state are approximately linear. However when λ > 0.02, the

change of Raman intensity of UP state is quite wired: the intensity is smaller at λ = 0.06

than at λ = 0.04. To understand this phenomenon, we plot the sum of Raman intensity of

UP and LP states on the right side of Fig.7. The larger λ is, the smaller the sum of Raman

intensities is (i.e. smaller magnitude of polarizability derivative). So in the case of acetone,

it is found that the Raman scattering spectra is suppressed in VSC.

Fig.8 shows how vibro-polaritonic spectra vary with the cavity frequency (the original

value of frequencies and spectral intensities are plotted in the supplementary material). The

detuning of cavity frequency ωc − ωm ranges from −120 cm−1 to 120 cm−1 with a step size

of 10 cm−1. In all calculations, we set λ = 0.02, and perform full geometry optimization.

To see the effect of cavity photon contribution (µq and αq) to the spectral intensity, we

also calculate the spectra where we artificially set µq and αq to zero in the expression of
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of λ.

spectral intensity (denoted as “without photon” in Fig.8). The horizontal dashed lines is

the C−O stretching frequency out-of-cavity (1805.34 cm−1), and the diagonal dashed lines

is the cavity frequency we set. Near zero detuning, the well-known avoid-crossing pattern

emerges. When the absolute value of detuning is larger, the molecule vibration and cavity

mode do not effectively coupled. In IR spectra without cavity photon contribution, LP has

the strongest IR intensity when there is large positive detuning; And when there is large

negative detuning, UP has the strongest IR intensity. In both limits, the strong spectral
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FIG. 8. IR and Raman spectra of vibro-polaritons varied with the cavity frequency detuning at

λ = 0.02. “with photon” denotes including µq and αq when calculating spectral intensities, and

“without photon” means setting µq and αq to zero when calculating spectral intensities.
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intensity is due to their pure molecule character. For UP and LP, their spectral intensities

gradually decrease to zero as their molecule character transforms into photon character.

When photon contribution is considered as we do in CBO-DFT, the changing of IR intensity

is not monotonic for both LP and UP. The maximum value of the IR intensity of LP appears

at the detuning of 40 cm−1, while there is a minimum point (close to zero) in the IR intensity

of UP at the same detuning. Of course this is due to the linear combinations of µQ and

µq, in which they cancel out in UP state, and most effectively coincide in LP state. As

for Raman spectra, since the contribution of cavity photon itself is very small, the scanned

spectra with or without photon are identical. The overall pattern is also similar to the IR

spectra without photon contribution.

In the experimental setup, VSC is usually achieved by increasing the number of molecules

in the cavity. In this part, we compare the vibro-polaritonic spectra of molecular ensemble

containing N acetone molecules calculated by three approaches, with the assumption that

all molecules have the same orientation, and the inter-molecular interaction and vibrational

coupling are negligible. The first is to directly do ab initio CBO-DFT calculation for N

molecules with the strength of coupling vector being λN (denoted as full CBO-DFT). The

second is to perform CBO-DFT calculation for a single molecule with effective coupling

vector λeff =
√
NλN (denoted as effective coupling). The third calculation follows the idea

of model Hessian: CBO-DFT is performed for a single molecule with λN , which gives an

intermediate MWH H̃. Then the model Hessian for N -molecular ensemble is built as

g′
1

. . . g′
1

. . . . . . ω′2
c,N

. . . ...

0 . . . ...

ω′2
m,1 0 g′

1

0 . . . ...

ω′2
m,1 0 g′

1

N
, (25)

in which the molecular part of H̃ and the corresponding coupling are duplicated for N times.

Since the polarizability (and hyperpolarizability) of N non-interacting molecules is expected

to be N times that of a single molecule, we should artificially scale µq and αq by N , and

therefore the effective cavity frequency is ω′2
c,N = ω2

c −NωλN ·µq. We consider an ensemble

of nine acetone molecules that are uniformly stacked along the y-direction and separated
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by 50 Å. The strength of coupling vector for molecular ensemble is λN = 0.02/
√
9, and

the effective coupling vector is λeff = 0.02. The IR and Raman spectra calculated using

three methods are shown in Fig.9. For comparison, the spectral intensities calculated by full

CBO-DFT and model Hessian are divided by 9. All three methods produce similar results.

However, with effective coupling method, due to the larger coupling vector, the effective

molecular vibration frequency is more blue-shifted. This causes the deviation of spectral

peak of UP state.
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FIG. 9. The vibro-polaritonic IR and Raman spectra of acetone ensemble containing nine molecules

in the cavity. “Full” stands for full CBO-DFT calculation, and the strength of coupling vector is

set to be λN = 0.02/
√
9; “Effective” represents effective coupling method, in which the effective

coupling vector λeff = 0.02 is used for calculating a single acetone; “Model” stands for model

Hessian method, in which λN = 0.02/
√
9 is set for a single acetone.

This example tells that we are able to easily calculate the system with 90 nuclear DOFs

by using analytic Hessian of CBO-DFT, and the model Hessian method provides a good

approximation to the vibro-polaritonic spectra of molecular ensemble. Combining the ad-

vantages of both methods, calculating the vibro-polaritonic spectra of the ensemble of larger

molecule are also feasible. The extra cost of model Hessian method is building the N -

molecular ensemble Hessian and diagonalizing this bigger Hessian matrix, but they would

not be a computational bottleneck. Although the effective coupling method has the low-
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est computational cost, it overestimates the interaction of cavity acting on the molecular

ensemble.

IV. CONCLUSIONS

By combining the CBOA with DFT, we have developed the CBO-DFT approach. Subse-

quently, we have formulated the analytical energy gradient and Hessian as well as the nuclear

and photonic derivatives of dipole and polarizability within the framework of CBO-DFT. In

addition, the geometry optimization on the CPES which involves nuclear and photonic DOFs

has also been implemented. The successful implementation of these analytical derivatives

and geometry optimization procedure into the electronic structure software package enable

us to effectively calculate the geometric and spectral properties of vibro-polaritons and ex-

plore the critical points of CPES. By comparing the expression of the photonic derivative of

dipole µq and polarizability α, we find the important relation of µq = ωcα · λ. Therefore,

µq can be regarded as the induced dipole of molecule under the interaction of cavity electric

field.

We also proposed a model Hessian to analyze how the vibro-polaritonic spectra varies

with the increase of coupling strength λ. It is found that the effective cavity frequency

is always red-shifted, and the IR intensity of LP state is stronger than that of UP state.

We demonstrate our implementation of CBO-DFT and compare the spectra of the acetone

molecule in the cavity calculated by ab initio CBE-DFT and the model Hessian approaches.

It is observed that both approaches produce the consistent results in relatively weak coupling

regime. However, the deviation of model Hessian from the ab initio calculations becomes

large when λ is great, attributed to the neglect of the photon-electron correlation in model

Hessian. The Raman spectra of acetone in the cavity also show unexpected results: The

Raman scattering factor of UP increases with λ when λ < 0.04, but it decreases when

λ = 0.06. This is because the magnitude of the derivative of polarizability is suppressed at

large value of λ, which also ascribes to the photon-electron correlation. In the framework of

ab initio CBO, as we consider the contribution of µq to the IR intensity of vibro-polaritons,

the changing of spectral intensity with respect to the cavity detuning is not monotonic for

both LP and UP. At last, we compare the vibro-polaritonic spectra of molecular ensemble

calculated by three methods. The full CBO-DFT and model Hessian approaches produce
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well-superposed spectra lines. The effective coupling vector method also give a good ap-

proximation to the ensemble spectra, but it produces a slightly blue-shifted UP peak.

Although we have make clear most of the features of ab initio vibro-polaritonic spectra in

the CBO framework, there are questions remaining to solve. For example, we calculated the

Raman scattering spectra within CBO-DFT with respect to the static electric field, and we

did not go into it in depth. To compare with the experimental Raman intensities, one has to

compute the dynamic polarizability and its nuclear derivatives. This requires to combine the

time-dependent DFT with CBO. In fact, there is no unified view on experimental24,25,63 and

theoretical64–66 research on Raman scattering of vibro-polaritons. A throughout study of

the vibro-polaritonic Raman spectra from the ab initio aspect is therefore necessary. These

are the topics we would like to solve in the future work.
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