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Abstract

An unrestricted version of Mixed-Reference Spin-Flip Time-Dependent Density
Functional Theory (UMRSF-TDDFT) was developed based on unrestricted Kohn-Sham
orbitals (UKS) with a new molecular orbital (MO) reordering scheme. Additionally,
a simple yet accurate method for estimating (S?) expectation values was devised.
UMRSE-TDDFT was benchmarked against cases where DFT, TDDFT, and SF-TDDFT
traditionally fail to provide accurate descriptions. In an application to the ground
and excited states of a Be atom, UMRSE-TDDFT successfully recovers the degenerate
states, with its energies slightly reduced compared to its RO counterpart, due to
the additional variational flexibility of UKS. A clear difference between UMRSF and
U-SE-TDDFT is evident in the bond breaking of the hydrogen fluoride system, as
the latter misses an important configuration. In the case of the Jahn-Teller distortion
of trimethylenemethane (TMM), the relative singlet energy compared to the triplet
is lower by 0.1 eV and 0.2 eV for UMRSF and U-SF-TDDFT, respectively, than that of
MRSE-TDDFT. The reduction in UMRSF energy is attributed to spatial orbital relaxations,
whereas the reduction in U-SF-TDDFT energy results from spin contamination. Overall,
the additional orbital relaxations afforded by unrestricted Kohn-Sham (UKS) orbitals
in UMRSF-TDDEFT lead to lower total system energies compared to their restricted
open-shell counterparts. This enhancement adds a practical and accurate quantum
chemical theory to the existing RO variant for addressing challenging systems where

traditional quantum theories suffer.
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Introduction

Density Functional Theory (DFT) and Time-Dependent Density Functional Theory (TDDFT)
are the primary tools for general applications involving ground and excited electronic
states, respectively. However, the single-reference formulation of DFT imposes significant
limitations on systems with multi-configurational characteristics, such as open-shell singlet

cases including diradicals and bond-breaking events. > TDDFT also has well-known inherent

3-7

failures in describing the energy of long-range charge transfer excitations,” excited states

1

with substantial double excitation character,®!! excited states of molecules undergoing

12,13

bond breaking, and the topology of conical intersections (CIs). 11417

Perhaps, the correct description of conical intersections (CIs) is one of the most challenging
requirements of electronic structure theory, as it should produce non-vanishing nonadiabatic
coupling between the intersecting states. Surprisingly, this requirement for the S;/Sy
ClIs is violated by most single-reference theories including single-state multi-reference

computational methods 16,16,18-27 su1ch as single-state (SS)-CASPT2. 16,1819 Multi-State multi-reference

20-24 16,25-27

computational methods are capable of producing the correct topology of Cls,

however at the expense of very high cost of computations. A solution to this problem is to

develop a unified and efficient quantum mechanical theory that can accurately describe

both ground and excited electronic states on an equal footing.

To address these challenges, a new quantum theory, Mixed-Reference Spin-Flip Time-Dependent

Density Functional Theory (MRSF-TDDFT; MRSF for brevity), has been developed.?%%°

MRSF is a versatile platform that incorporates both the static multi-configurational effect

and dynamical electron correlation into the description of the ground and excited electronic

states within the computationally efficient linear response theory.%?83935 In a series of

2,31-40

studies, it has been demonstrated that the MRSF approach can yield accurate nonadiabatic

) 2,36
7

coupling matrix elements (NACMEs enabling reliable nonadiabatic molecular dynamics

(NAMD) simulations.3*41746 Additionally, MRSF provides a topologically correct description

33,35,39 32,37

of conical intersections, accurate values of singlet—triplet gaps, accurate spin-orbit

4
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7

couplings (SOC),%” and very accurate X-ray absorption predictions.*® This method has

also been successfully used in designing high-performance optoelectronic materials. 3?41

t.92

A perspective further underscores the merits of MRSF in this context.”” Recent efforts

to optimize exchange-correlation (XC) functionals specifically designed for MRSF can
further improve its performance. 473

The essence of MRSF lies in the utilization of responses from two components of
the triplet state,?® as opposed to the single-component formulation of SF-TDDFT.>*>¢
This doubles the response space without introducing multi-reference orbital optimization

found in Multiconfiguration Pair-Density Functional Theory (MC-PDFT),>’

or requiring
expensive high-rank excitations from a single reference, as in Spin-Adopted (SA) SF-DFT.>8
Due to its formulation, MRSF recovers important double excitations, addressing the primary
issue of missing doubly excited states in TDDFT>%-%! without incurring the high computational
cost associated with full doubles. As a result, MRSF maintains the efficiency of linear
response theory with simple single-reference orbital optimization while leveraging the

advantages of multi-reference theories, making it both practical and potentially accurate.

For its realization, a new mixed-reference state that has an equiensemble density of

the Mg = +1 and Mg = —1 components of a triplet state was introduced as,
1y Mg=+1 Mg=—1
ob™(x) = 5 {0 () + 0 () |- M
This symmetric utilization of the two states (Ms = =£1) of the triplet allows us to

address the problematic spin contamination of SE-TDDFT?>® through a formulational structure,
which we call "external contraction." By pre-defining the equations of motion for each
spin state, we eliminate the need to identify them individually. As MRSF utilizes the
triplet reference state, both the ground singlet and all excited singlet states can be obtained
on an equal footing. This approach not only eliminates the general topological problem

33,35,39

of conical intersections present in all single-reference theories but also allows for

the description of open-shell ground singlet states, such as diradicals and Jahn-Teller
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3237 as well as bond-breaking events.?

distortions,

The current implementation of MRSF-TDDFT is based on a restricted open-shell Kohn-Sham
(ROKS) formalism, chosen for its simplicity and freedom from spin contamination and
orbital asymmetries between a and B orbitals. In contrast, the unrestricted Kohn-Sham
(UKS) approach offers the advantage of variational flexibility, as both « and B orbitals are
independently optimized. Generally, MRSF-TDDFT based on UKS is expected to be more
adaptable in various strongly correlated situations compared to ROKS formulations. The
development of this approach is the main focus of the current paper.

Since the concept of MRSF is based on the non-conventional approach of an equiensemble
density, understanding its potential is not straightforward. Therefore, this paper also aims

to provide detailed, pedagogical explanations of the entire MRSF process using some

simple yet challenging systems.

Introducing UMRSF-TDDFT

As the general description of MRSF-TDDFT using restricted open-shell (RO) mixed reference

can be found elsewhere,282°

only the main aspects of the unrestricted Kohn-Sham (KS)
DFT version of MRSF-TDDFT (UMRSE-TDDFT; UMRSF for brevity) shall be presented
here. As discussed in the Introduction, a new mixed reference has been introduced whose
density (o)®) is the equiensemble density of the Mg = +1 and Ms = —1 components of
a triplet state as shown in Eq. 1. Two open-shell molecular orbitals of the new mixed

reference are defined by novel + and — spin functions.?®

(1+i)a+(1—10)p

+ = > (2a)
o (1—i)oc%2—(1+i),8, (2b)
6
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Figure 1: The concepts of hypothetical single references for (a) restricted open-shell
Kohn-Sham (ROKS) and (b) unrestricted Kohn-Sham (UKS) cases.

where i is the imaginary unit number. The + and — spin functions are represented as
blue and red dots in Fig. 1, where the regular « and B spin functions are represented by
blue and red arrows. It is noted that two + electrons (blue dots) are particularly adopted

in the mixed reference (bottom panel in Fig. 1(a)), since it can be readily shown that the
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tinal equations are identical even if two — electrons are chosen.

As in ROKS, a new mixed reference for UKS is introduced in the current study whose
density (o§™MR) is the equiensemble density of the Mg = +1 and Mg = —1 components of
a triplet state as

UMR(x) —

o6 {8~ @) + 0" ()} 3)

N =

Unlike ROKS, now the spatial parts of a (black) and B (green) orbitals are different in
UKS. It should be noted that the spatial part of « (black) orbitals of Mg = +1 state is
identical to the B (black) orbitals of Mg = —1 and vise versa. To be consistent, the black
and green spatial orbitals are designated as x and x, respectively as shown in Fig. 1(b).

The corresponding Mg = +1 and -1 unrestricted references can be written as

Mg=-+1 B oax -
Frer ) = 196000101+~ 981 1961 1981080), (42)
Mg=—1 0 B _
[Frer ) = 196008107 - 96119611901 900) (4b)
Here, the notation || - - - ) represents a single Slater determinant wherein spin orbitals are

defined as ¢ (x) = xp(r)o(0) and ¢ (x) = x,(r)o(0) with o = a, B. The densities of the

two references are respectively

Meet1 02 01-1 i
wub;ﬁwwm+g%umm, (5a)
p= p=
Mee1 O1-1 _ o2 5
00" (x) =Y PL(0)PH(x) + Y by () (x). (5b)
p=1 p=1

In this work, we propose an unrestricted mixed reference of

[FRet ) = llog dg ¢ 1 -+ - 1 _1P01-1901952) 6)
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with the mixed spins, o = +, — defined in Eq. 2. The density of the mixed reference,

0O1-1
PR () = 2 L [ Y {07 (09760 87 (07 ()} + 9631961 (x) + 96a(1)9a() |
o=, p=

(7)

is an average of the densities for Mg = =£1 in Egs. 5a and 5b satisfying the relation in
Eq. 3.
By employing the same procedures outlined in Ref. 28, we are able to obtain the singlet

and triplet (k = S, T) orbital Hessians of the unrestricted mixed reference as
k) (0 k ~ o k
A;q)}s) = ur(fq) {0pr04s(8g — €p) — cmrsr (pr157) } u®, (8)

where cprsp denotes the coefficient of the exact Hartree-Fock exchange for the response

calculation, U;,’;) is the dimensional transformation introduced in Ref. 29, (pr|57) is the

electron repulsion integral (ERI) defined by

* —% 1 =
(prisq) = //dflerXp(l’l)Xs (I‘Z)H?Cr(l‘l)Xq(YZ)/ 9)
and €, and & are the orbital energies defined by
O1-1
ep = hpp+ Vo + ) {(pplit) + (pplid) — cue(pilip)} + 3. [(pplxx) — cur (px |xp)],
i=1 x=01,02
(10a)
I W, 01_1 .o s T v
&p = hpp + Voy + ) {(pplid) + (pplit) — cur(pilip) } + ), (pplxx). (10b)
i=1 x=01,02

Here, (pq|rs), (pq|7s), (pq|rs), and (pg|7s) represent the ERIs, hy, and hy,, are the one
electron integrals, and V7 and V¢ are matrix elements of the first functional derivatives

of the exchange-correlation functional with respect to electron density, which involve
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various combinations of two sets of spatial orbitals {x,} and {%,}. It is noted that cyp is
the coefficient for the exact Hartree-Fock exchange for the mean-field (DFT) calculation.

Unless otherwise stated in this study, cyr and cyrsr are considered identical, i.e.

CMRSF = CHF- (11)

Because there is no coupling between the responses originating from the two references
of the MR-RDM, a posteriori coupling was introduced for ROHF in the previous work?®

as
Mc=+1, 1 Mc=—-1
Alrs = cspc(¥pg [H[¥p ) (12)

where the bra and ket vectors denote single configurations obtained by single excitations

p — gandr — s from Mg = 41 and —1 references, respectively. However, the nonorthogonality
of alpha (or beta) MOs of bra and ket can arise some difficulties. Although one can
compute the coupling terms by using a singular value decomposition of the overlap
integral of the nonorthogonal molecular orbitals, we simply used the following spin-pairing

coupling schemes in this work. We first define the two types of couplings can be defined

by

Hpo™ = sgn(k) (ps|rq), (13a)

i
Hygrs' = sgn(k) {(pq1rs) = (p7 lsq)} (13b)
with the sign function for the singlet and triplet states denoted as

sgn(k) =+1, if k=S5,

sgn(k) = -1, if k=T. (14)

10

https://doi.org/10.26434/chemrxiv-2024-1Ixr0 ORCID: https://orcid.org/0000-0001-9330-879X Content not peer-reviewed by ChemRxiv. License: CC BY 4.0


https://doi.org/10.26434/chemrxiv-2024-1lxr0
https://orcid.org/0000-0001-9330-879X
https://creativecommons.org/licenses/by/4.0/

With these, the spin-pairing coupling are given by

A;(c]f,)rs _ (ur(j;)cm B uéq)coz) Hl(glg);?tra (ur(;c)cm B ur(s)coz)
n (U,(,’;)OW B u;q)ozv) r(w); ntra (ur(;c)ow B ur(f)ozv)
+ U’g{;)cm Hr(jiggterur(s)ozv n u;(m)coz r(jq);lgterug)OR/
n u}(ﬂz{;)ow H’glzi?i{j\teru( jcoz U,Sq)OZV H}(jzj)mterugc)C01’ (15)

(k)

where U, is the dimensional transformation matrix as described in Supporting Information.
The bar notation used in the orbital indices is defined in Fig. 1(b), and the underline

notation is defined as follows:

02, if p=01,

I3
Il

o1, if p=o02. (16)

I3
Il

Finally, the orbital Hessians for the singlet and triplet responses with the spin-pairing
coupling is written by

k 5) (0 1k
Al(ﬂq),rs = Ai(ﬂq),ﬁs) + Ap(q,)rs- (17)

Orbital Reordering Scheme

Although the spatial parts of « and B UKS MOs tend to be similar to each other, they are
not identical. To make matters worse, their relative orders are not guaranteed to be the
same. If the MO shapes of xo1 and x o, differ from those of ¥p; and Xo», the dimensional
transformation U;(g];) and the spin pairing coupling in Eq. 12 become invalid. To address

this challenge, MO reordering based on the maximum orbital overlap between « and

B orbitals was implemented, ensuring that the « and B pair orbitals align accordingly.

11
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However, MO reordering can potentially alter the corresponding response energies. This
issue can be mitigated by preventing the exchange between occupied and virtual MOs.
Specifically, for « MOs, the exchange between O2 and a is not allowed, and the exchange
between O1 and i should be prohibited in the case of B MOs (Fig. 2). This restriction-based

reordering only changes the phase of the reference state without affecting the energy of

B

the reference state.

Figure 2: Schematic diagram of the orbital reordering scheme. Only rotations between
« occupied orbitals and between B virtual orbitals are allowed, preserving the energy of
both reference response states while possibly inducing phase changes.

Computation of (S?)

In wavefunction theory, the correct spin symmetry of the many-particle wavefunction can

be enforced through proper construction.%? For calculations performed using spin-unrestricted
methods, %3 spin contamination of the wavefunction can be measured by identifying contributions
with higher spin multiplicity. In the case of Density Functional Theory (DFT), only the
Kohn-Sham (KS) reference wavefunction is available, which pertains to a fictitious reference
system of non-interacting particles. Consequently, in principle, it is not possible to accurately
calculate two-particle quantities such as (S?), even if the exact KS reference wavefunction

was known.
12
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In spin-flip formalism, such as SF-TDDFT, spin contamination arises from the absence
of specific configurations in the response space. Additionally, spin contamination from
orbital asymmetries also occurs in unrestricted formulations. The MRSF formulation
addresses this issue by including the missing configurations, thereby eliminating spin
contamination from the response space. However, spin contamination due to orbital
asymmetries can still persist. Unlike the Kohn-Sham (KS) molecular orbitals (MOs) in
DFT, the wavefunction in response theories corresponds to an auxiliary wavefunction,
which is the solution to the orbital Hessian matrix. As a result, the approximate expectation
value of (S?) can be obtained by applying the operator to the auxiliary wavefunction.

In the case of Restricted Open Kohn-Sham (ROKS), there is only one set of molecular
orbitals (MOs). In contrast, for Unrestricted Kohn-Sham (UKS), the « and  MOs are
different and not orthogonal, necessitating special attention. The detailed derivation
of the approximate (S?) formulation using the auxiliary wavefunction of Unrestricted
Multi-Reference Spin-Flip (UMRSF) can be found in the Supporting Information. Here,
we present the final equations.

With Casida’s wavefunction ansatz,® the auxiliary wavefunction of MRSF-TDDFT is
labeled as ‘I’gk), where I denotes the I-th state in energy order within the manifold of the

(k)

total spin quantum number (k = S,T). The ¥, is expressed as a linear combination

(k)
Type

originating from single spin-flip (de-)excitation in MRSF, abbreviated as OO, CO, OV,

of configuration state functions (CSFs, @+ ). There are four different types of CSFs
and a broken symmetry type CV. These types represent open-to-open, closed-to-open,
open-to-virtual, and closed-to-virtual excitations, respectively. Depending on whether
the state is a singlet or triplet, the OO type is represented as OS and OT, corresponding to
combinations of open shell configurations for singlets and triplets, respectively.

With these notations, the singlet (S) and triplet (T) response states for 2N-electron

13
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systems can be represented as:

¥) = X |og) + X5 |@p) + X2 |Pos) + Y Xplep)),  (8)
pqeCO,0V,CV
|‘Y§T)> = Xé?@oﬂ + ) Xé£)|®;5)>' (19)
pgcCO,0OV,CV

where the G and D configurations are the ground and doubly excited configurations of
OO types, respectively. All the configuration functions (®) on the right-hand side of the
equations are linear combinations of two Slater determinants derived from Mg = =£1
references (|*1)). For example, the configuration function of G is represented in a simple

form as

1 1 _ _ _ _
©c) = S (19" + 1ws") = 5 (1IgeFeosndty) + 1BEeedendt))  0)

where spin orbitals are defined by ¢7(x) = x,(r)o(0) and ¢;(x) = xp(r)o(0) with
(Xplxq) = (XplXq) = dpq, (Xp|Xq) = Spg,and o =a, B.

It should be emphasized that the spatial overlap (x,|X;) between molecular orbitals
from Mg = +1 references is not zero, yielding S,,. This is because they correspond to the
overlaps between the spatial parts of « and § orbitals of UKS, respectively.

After rather involved derivations, the S expectation value for unnormalized singlet

14
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and triplet states within the TLF0> approximation can be finally written as:

IR = X P~ X S+ TT Sy (= X (Sp) )
peC, O1 peC, O1 peC, O1

+%|X1()S)|2[(”a_ Z (Spp)z)"‘( H (Spp)z)((”tx_ Z (Spp)_z))]

peC, 02 peC, o2 peC, 02
+IX&LPln — 1 (Spp) = TT(Spp)?
peC peC
(9) 2 2 2 2 (Smm)? 2
+ Z ’Xim ‘ [nlx - Z(SPP) + (Sii) - (Smm) - —S" 5 H(SPP) ]
imeCO peC ( zz) peC
+ ) | Xiua [2 110 - Y. (Spp)® = T1(Spp)?]
macOV peC peC
1
+ L IXD Pl — X (Spp) + (502 = 53 [1 (S @1)
ineCV peC ( zz) peC

(1820 ~ (X5 — Y (Spp)? + T1(Spp)?

peC peC
X(T) 2 o S 2 S.. 2 S 2 (Smm)z S 2
+ Z | im| (14 2( pp) + (Sii) (Smm) +—(S~)2 H( pp)]
imeCO peC & peC
+ ) | Xina |21 — Y- (Spp)® + TT(Spp)?]
macOV peC peC
1
+ L X Pl = L (S + (S + 53z L) 22)
ineCV peC i/ peC

where 11, and ng are number of x and B electrons. And S;; is the overlap integral (<IIJ1J~§,1pe | lIJT_ylpe»

between molecular orbitals from Mg = =+1 references, which is not zero yielding S,.

15
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Their normalization factors with TLF0® approximation are

1 1
(1Y) = 2IXE P+ TT S +5IX5' P+ T (Sp)?)

peC, 01 peC, 02
S S S S
FIXQP L X L XmP+ L XD
imeCO macOV iaeCV
1 1
:1+§( H (Spp)2_1)+§( H (S;ﬂp)z_l) (23)
peC, 01 peC, 02
T T T T T T
) = X P L 1K P L Xl 1%
imeCO macOV iaeCV
=1 (24)

Results and Discussions

The developed UMRSF method was benchmarked against three different systems, covering
a wide range of problems including atomic multiplets, bond breaking, and Jahn-Teller

distortion. The test calculations employed the BH&HLYP density functional 4668

in conjunction
with the 6-31G% or 6-31G(d) basis set, as noted below. The UMRSF-TDDFT and U-SE-TDDFT
calculations with a collinear exchange-correlation (XC) kernel were performed using a

local development version of the GAMESS-US program.

Recovering Degeneracy of Be Atom

Table 1: Ground state total energies (Hartree) and excitation energies (eV) for the Be
atom using a 6-31G basis set. The values of (S?) are given in parentheses in units of /2.

State U-SF UMRSF RO-SF RO-MRSF
1S -14.652321 (0.0003) -14.652156 (0.0000) -14.650997 (0.0003) -14.650988 (0.0000)
3p, 2.874 (1.9804) 2.899 (2.0000) 2.877 (1.9788) 2.900 (2.0000)
3Pyy 3.676 (1.0000) 2.652 (2.0000) 3.688 (1.0000) 2.667 (2.0000)
1p, 4.924 (0.0231) 4.907 (0.0000) 4.935 (0.0241) 4.913 (0.0000)
1Py 4.668 (0.0000) 4.690 (0.0000)

It should be emphasized that both SE-TDDFT and MRSE-TDDFT can obtain the ground
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singlet state as one of their response states, unlike TDDFT. This is because the ground
singlet state can be obtained by a single excitation from their reference triplet state. The
ground 'S state of Be has the electron configuration of 1s22s2. The low-lying excited
states of Be include the triplet 3P, . and singlet 'Py, ., corresponding to the electron
configuration of 1s22s?pl, where k = x,v,z. Asitis mostly described by a single closed-shell
configuration, the energies obtained by the two theories are nearly identical to each other
(-14.650997 vs. -14.650988 Hartree) with negligible spin-contamination in SF-TDDFT ((S?)
=0.0003). U-SF-TDDFT and UMRSF yield nearly identical energy within ~ 0.1 milli-Hartree
for the 1S ground electronic state. They are slightly reduced by ~ milli-Hartree as compared
to their RO counterparts, which can be attributed to the extra variational flexibility of UKS
during the orbital optimization step.

The low-lying excited states of Be atom are described by the electron excitation from
2s — 2p. Within the context of MRSF theories, these particular excitations are combinations

of « — P spin-flip excitation of 2sa and f — & spin-flip excitation of 2s as shown in

2Py y == = 2Py = =
A
2 -_—— — 2 — -
p: . | v
2S mnwm — 2S o -
\ 4
2 2 2p 2p, A
Pry == == 4Pxy == == E N —— - —
A v
2p, == — 2, — =~ 2p, — = 2p, =— —
25 — 25 _A_ — ZS -—— — ZS —— -

\4 \4

2s2p, 252p, |

Figure 3: The Mg = +1 reference triplet configurations (top) and the configurations that
can be generated from them for the Be atom (bottom).
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Fig. 3. The triplet reference utilizes 2p, during orbital optimization, which breaks the
orbital symmetries among the three 2p orbitals. The corresponding P, and !P; state
energies relative to the ground 'S by UMRSF are 2.899 and 4.907 eV, respectively. On
the other hand, MRSF produced corresponding values of 2.900 and 4.913 eV. Except for
slight reductions in UMRSE, the two theories produced nearly identical values. The SF
variants (U-SF and SF-TDDFT) exhibit relatively minor spin-contamination of the !Pz
((S?) = 0.0231, 0.0241) and 3Pz ({S?) = 1.9804, 1.9788) components. As a result, their
energies are in good agreement with those of MRSF variants within ~ 0.02 eV.

However, the 3Px, y and 1py, y components are completely mixed with each other in
SF variants, resulting in a state energy of 3.676 and 3.688 eV with (S?) = 1.0 (half-half
mixture of singlet and triplet). As a result, it is not possible to assign their spin states.
Normally, the 3Px,y and 3Pz states should be degenerate, as should the 1Px,y and 1Pz
states. However, this exact spin-contamination has produced unphysical states. The
same issue was observed in SE-TDDFT. In contrast, MRSF variants (UMRSF and MRSF)
eliminated the spin contamination and produced state energies of 2.652 (2.667) eV and
4.668 (4.690) eV for 3Px,y and !Px,y, respectively. While these are not identical to the
3Pz and ! Pz energies, they are very close, within approximately 0.2 eV. Compared to the
values from MRSF, all state energies in UMRSF are slightly reduced by about 0.01 eV,
which is again attributed to the variational flexibility of UKS. It was discussed that the
bulk of the slight splitting between the multiplet components is caused by the self-interaction

error of the density functional.?8

Bond-Breaking of HF molecule in Ground Electronic State

As mentioned earlier, the ability to generate the ground state as one of the response states
allows for the study of bond-breaking reactions in the ground state, which has been one
of the major limitations of DFT. As a simple test case, the bond breaking of hydrogen

fluoride (HF) was investigated using UMRSF-TDDFT. The results, are presented in Fig. 4,
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Bond Length (A)

Figure 4: Potential energy curves (eV) of the 'ZT singlet ground state of HF along the
bond-stretching coordinate. The calculations employ the 6-31G basis set. The origin of
the energy scale is chosen at the dissociation limit.

where the results of U-SE-TDDFT are also included for comparison.

The triplet >~ state ([... 72 nﬁn; ;1)) serves as the reference state from UKS. In the
two limiting geometries of the bound singlet state at 0.9 A and the dissociation limit, the
two variants (SF and MRSF) exhibit nearly identical relative energies. This is because
the bound state at 0.9 A is essentially represented by a close-shell single configuration.
At the dissociation limit, an exact singlet and triplet mixing ((S?) = 1) occurs in the
U-SE-TDDFT. Since the interaction between the two separated electrons becomes nearly
zero at this limit, the singlet and triplet states become energetically degenerate. Consequently,
despite the exact singlet and triplet mixing, the final system energy of the U-SF-TDDFT is
exactly identical to that of the UMRSE.

However, a clear difference appears near the bond length of 2.12 A, where energy
lowering of U-SE-TDDFT by 0.23 eV is seen. (see also Table 2) Relevant orbitals of HF
dissociations are the three p of Fluorine and s of hydrogen orbitals as shown in Fig. 5(a).
The ¢3 and ¢¢ correspond to the bonding and antibonding combinations of HF molecule,

while ¢4 and ¢s5 are entirely p orbitals of Fluorine. At the bound state with bond length

of 0.9 A, the three orbitals of @3, ¢4 and @5 are all doubly occupied, which is described
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the D configuration of Fig. 5(b). In the dissociation limit, the two singly occupied ¢4
and @g as represented by the configurations of L and R dominate with some other minor

contributions. In the middle of the breaking with bond length of 2.12 A, these two sets

¢

°
°
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e
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H
H
t3

Q3 P4 Ps Pe

(a)

A

A
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4 ¥ v
A
A A v
A A )
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A A A v

D L D R
(b)

Figure 5: (a) Relevant molecular orbitals and (b) electronic configurations of references
and responses of hydrogen fluoride.
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of configurations contribute together as summarized in Table 2. As the configurations of
L and R dominate, the missing R in the case of U-SF-TDDFT inevitably introduces the
significant spin-contamination yielding lower state energy. It appears U-SE-TDDFT relies
more on L than D configurations as compared to UMRSF counterpart, which introduces
the mixing with triplet state. On the other hand, the (S?) of UMRSF is 0.02, nearly

eliminates the spin-contamination.

Table 2: Relative energies at the bond length of 2.12 A with respect to the most stable
structures of Hydrogen Fluoride, calculated using BHHLYP with a 6-31G basis set. The
D and L/R represent the coefficients of the configurations shown in Fig. 5. The values
of (S?) are given in parentheses in units of 7.

Method Rel. E(eV) D L/R (S?)
UMRSF 0.31 0.60 -0.80 0.02
U-SF-TDDFT 0.08 0.56 -0.83 (Missing R) 0.76

Jahn-Teller Distortions in tri-Methylene Methane (TMM) Diradical

Single-reference methods of such as conventional Kohn-Sham (KS) DFT methods,! fail to
accurately describe the singlet-triplet (ST) gaps because they cannot properly account for
diradicals. Diradicals are molecules with two unpaired electrons occupying two (nearly)
degenerate molecular orbitals (open-shells).”%7® When the two unpaired electrons in a
diradical”” are (nearly) independent of each other, the triplet 3A/2 becomes the ground
state, as seen in the trimethylenemethane diradical (TMM) in Fig. 6b (following Hund'’s
rules).”®

The high spin components (Ms = =£1) of the triplet state are well approximated
by a single electronic configuration. However, the theoretical description of the Mg =
0 component of the triplet and the open-shell singlet (OSS) state, essential ingredients
for diradicals, requires at least two electronic configurations with two singly occupied

orbitals (the 1a; and 2b; in Fig. 6b, respectively). Again, the ability to generate the ground

state as one of the response states by SF and MRSF variants plays a big role in producing
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Degenerated

(©)

Figure 6: (a) The Dgj,, P, and ' T structures of trimethylenemethane (TMM). (b) Two
SOMOs (lap, 2b1) and HOMO-1 (1b1) molecular orbitals. Orbitals are labeled with C2v
labels. (c) Major configurations that contribute to Mg = 0 of triplet and singlet states of
TMM as generated by MRSFE.
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the necessary configurations for the proper description of diradicals. In the case of TMM,
the negative combination of doubly occupied ground and doubly excited configurations,
1 A1, becomes degenerate with !B, at its highest symmetry of Ds;,, providing the main

driving force of the Jahn-Teller distortions.

—— MRSF (Singlet) - - MRSF (Triplet) —— UMRSF
----- UMRSEF (Triplet) — U-SE-TDDFT (Singlet) - - U-SE-TDDFT (Triplet)
1 PL
~ 17
J 'L
> =
5
s 051 e
.
/
K4
0 ——==TT | |
0 5 10 15 20

Point number

Figure 7: Potential energy surfaces along D3, — P, — T, by MRSF, UMRSF, and
U-SE-TDDFT for TMM. The geometries were optimized by MRSF/BH&HLYP/6-31G(d).

In the singlet state, the degeneracy of the !B, and !A; states at the D3, geometry
is lifted by the lengthening of one or two C-C bonds (é) and the torsion (¢) of one
of the carbene groups along the respective C-C bond. By lengthening the two bottom
C-C bonds occupied by the anti-bonding molecular orbital (MO) (1a;), the ' A; state is
stabilized compared to !By. On the other hand, lengthening the top single C-C bond
stabilizes 1b;, and so does ! B,, leading to the ' P, geometry. Finally, torsion (@) produces
1T}, as shown in Fig. 6a. Accordingly, the potential energy surfaces (PESs) of D3, —
1P, — 1T, by MRSF, UMRSF, and U-SF-TDDFT are generated by geodesic interpolations
along the three points based on optimized geometries by MRSF (Fig. 7).

The degenerate ! B, and ! A; states with a triplet ground state occur from all calculations
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by MRSF, UMRSE, and U-SF-TDDFT at D3, geometry. The relative singlet energy compared

to the triplet by UMRSF and U-SF-TDDFT is lower by 0.1 and 0.2 eV than that of MRSF-TDDFT,
respectively. The reduction in UMRSF energy is due to spatial orbital relaxations, while

that of U-SF-TDDFT additionally comes from spin-contamination. These state energy
lowerings appear across the entire surfaces. The singlet !B, state becomes degenerate
with the ground triplet state at the ! T, geometry, as the mixing of triplet contamination

does not change its state energy.

Conclusions

An unrestricted version of Mixed-Reference Spin-Flip Time-Dependent Density Functional
Theory (UMRSF-TDDEFT) was developed based on unrestricted Kohn-Sham orbitals (UKS),
providing extra orbital flexibility to the existing MRSF-TDDFT.

The spatial asymmetries in the & and f Kohn-Sham MOs require special attention
as they are not identical to each other. Furthermore, their relative orders are also not
guaranteed to be the same. To address this challenge, an MO reordering scheme based on
the maximum orbital overlap between a and f orbitals was implemented, ensuring that
the & and B pair orbitals align accordingly.

After obtaining fully relaxed UKS MOs from variational SCF, the MO reordering scheme
is applied before the response part of the computation. Since MO reordering can potentially
alter the corresponding response energies, our scheme prevents the MO exchange between
occupied and virtual spaces, which changes the phase of the reference state without
affecting the reference energy of UKS. Furthermore, we obtained the approximate (S?)
values of UMRSF using the auxiliary wave function and measured the degree of spin
contamination in UMRSE.

In an application to the ground and excited states of a Be atom, the ground 'S energy

calculated by UMRSF is slightly reduced by approximately a milli-Hartree compared to
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its RO counterpart, which can be attributed to the extra variational flexibility of UKS
during the orbital optimization step. UMRSF produced state energies of 2.652 eV and
4.668 eV for 3Px,y and 1Px,y, respectively. While these are not identical to the 3P, and 1P,
energies, they are very close, within approximately 0.2 eV, effectively recovering the state
degeneracy.

A clear difference between UMRSF and U-SF-TDDFT in the bond breaking of the
hydrogen fluoride system appears near a bond length of 2.12 A, where the energy of
U-SE-TDDFT is reduced by 0.23 eV due to spin contamination.

In the case of trimethylenemethane (TMM), the negative combination of doubly occupied
ground and doubly excited configurations, ! A1, becomes degenerate with ! B at its highest
symmetry of Dj;, which is the main driving force behind the Jahn-Teller distortions.
Along the distortion potential energy surfaces (PESs) from D3, to 1P; to 1Ty as calculated
by MRSE, UMRSE, and U-SF-TDDFT, the relative singlet energy compared to the triplet is
lower by 0.1 and 0.2 eV for UMRSF and U-SF-TDDFT, respectively, than that of MRSF-TDDFT.
The reduction in UMRSF energy is attributed to spatial orbital relaxations, whereas the
reduction in U-SF-TDDFT energy results from spin contamination.

In summary, the additional orbital relaxations afforded by unrestricted Kohn-Sham
(UKS) orbitals in UMRSF result in lower total system energies compared to their restricted
open-shell counterparts. This provides extra electron correlation to the MRSF theories,
thereby expanding the applicability of MRSF theory to more challenging multi-configurational
systems. This improvement enhances the robustness and accuracy of MRSF, making it a

versatile tool for studying a wide range of complex electronic structures.
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