Topological Insulators for Thermoelectrics: A Perspective
from Beneath the Surface

Michael Y. Toriyama“* and G. Jeffrey Snyder®*

Thermoelectric properties of topological insulators have traditionally been examined in the context of their
metallic surface states. However, recent studies have begun to unveil intriguing thermoelectric effects
emerging from bulk electronic states, which have largely been overlooked in the past. Charge transport
phenomena through the bulk are especially important under typical operating conditions of thermoelectric
devices, necessitating a comprehensive review of both surface and bulk transport in topological insula-
tors. Here, we review thermoelectric properties that are uniquely observed in topological insulators,
placing special emphasis on unconventional phenomena emerging from bulk states. We demonstrate
that unusual thermoelectric effects arising from bulk states, such as band inversion-driven warping, can
be discerned in experiments using a rather simple analysis of the weighted mobility. We believe that there
is still plenty to uncover within the bulk, yet our current understanding can already inspire new strategies

for designing and discovering topological insulators for next-generation thermoelectrics.

1 Introduction

Thermoelectric (TE) materials possess the unique ability to con-
vert thermal energy to electrical energy and vice versa, allowing
niche applications in energy conversion technologies across var-
ious domains. In generation mode (i.e., heat to electricity), TE
devices can be used to power remote devices such as deep-space
probes ' and Internet of Things sensors, ~ as well as to recover en-
ergy from waste heat. " Conversely, in Peltier cooling mode (i.e.,
electricity to heat pumping), TE devices are used for targeted tem-
perature control of optoelectronic and photonic devices”” and
serve as an eco-friendly alternative to refrigerants in traditional
cooling systems. ">° The wide-ranging applications of TE technolo-
gies and can potentially address (i) the ever-growing societal de-
mand for energy, particularly for cooling,” and (ii) global target
of net-zero emissions by 2050. Achieving high TE power conver-
sion efficiency is therefore critical for realizing such potential.

The efficiency of a TE device is critically dependent on the ma-
terial used. The performance is determined by the material figure
of merit z7' = $>6T /x, where S is the Seebeck coefficient, ¢ is the
electrical conductivity, and « is the thermal conductivity. These
material properties are interconnected and often conflicting with
one another (e.g., increasing o can also increase k), making it
challenging to optimize z7 in a material. '° Material engineering,
and even material discovery, are therefore key areas for pushing
the boundaries of TE technologies.

In the long history of TE research, numerous classes of materi-
als have been examined. Topological insulators (TIs) are a rela-
tively new class of materials that can be characterized as metal-
like at the surface and semiconductor-like in the bulk. ' In terms
of the electronic structure, TIs possess gapless states at the sur-
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Figure 1 The “knowledge iceberg” of topological insulators in the
context of thermoelectric properties and design. While surface states
and emergent surface properties of topological insulators are
well-known, there is much to uncover beneath the surface, pertaining to
unique thermoelectric effects arising from bulk electronic states.

face while simultaneously having a band gap in the bulk. The
unique properties of TIs make them promising for applications
such as low-temperature spintronics. = At the same time, some
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of the best TE materials today happen to be TIs, notably Bi,Tes-
based materials. Because of this, in a rather de facto manner,
many have speculated that TE power conversion is another en-
couraging application area for TIs.

With the recent surge in quantum materials research, many
studies have begun to explore the exotic properties of TIs and
their effects on TE properties. “~/ After nearly a decade, the
community has developed a strong fundamental understanding
of atypical TE effects arising from TI surface states, such as geo-
metric size dependencies and the anomalous Seebeck effect. The-
oretical studies have suggested that the z7 can be enhanced sig-
nificantly by harnessing TI surface states; yet, theory is still leaps
ahead of experimental realization in this aspect, partly due to con-
flicting requirements for synergizing both bulk and surface states
to boost performance.

While many studies have focused on the effects of TI surface
states on TE properties, comparatively less attention has been
given to transport phenomena in the bulk of TIs. However, recent
studies have shown that there are also unconventional TE effects
arising from bulk electronic states in TIs, such as band inversion-
driven warping and high valley degeneracy. We therefore view the
current state of the cross-disciplinary field as a “knowledge ice-
berg” (Figure 1); quite literally, there are fascinating phenomena
hidden beneath the surface of TIs that have become known only
recently. Since the most widely-commercialized TE devices today
are made of Bi,Tes-based TI alloys, a complete understanding of
both surface and bulk transport properties of TIs is of practical
importance for current, and future, TE technologies.

which nonetheless
serve as valuable milestones in the field, we provide a compre-
hensive update on how surface and bulk properties unique to TIs
affect TE transport properties. We begin with a self-contained
overview of how TI surface states impact TE properties, draw-
ing from over a decade of experimental and theoretical research.

Unlike other reviews on the topic,

We then discuss practical considerations/strategies for enhanc-
ing 7T in TIs, ideally by utilizing both surface and bulk transport
channels convergently. At the core of this work, we review re-
cent developments in understanding the bulk electronic structure
and bulk charge transport properties of TIs. We demonstrate that
unconventional phenomena stemming from bulk states, such as
band inversion-driven warping, can be discerned in experiments
by performing a rather simple analysis of the weighted mobility.
We hope that this review encourages further in-depth research
into the unique properties of TIs, especially those emerging from
bulk states.

2 Topological surface states and thermo-
electric properties

The prospect of using TIs for TE applications has historically
been driven by the idea of leveraging TI surface states to boost
ZT." >~/ The surge in TI research in recent years has resulted
in a better understanding of exotic phenomena not normally ob-
served in conventional (non-TI) materials. It is widely accepted
now that TI surface states can strongly affect TE properties, in
both constructive and detrimental ways. There are also impor-
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tant material considerations in leveraging surface-related effects
in practical TE devices. Here, we summarize our current under-
standing of TE properties that emerge from TI surface states, and
list several factors that influence the relative importance of sur-
face states in charge transport phenomena.

2.1 Exotic phenomena

Charge transport properties are generally influenced by the
electronic band structure of a material. In TIs, the band structure
of the surface is characteristically different from that of the bulk,
resulting in distinct transport behaviors through the two chan-
nels. It is therefore important to note the relative contributions
from the surface and bulk, which will depend on the number of
available states and hence the geometry of the sample (i.e., sur-
face area and bulk volume). The transport properties of interest
here, namely the conductance (G) and Seebeck coefficient (S),
can be expressed in terms of the individual transport channels as

G =Gy +G;
1
S = Sbi'Q‘Ssz ( )
Gp+ Gy

where the subscripts b and s denote the bulk and surface, re-
spectively. Because both bulk and surface states contribute to
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Figure 2 (a) Origin of the sign anomaly for carriers on the surface of a
topological insulator. Surface carriers on the cold side have higher mean
free path due to less backscattering than surface carriers on the hot
side, which experience strong coupling with bulk states. (b) The
anomaly is observed in thin films of (Bi;_.Sb,),Tes, where a sign
mismatch between the Seebeck coefficient (S) and Hall coefficient (Ry)
is observed at some alloy compositions and temperatures. Figure
adapted with permission from Ref. 18. (c) The Seebeck coefficient of
thin films of BioSez consisting of 10, 15, and 20 quantum layers (QLs).
The experimentally-measured values are plotted as points.
Contributions from only the bulk states, which are calculated using a
fitted transport model, are shown as lines. Data adapted with
permission from Ref.
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the overall (measurable) transport quantities, unusual TE effects
have been observed in TIs.

2.1.1 Sign anomaly of the Seebeck coefficient

Both theoretical and experimental studies have demonstrated
that the sign of S; alone can be opposite to that of bulk carri-
ers.“»* The effect is sometimes called the anomalous Seebeck
effect. The underlying physics can be understood by considering
the scattering behavior. Suppose we have an n-type material and
the majority carriers are electrons. When subjected to a tempera-
ture gradient, high-energy electrons would normally diffuse from
the hot side of the sample to the cold side, resulting in a negative
voltage on the cold end and a negative S by convention. However,
if the mean free path (/,) of low-energy electrons on the cold side
is longer than /, of high-energy electrons on the hot side, then
a net diffusion towards the hot side can occur. This is the case
for surface carriers (Figure 2a): surface states within the bulk
band gap are protected against backscattering and therefore have
low scattering rates (i.e., high /,), whereas higher-energy surface
states interact with bulk states and experience more scattering
events (i.e., low ;). As a result, more low-energy surface elec-
trons diffuse away from the cold end than high-energy electrons
from the hot end, resulting in a net positive voltage on the cold
end and a positive S in an n-type material. Although specific de-
tails of the surface bands, such as carrier velocity and density of
states, add complexity to the transport physics, the explanation
reveals the essential role of scattering on charge transport in a
thermal gradient.

The sign anomaly of S; has been substantiated by experimen-
tal measurements *>>*”>“ following its initial prediction. ““>** Nor-
mally, the Hall coefficient (Ry) and S have the same sign which
reflects the majority carrier type: positive for holes, negative for
electrons. However, in thin film samples of (Bi;_,Sb,),Tes con-
sisting of 5 quantum layers (QLs), opposing signs were measured
near x = 0.9 for a wide temperature range; ° in particular, Ry
was found to be negative indicating an n-type sample, yet the
measured S was positive (Figure 2b). Given that their samples
were thin films and that their measurements were supported by
first-principles calculations, the authors concluded that the sign
mismatch was due to TI surface states.

Since S, and S, can have opposite signs, the magnitude of the
total S can suffer (according to Eq. 1). Guo et al. observed
this phenomenon while studying thin films of Bi;Se; consisting
of 7 to 20 QLs (~ 5 to 140 nm). "~ Using models fitted to their
transport measurements, the authors extracted S;, and compared
its value to the measured S. Indeed, the authors found that S, was
consistently larger in magnitude than the total S (Figure 2c),
suggesting that the surface states had a subtractive effect on S.

2.1.2 Surface gap opening

Gapless TI surface states can experience strong bipolar conduc-
tion effects, which are not ideal for S. Several authors have there-
fore studied ways to open a band gap in TI surface states and
the corresponding effects on TE properties. Hybridization be-
tween states on opposite surfaces of a TI can open a band gap
at the Dirac point, = as evidenced by ARPES measurements
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Figure 3 (a) ARPES measurements of BioSej thin films consisting of 1
— 7 quantum layers (QLs), where the arrows denote spin configurations
of the surface states. Figure adapted with permission from Ref. 23. (b)
Schematic of hybridization-induced gap opening in topological
insulators. Electronic states on opposite surfaces experience stronger
mixing as the film thickness (r) decreases, resulting in a gap
opening/widening in surface bands. (c) Measured Seebeck coefficient
on thin films of Bi; 5Sby sTe; 7Se; 3. A higher magnitude is observed in
the thinner sample consisting of 4 QLs, indicating suppressed bipolar
conduction effects and, as a result, gap opening. Data adapted with
permission from Ref.

on thin films of Bi,Ses (Figure 3a).~~ With thinner samples and
stronger wave function mixing, a band gap widening effect can be
expected (Figure 3b). Theoretical studies have predicted that the
7T can be enhanced due to the band gap opening, especially at

low temperatures (< 150 K). DFT calculations have shown
that a surface gap opens in thin film Bi,Te; when the film is com-
posed of 1 or 2 QLs (~ 1 or 2 nm), and that the overall z7 can
be higher than in bulk samples. “~" Experimentally, a larger S
was measured in a film of Bi; 5Sby 5Te| 7Se; 3 consisting of 4 QLs
(when a surface band gap opens) compared to a film of 8 QLs
(when the gap closes), " suggesting that bipolar conduction ef-
fects are suppressed by a surface gap opening in thin film TIs
(Figure 3c). External perturbations that break symmetry, such as
strain and magnetic fields, can also result in a surface band gap

opening and have been predicted to improve the power factor.

2.2 Considerations for ;7 optimization

Arguably the most exciting question to ask when considering
the use of TIs, as opposed to other types of materials, in TE
devices is whether we can leverage TI surface states to boost
zT. Theoretical predictions often demonstrate that z7' can be
enhanced by balancing charge transport along the surface with
transport through the bulk (Figure 4a).~"-~»“"=>%°° However,
there are important factors that must be considered to utilize the

surface and bulk channels synergistically.
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Table 1 Geometries of samples in which topological surface states are shown to influence thermoelectric properties.

Material Sample type  Property Value Reference
Bip.9Sbg 1 Film Thickness 3-10 nm 40
Sb,Tes Film Thickness 32-160 nm 41
BiySes Nanowire Height 71 -124 nm 37
Bi; 5SbgsTe; 7Se; 3 Nanowire Diameter 180 - 230 nm 42
Bi; 5Sbg 5sTe; 7Se; 3 Film Thickness 3 -30 nm 22,24
Bi;.1SbyoTe;,S Film Thickness 3-113 um 38
@ 44 : (b)175 = volume ratio is used to quantify the relative contribution from
g g . surface states to transport, where samples with higher ratios ex-
08 Surface | | 2 150 25 - perience stronger relative contributions. Although one may ini-
06 g + ° 4 '2 5 tially attribute the observed transport behavior to variations in the
K . 5% EF position, further quantitative assessment with a two-channel
04 £ 100 + transport model °° suggested that Er remained fairly constant for
02| muk : & % .. 8‘\‘20% the measured samples (Figure 4b) and therefore could not ex-
P 75t Bise, % (/A v plain the variations in transport properties. A monotonic de-
004 2 o 2 4 2 E 4 crease in the Seebeck coefficient was also observed in thinner
ReducedFermiievel . Surace-to-volume raio (105 nm™) )1 of BiySes '” and SbyTes,*! both of which were attributed to
(c) 300 10 (@) 12 Bi,_Sb the presence of TI surface states. A crossover in the temperature-
08 A1o o disiocations 05— dependent resistivity from bulk-dominated (semiconductor-like)
€ 200 §g . to surface-dominated (metallic) behavior was observed in films of
% 106 % o Non poioga 250 %0 Bi;_,Sb,, when the thickness was reduced fI‘OI'l.l 239 A t029A. %0
“g’ 04 = F The effects of TI surface states on TE properties are pronounced
2 g4l Topological when the surface area of the sample is large compared to the
02, (s.‘zf Zi‘n";.?j, bulk volume, meaning that the volume must be small. A natural
e TR T TR 0.0 04 i = = question to ask then is: how small is “small enough”? Although

Thickness (um)

Temperature (K)

Figure 4 (a) Example breakdown of zT into the bulk and surface
contributions. Figure adapted with permission from Ref. 20. (b)
Seebeck coefficient and electrical conductivity (inset) for BioSes
nanowires with varying surface-to-volume ratios. The shading
represents a Fermi level range of 200 + 5 meV. Figure adapted with
permission from Ref. 37. (c) Ratio of surface conductance to the total
conductance in films of Sn-doped Bi; 1 Sby ¢ Te,S. Figure adapted with
permission from Ref. 38. (d) Electrical resistivity of Bi;_,Sb, with
dislocations, either along slip systems that host topological surface
states (i.e., topological dislocations) or those that do not. Figure
adapted with permission from Ref. 39.

2.2.1 Surface area

The degree to which surface states affect TE properties depends
on the surface area of the sample compared to the bulk volume.
TIs with greater surface area will be more strongly influenced by
their surface states. Accordingly, geometric factors such as the
material thickness, porosity, and grain size, as well as process-
ing conditions that impact material geometry, become important
considerations for TIs. **~40

It was demonstrated in nanowires of Bi,Ses that increasing
the surface-to-volume ratio leads to a corresponding decrease in
S, despite an increase in ¢ (Figure 4b).>” Here, the surface-to-
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the influence of surface states is dependent on the material, the
sample dimension is typically smaller than 1 um (Table 1), with
the exception of Bij ;Sbg¢Te,S.>® Stronger effects are observed
in samples on the order of a few nm. Note that in studies of
tetradymite compounds (e.g., Bi;Te3) that report heavy influence
from surface states, the sample geometry is typically expressed in
terms of the number of QLs, where 1 QL is roughly 1 nm.

2.2.2 Temperature

The relative influence of surface states compared to bulk states
is regulated by temperature through inelastic electron-phonon
scattering”’ and Coulombic energy transfer.”’ Even near room
temperature, enhanced phonon-assisted scattering between sur-
face and bulk states was observed in Bi;Se; through time- and
angle-resolved photoemission spectroscopy. *° The effects of sur-
face states on TE properties are therefore more pronounced at
lower temperatures, and the influence of surface states may be-
come overwhelmed by bulk states at higher temperatures.

Theoretical calculations have shown that significant enhance-
ments in z7' can be achieved in thin films of Bi;Tes below 150
K.?? An experimental study on Sn-doped Bi; ;SbyoTe;S found
that surface conduction dominates (> 50%) over bulk conduc-
tion at temperatures below 200 K (Figure 4c).*® In Bi;_,Sb, TIs,
two types of edge dislocations were introduced by plastically de-
forming the material along different compression axes: those that
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hosted surface states (i.e., topological dislocations), and those
that did not.”” While the measured resistivity of samples with
topological dislocations was markedly lower than those without
topological dislocations below 50 K (Figure 4d), the resistivity
was higher near room temperature (inset of Figure 4d). The low
temperatures needed to access the potential benefits of TI surface
states may limit their applicability in practical TE devices, which
are typically deployed at or above room temperature.

2.2.3 Fermi level

One of the most important considerations for TEs in general
is the Fermi level (Eg) position, which can be adjusted through
chemical doping or, in some cases, gate tuning. The EF posi-
tion strongly affects charge transport properties and, as a result,
ZT. In TIs, the Eg position is especially important because it mod-
ulates the relative contributions from bulk and surface states to
TE properties. In fact, various transport models have shown that
the zT, with contributions from both bulk and surface states, is
optimized at a different Er position than the z7' from bulk states
alone (Figure 4a).~""">%°" As a result, a major challenge in op-
timizing the overall zT" of TIs is to find Ef that balances bulk and
surface transport.

It is also important to track the Eg position when attributing ob-
served changes in TE properties to mechanisms related to TI sur-
face states.' ™'/ In particular, increasing the contributions from
surface states by, e.g., increasing the surface-to-volume ratio, has
the same effects on TE properties as increasing the carrier con-
centration: both lead to an increase in ¢ and decrease in S. To
avoid misattributing TE effects to surface states, it is essential to
resolve the Ef position relative to the band edges and Dirac point.

One way to estimate the Er position is by supplementing ex-
perimental measurements with transport modeling. Shin et al.,
for example, measured the properties of Bi,Se; nanowires with
varying surface-to-volume ratios and observed opposite trends be-
tween o and S (Figure 4b),”’ which could be due to variations
in the carrier concentration. By supporting their measurements
with a two-channel transport model,~° they demonstrated that
Eg varies by no more than 10 meV in their samples (Figure 4b),
providing strong evidence that size effects from surface states are
the principal mechanism behind the reverse trends in ¢ and S,
rather than being a carrier concentration effect. Hamdou et al.
found using a similar two-channel model that the negative to pos-
itive transition in S with increasing Sb content in (Bi;_,Sb,),Tes
nanowires can be explained by a shift in Eg relative to the Dirac
point.~~ In this case, they dismissed potential effects from TI sur-
face states, rather than attributing property trends to a variation
in the surface-to-volume ratio.

The Eg position can also be estimated from magnetotransport
measurements. “>**”~ Hsiung et al., for example, found that syn-
thesizing nanowires of Bi; 5Sby sTe; 7Se; 3 can boost the power
factor by nearly an order of magnitude compared to bulk sam-
ples.”* They concluded that the improvement is due to surface
states by calculating the Eg position from the cyclotron mass and
Fermi wave number, which they measured from the magnetore-
sistance and Shubnikov-de Haas oscillations.

3 Bulk properties in topological insulators
for thermoelectrics

Topological insulators have generated widespread interest be-
cause of their protected surface states, often overshadowing in-
vestigations into their bulk properties. Yet, materials used in TE
devices are typically on the scale of millimeters or larger, operate
at room temperature or above, and are doped to carrier concen-
trations on the order of 10'° cm~3 and above, where the effects
of surface states are less pronounced and potentially outweighed
by bulk transport. Recent findings have revealed that unconven-
tional transport phenomena can also emerge from bulk TI states,
driven fundamentally by band inversion. In this section, we redi-
rect our attention to bulk TE effects that are unique to TIs, open-
ing up new opportunities to enhance 7T in practical applications.

3.1 Phenomenological bulk effects unique to topological in-
sulators

3.1.1 Band inversion-driven warping

One of the most important material properties for TEs is the val-
ley degeneracy (i.e., the number of carrier pockets that are con-
tributing to charge transport in the bulk). Higher valley degener-
acy improves the power factor, provided that intervalley scatter-
ing effects are not significant. ">~ In TIs, the valley degeneracy is
fundamentally linked to band inversion.*° Assuming band inver-
sion occurs at a k-point labeled k(, strong coupling interactions
at ko can offset the band edges from kg, leading to the forma-
tion of multiple carrier pockets (Figure 5a).”° We refer to this
phenomenon as band inversion-driven warping; the term warp-
ing refers to the nonparabolic “W” (“M”) shape adopted by the
conduction (valence) band as opposed to the conventional “U”
(“upside-down U”) shape (Figure 5a).

Band warping, however, does not always occur in TIs simply
due to band inversion. Recently, a ke p perturbation theory-based
model was used to derive a mathematical condition for when in-
verted bands become warped in TIs that are centrosymmetric and
obey time-reversal symmetry (e.g., non-magnetic TIs).”" Essen-
tially, the bands must be sufficiently inverted for warping to oc-
cur; in other words, the band inversion strength of the TI must be
large enough (Figure 5a). This is quantified by the leading-order
parameter of the k e p model, My, defined as

_ Ecp(ko) — Ev(ko)

— s 2
where Ecg and Eyg are the conduction and valence band edges,
respectively, and kg is the k-point where band inversion occurs.
M, is the band inversion strength of a TI when the sign is neg-
ative, where more negative values correspond to stronger band
inversion. Note that normal insulators with non-inverted bands
can also be represented by a positive My. Because the band in-
version strength is a characteristic of the electronic structure, it is
principally modulated by (i) spin-orbit coupling (SOC)>/~~ and
(ii) atomic orbital interactions (e.g., sp-mixing). "

There are several examples of TIs that, despite being chemically
similar, possess different valley degeneracies. A notable pairing is
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Figure 5 (a) lllustration of how the band structure and Fermi surface evolves with band inversion strength in a topological insulator. With stronger
band inversion, the bands become warped, and the Fermi surface becomes multi-valleyed. The band structure and Fermi surface calculated using ab
initio methods are shown for (b) Bi»Ses, (c) BixTes, (d) SnTe, and (e) SnSe in the metastable rock-salt phase.

Bi,Se; and Bi;Te;. While both TIs possess inverted bands at the
I'-point, the bands in Bi,Se; are parabolic at the I'-point resulting
in a valley degeneracy of 1 (Figure 5b), whereas the bands are
warped at the I'-point in Bi;Te; (Figure 5c). This suggests that
the bands are sufficiently inverted at the I'-point in Bi,Tes but
not in BisSes. Indeed, the energy separation between the con-
duction and valence bands at the I'-point is larger in BisTes (M
= -0.23 €V in Figure 5c) than in Bi;Se; (My = -0.12 €V in Fig-
ure 5b), which can be attributed to the stronger SOC in Bi,Tes.
Due to the D3, symmetry of the I'-point, at least 2 carrier pock-
ets can form from warped bands in BiyTes, though experimental
measurements have indicated that the valley degeneracy can be
greater than 6.

In IV-VI rock-salt TIs, band inversion occurs at the L-point.
While the bands in SnTe are nearly parabolic and centered at
the L-point with a valley degeneracy of 4 (Figure 5d), bands in
the metastable rock-salt phase of SnSe are warped, giving rise
to band edges that are offset from the L-point and a valley de-
generacy of 24 (Figure 5e). The band inversion strength at the
L-point is higher in SnSe (My = -0.28 eV in Figure 5e) than in
SnTe (My = -0.05 eV in Figure 5d), providing further credence
to the band inversion-driven warping phenomenon. In contrast
to the tetradymite compounds, where the stronger SOC in BiyTes
leads to band warping, sp-mixing determines the band inversion
strength in rock-salt compounds. Atomic orbital interactions can
be affected by a number of factors, such as bond lengths and on-
site orbital energies.

3.1.2 Band warping and thermoelectric performance

In general, the benefits of high valley degeneracy on TE prop-
erties can be diminished by high scattering rates.
band inversion-driven warping can lead to the formation of car-
rier pockets that are close in k-space, intervalley scattering by
phonons (especially those near the zone center) may be signifi-
cant. It is therefore natural to ask whether TE performance actu-
ally benefits from band warping in TIs.

Because
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In a recent study,”” the effects of band inversion-driven warp-
ing on TE performance were studied. By considering a large set of
materials using first-principles Boltzmann transport calculations,
it was found that the maximum attainable z7 (i.e. the z7T value
at the optimum doping level) tends to be higher for a TI than
a conventional semiconductor, and even higher for TIs exhibit-
ing stronger band inversion (Figure 6a). Further analysis showed
that the high TE performance of TIs originates from a combina-
tion of low lattice thermal conductivity (k) and high weighted
mobility (u,,) (Figure 6b). It is expected that TIs have low xi,
because band inversion is typically induced by strong SOC inter-
actions, which arises from the presence of heavy atoms. While
the high-throughput calculations certainly confirm this, they also
reveal that high p,, is another key advantage of TIs over conven-
tional semiconductors.

The results of charge transport modeling based on ke p pertur-
bation theory were consistent with first-principles calculations.
Namely, the model showed that TIs exhibit high maximum z7
that increases nearly monotonically with stronger band inversion
strength (Figure 6¢). The model also showed that the band in-
version strength is a critical, if not the most important, material
property that determines the maximum z7 of a TI. As a result,
band inversion-driven warping is the key advantage that TIs pos-
sess over conventional semiconductors for TE applications. Fun-
damentally, band warping in a TI gives rise to high u,, (as revealed
by first-principles calculations in Figure 6b) by reducing the con-
ductivity mass and increasing the Seebeck mass (Figure 6d).

It is worth noting that increasing the band inversion strength
improves the maximum zT of a TI, and the carrier concentration
must still be optimized to achieve the maximum TE performance.
It is therefore more precise to say that increasing the band inver-
sion strength enhances the TE quality factor B «< p,,/xi,"” rather
than the actual z7'. Care must therefore be taken when attributing
changes in TE properties to band inversion-related effects, espe-
cially when changes in the chemistry are involved (e.g., doping
and alloying). In such cases, both the band structure and the
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Figure 6 (a) Maximum attainable zT (optimized with respect to doping
level) at room temperature, obtained using first-principles Boltzmann
transport calculations. The maximum z7 is plotted against the My
parameter (defined in Eq. 2) which, for topological insulators (Tls),
represents the band inversion strength. (b) Weighted mobility (u,,) and
lattice thermal conductivity (i), where Tls are represented by the red
coloring (negative My) and normal insulators (NIs) are represented by
the blue coloring. (c) Maximum attainable 77 from charge transport
modeling using k e p perturbation theory. The background coloring
indicates the band structure shape (warped or single-valleyed) and
topology (inverted or non-inverted). (d) Seebeck effective mass (mg) and
conductivity effective mass (m¢), where the red and blue coloring
represent Tls and Nls, respectively. Figures adapted with permission
from Ref.

Fermi level are likely affected.

3.2 Strategies to improve bulk charge transport properties

Band inversion-driven warping can improve bulk TE properties
in TIs and enhance the maximum attainable z7. Therefore, the
TE performance can be improved directly by strengthening band
inversion (i.e., the degree to which the bands are inverted). The
band inversion strength is determined principally by atomic or-
bital interactions and SOC interactions, °° so strategies to manip-
ulate band inversion in a TI should fundamentally aim to modu-
late these interaction strengths. We discuss some approaches in
the following subsections.

A straightforward way to check whether band inversion-related
phenomena are affecting TE properties in experiments is to check
the weighted mobility (u,,), which can be calculated directly from
the electrical conductivity and Seebeck coefficient. °® u,, generally
increases with the band inversion strength at a given tempera-
ture, °* making it a strong indicator of warping effects in TIs. As

we show in the following sections, analyzing u,, allows us to pro-
vide compelling evidence that band inversion-driven effects are
occurring in TIs.

3.2.1 Mechanical strain and external pressure

In general, applying external pressure or mechanical stress can
modify the band structure of a material. °”>’" In TIs, strain can af-
fect the band inversion strength by modulating nearest-neighbor
orbital interactions.’" In rock-salt IV-VI compounds, the energies
of the Ly and Lg bands (i.e., those that are involved in band
inversion, see Figure 7a) are influenced by sp-mixing between
neighboring cations and anions.“~ Compression would enhance
mixing between the cation-s and anion-p orbitals, which would
raise the L} band relative to the L, band and lead to stronger
band inversion. First-principles calculations have shown that
compressing SnTe leads to warping in the conduction band, split-
ting the conduction band edge into multiple valleys.“’ The n-type
power factor was correspondingly three-fold larger than in the
non-compressed state for a wide range of Fermi levels (Figure
7b), despite the scattering rates being nearly an order of magni-
tude higher.

A similar behavior is observed in BiyTes-like TIs.  First-
principles calculations showed that compressing Bi;Tes, which
correspondingly makes M, (defined in Eq. 2) more negative and
thus increases the band inversion strength, improves the maxi-

3%
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Figure 7 (a) Molecular orbital diagram for the L-point in IV-VI rock-salt
phases, illustrating the inversion of the L; and L/ states. Figure
adapted with permission from Ref. 63. (b) Calculated n-type power
factor of undeformed and compressed SnTe. Data adapted with
permission from Ref. 67. (c) Calculated maximum attainable z7' of
BioTes at different strain values, corresponding to varying degrees of
band inversion strengths. Figure adapted with permission from Ref.
(d) Measured weighted mobility of Biy 5Sb; 5 Te; at different pressures.
Data adapted with permission from Ref.
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Schematic of how alloying can affect the band inversion strength.
Alloying-induced compression (i.e., chemical pressure) leads to stronger
band inversion in the parent topological insulator phase.

mum z7 at room temperature for both n- and p-type (Figure 7c).
Strain can be applied through external pressure, and improve-
ments in the power factor with pressure have also been demon-
strated experimentally. °*/ =
of the TI Bij 5Sby 5Te; °° that y,, increases with applied pressure
(Figure 7d), which can be self-consistently explained as a band
inversion-driven effect.

We find from recent measurements

3.2.2 Alloying

Most TE materials are doped and/or alloyed to optimize z7.
Since both techniques can affect the band structure and, as a re-
sult, the band inversion strength of a TI, transport properties can
be regulated in unique ways by altering bulk chemistry. It has
been suggested that even trace amounts of doping can affect TE
properties, especially when the band structure is sensitive to small
changes in SOC interactions. °/°° However, phenomena resulting
from band inversion are more readily observed in alloys rather
than doped samples.

In particular, cubic alloys involving SnSe exhibit unconven-
tional TE effects. The metastable rock-salt phase of SnSe is
a known TI’®’/ with a highly warped band structure (Figure
5e),"” and both theory’®’” and experiments“” have suggested
capitalizing on its unique properties for TEs. Alloying SnSe with
AgSbSe,, for example, has been shown to improve the power fac-
tor across a wide range of temperatures.’ ™’ A closer examina-
tion of the transport properties reveal that p,, also increases with
x in (SnSe);_,(AgSbSe,), (Figure 8a). Normally, u, of a two-
phase mixture is lower than that of the end members, because

8| 1-12

the carrier mobility is lower. Wang et al. attributed the enhance-
ment of y,, to the compressive strain in rock-salt SnSe induced by
AgSbSe, alloying, which is evidenced by the monotonic decrease
in the lattice parameter determined from density and TEM mea-
surements (Figure 8b).’" Compressing rock-salt SnSe, which is
a TI, strengthens sp-mixing and the band inversion strength in a
manner similar to compressing SnTe (Section 3.2.1). Since rock-
salt SnSe already has a warped band structure (Figure 5e), com-
pression should further warp the band structure (Figure 8c), thus
leading to higher u,,. Presently, the increase in u, and power
factor with the addition of AgSbSe, to SnSe has been substan-
tiated on the basis of lattice compression and band inversion-
related effects.’* While the justification is certainly reasonable
and self-consistent, in general, elemental substitution can also
significantly modify the band inversion strength by modulating
on-site energies.

Band inversion-related effects have been proposed in other al-
loy systems as well. Lattice compression and band gap widening
were observed in (PbSe);_,(ABX5),° ~ similar to cubic alloys
of SnSe, which can be explained as a gradual separation of the
L{ and Lg bands from stronger sp-mixing. First-principles cal-
culations of an ordered supercell of (PbSe);_,(AgSbS,), ensured
that the alloy undergoes a band inversion strengthening-type phe-
nomenon primarily due to lattice compression, despite the chem-
istry being affected also by introducing Ag, Sb, and S.°” Since
pristine PbSe is a normal insulator, the observed band inversion-
like effects indicate that PbSe likely undergoes a topological phase
transition to a TI state upon alloying. In SnTe, the ;7 was boosted
to nearly 1.4 after heavily alloying with GeTe and PbTe and dop-
ing with Cd. " Because first-principles calculations revealed that
SnTe, upon alloying with GeTe and PbTe, adopts a multi-valleyed
band structure, the improvement was attributed in large part to a
band inversion-driven phenomenon.

3.3 Topological phase transition

Alloys between a normal insulator, which has non-inverted
bands, and a TI, which has inverted bands, allow us to under-
stand how TE properties evolve through a topological transition
from one band structure topology to another. Through this tran-
sition, the band gap closes at some critical composition x., where
the bands become linear Dirac cones (Figure 9a).

There are several factors that affect x., such as tempera-
ture.
temperature shifts x, towards a more Sn-rich composition in both
Pb;_,Sn,Te and Pb;_,Sn,Se, for example from x. ~ 0.4 at 12 K
to x. ~ 0.6 at 300 K in Pb;_,Sn,Te (Figure 9b). Fundamentally,
changes in the topological transition behavior can be explained
by orbital chemistry. In IV-VI rock-salt alloys, the transition in-
volves an inversion of the Lg and L, bands (Figure 9a), which
result from sp-mixing between the cation and anion (Figure 7a).
Separating the cation and anion species by, e.g., increasing tem-
perature, would weaken sp-mixing, resulting in either a wider gap
between the Lg and Lg bands in a normal insulator or narrower
gap in a TI (Figure 9c). In either case, x. would shift towards
the TI-rich side, explaining the increase in x. with temperature in

It is evident from optical measurements that increasing
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Figure 9 (a) Schematic of a topological transition in an alloy between a
normal insulator (NI) and a topological insulator (TI). In alloys of IV-VI
compounds, the transition occurs between the L} and L; bands, where
the band gap closes at composition x.. (b) Band gap of Pb;_,Sn,Te and
Pb;_.Sn,Se, measured using optical techniques at different
temperatures. By increasing the temperature (T'), x. also increases.
Data adapted with permission from Refs. 85, 86, and 88. (c) Schematic
of how external factors, such as temperature, can affect x. by perturbing
the Lg and Lg bands. (d) Weighted mobility of Pb;_.Sn, Te at room
temperature. Data adapted with permission from Refs. 62,89

Pb;_,Sn,Te and Pb;_,Sn,Se (Figure 9b).

The band structure evolution through the topological phase
transition should influence TE properties. If the majority carrier
type remains the same across the transition, then one may expect
a minimum in the carrier effective mass and a maximum in mobil-
ity near x.. Indeed, the effective mass has been shown to reach a
minimum near x. in Pb;_,Sn,Te. """~ However, there have been
reports that appear to challenge expectations also.”"”>”° Ortiz et
al., for example, found that the room-temperature intrinsic mo-
bility of undoped Pb;_,Sn,Te reaches a maximum near x ~ 0.3,
as opposed to x ~ 0.6 where the topological transition is expected
to occur (Figure 9a). Inconsistencies can arise because not all
changes in properties are associated with changes in the band
structure.

Interestingly, we find consistent agreement regarding one ma-
terial property of undoped Pb; _,Sn,Te: the weighted mobility u,,.
By calculating u,, from the measured electrical conductivity and
Seebeck coefficient " across different studies, °”~”~ we find that it
reaches a minimum near x =~ 0.6 at room temperature (Figure 9d).
Given that the alloy reaches a semimetallic state near this compo-
sition and semimetals typically exhibit low p,,, it is reasonable to
say that the minimal y,, is attributable to the topological transi-
tion. Since the band structure evolution through the topological
transition can be captured by a ke p band structure model, "/ mod-
eling TE properties using an adapted transport model may help

understand the origin of the weighted mobility trend.

4 Outlook

The research landscape is now more fertile than ever for ex-
ploring topological insulators (TIs) for thermoelectric (TE) ap-
plications. Experimental and theoretical studies have jointly es-
tablished a strong fundamental understanding of unconventional
effects arising from TI surface states on TE properties. New dis-
coveries of bulk transport phenomena in TIs, particularly those
driven by band inversion, also create new opportunities for fun-
damental and technology-oriented research that extends under-
neath the widely-studied surface states. Bulk properties are es-
pecially important for practical applications such as Peltier cool-
ers, which are typically on the scale of millimeters and operate
near/above room temperature.

At the moment, there is limited attention to bulk states and
corresponding bulk charge transport properties in TIs. While
there are many materials that have been studied for TE """ and
TI VY applications separately, there are only a handful that
have been studied for both. The immediate impact of studying
bulk TE properties is the expansion of the “material genome” at
the relatively unexplored intersection of TIs and TEs. Valuable
insight can be gained from material-agnostic transport models,
but concrete examples are needed to explore the complexities of
real materials. Aside from the ones in this review, we believe that
there are other known TI families where unconventional TE phe-
nomena can be observed, such as (SnSe);_,(ABX5), alloys
and the homologous series of ternary (TrCh),(Pn,Chs),, com-
pounds, where Tr = tetrel (Ge, Sn, Pb), Pn = pnictogen (Sb, Bi),
and Ch = chalcogen (Se, Te). A more holistic understand-
ing of band inversion-driven effects, complete with generalized
models and case studies of specific materials, will enrich design

strategies to improve z7 in TI-based TEs. Since commercial Peltier
cooling devices are typically composed of TI alloys (Bi,Tes_,Sey
for the n-type leg and Bi,_,Sb,Tes for the p-type leg), better un-
derstanding of bulk TE properties unique to TIs also holds tech-
nological and economical significance.

There are also avenues for discovering new high-performing
TE materials within the space of TIs. Many TIs, in fact, have been
suggested as candidates for TEs, particularly half-Heuslers ***
and Zintl phases. * *° Past recommendations have often advertised
the low lattice thermal conductivity stemming from the heavy
atomic compositions of TIs, but exotic charge transport phenom-
ena through the bulk can also fuel future TE discovery ventures.
With the advent of computational methods to rapidly predict TE
properties **/~*=* combined with the availability of large-scale TI
databases, *“*>*= it is an opportune time for exploratory discov-
ery of new TEs within known and predicted TIs. Even entirely
new material classes that are yet to be explored by either the
TI or TE communities can be investigated by coordinating high-
throughput search workflows. We anticipate that data-driven ap-
proaches will guide future TE research and reveal an entirely new
frontier for TI research rooted in TE applications.
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