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Molecules under strong or ultra-strong light-matter coupling present an intriguing route to modify chemical
structure, properties, and reactivity. A rigorous theoretical treatment of such systems requires handling
matter and photon degrees of freedom on an equal quantum mechanical footing. In the regime of molecular
electronic strong or ultra-strong coupling to one or a few molecules, it is desirable to treat the molecular
electronic degrees of freedom using the tools of ab initio quantum chemistry, yielding an approach referred to
as ab initio cavity quantum electrodynamics (ai-QED), where the photon degrees of freedom are treated at the
level of cavity quantum electrodynamics. In this letter, we analyze two complementary approaches to ai-QED:
(1) parameterized CQED (pQED), a two-step approach where the matter degrees of freedom are computed
using existing electronic structure theories, enabling the construction of rigorous ai-QED Hamiltonians in
a basis of many-electron eigenstates, and (2) self-consistent CQED (scQED), a one-step approach where
electronic structure methods are generalized to include coupling between electronic and photon degrees of
freedom. Although these approaches are equivalent in their exact limits, we identify a disparity between the
projection of the two-body dipole self-energy operator that appears in the pQED approach and its exact
counterpart in the scQED approach. We provide a theoretical argument that this disparity resolves only
under the limit of a complete orbital basis and a complete many-electron basis for the projection. We
present numerical results highlighting this disparity and its resolution in simple molecular systems, where it
is possible to approach these two complete basis limits simultaneously. Additionally, we examine and compare
the practical issue of computational cost required to converge each approach towards the complete orbital
and many-electron bases.

I. INTRODUCTION limits for the vast majority of physicall relevant systems.
Outside of their exact limits, the variety of approxima-
tions inherent in electronic structure calculations makes
it quite difficult to assess these two approaches on equal
footing. In this work, we attempt to provide a fair as-
sessment of these two approaches based both upon sim-
ple analysis of their underlying formalism’s, and through
comparable numerical results that approach exact lim-
its. To this end, we implement variational approaches
to pQED and scQED using full configuration interaction
(FCI) to parameterize the former and a self-consistent
QED-FCI scheme for the latter.

Strong interactions between molecular electronic and
photonic degrees of freedom (i.e., electronic strong and
ultra-strong coupling) can fundamentally alter chemical
structure, reactivity, and phenomenology 23 Predictive
theoretical and computational models for molecules un-
der electronic strong coupling must capture the quantum
nature of electronic and photonic degrees of freedom. In
the limit of molecular electronic strong or ultra-strong
coupling to one or a few molecules, it is desirable to
treat the molecular electronic degrees of freedom using
the tools of ab initio quantum chemistry, yielding an ap-

proach referred to as ab initio cavity quantum electrody-
namics (ai-QED), where the photon degrees of freedom
are treated at the level of cavity quantum electrodynam-
ics. Two complementary approaches have emerged for ai-
QED: (1) parameterized CQED?Y2327 (pQED), a two-
step approach where the matter degrees of freedom are
computed using existing electronic structure theories, en-
abling one to build rigorous ai-QED Hamiltonians in a
basis of many-electron eigenstates, and (2) self-consistent
CQED*#2842 (scQED), a one-step approach where elec-
tronic structure methods are generalized to include cou-
pling between electrons and photon degrees of freedom.
Although these approaches are equivalent in their ex-
act limits, it is practically impossible to reach these exact

) Electronic mail: |jfoley19@charlotte.edu

1. VARIATIONAL AB INITIO QED

We will discuss two complementary variational ap-
proaches to ai-QED that seek to find accurate eigen-
states of the Pauli-Fierz (PF) Hamiltonian®*44 repre-
sented in the length gauge and within the dipole and
Born-Oppenheimer approximations. Here we write down
the Pauli-Fierz Hamiltonian for a molecular system cou-
pled to a single photonic mode in atomic units as

N N At a ~ A o 1~
Hop = Ho+wbb— /%d(bT T h)+ 5dQ. (1)
In Eq. H, is the standard electronic Hamiltonian

within the Born-Oppenheimer approximation®?, wlA)TlAJ is
the bare Hamiltonian for the photon mode where w rep-

resents the frequency and Z;T and b are raising and lower-
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ing operators for the photon mode. The final two terms
capture interactions between the photonic and electronic
degrees of freedom. In these interaction terms, known as
the bilinear coupling and the quadratic dipole self energy,
d=X- [t couples the field associated with the photon
mode to the molecular dipole operator4?,

The formulation of several ai-QED methods (e.q.
QED-Hartree—Fock, QED-CC, QED-CASCI) has been

performed after transforming Eq. [I| to the coherent-state
basid36407I48

N N A N N ~ ~ 1.~ ~
lﬂngh+w§hw/[%—Q@Ka+®+§mfﬂ¢ﬂz

(2)
This follows from a unitary transformation of the Pauli-
Fierz Hamiltonian,

| €

- P
Hcs = UcsHprU g, (3)

where the Unitary coherent state transformation is de-
fined as

Ucs = exp (Z([;T — 13)) : (4)
The parameter z may be computed as

)
Z—m. (5)

Often, <Ei> is computed for a given electronic reference
state in, for example, the QED-HF reference in scQED
formulations2®8 Here we will also investigate the CS
transformation of the projected Pauli-Fierz Hamiltonian
for a pQED formulation, where (EZ} will be computed in
the adiabatic many-electron basis. We note that within
the Born-Oppenheimer approximation, the nuclear con-
tribution in (d) exactly cancels with the nuclear contri-

bution to d, hence we write Eq. [2| with d. and (d.) to
denote only the electronic contribution to both terms.

We can approach the variational solution to Eq. [I] or
Eq.[2)in two complementary ways. The approach denoted
pQED will first find the adiabatic eigenstates that define
Ho|va(R)) = Eo(R)|Ya(R)) using standard quantum
chemistry tools, where R denotes the coordinates of the
nuclei which are fixed within the Born-Oppenheimer ap-
proximation. In a subsequent step, one builds a Hamil-
tonian matrix from Eq. [[] or Eq. [2in the basis of direct
products between these adiabatic eigenstates and pho-
tonic Fock states. The approach denoted scQED will
seek the eigenstates of Eq.[[Jor Eq. 2] directly in a product
basis of many-electron states (here Slater determinants)
and photonic Fock states.

Both approaches can reach an exact limit. For pQED,
the exact limit can be achieved when one builds Eq.
or [2lin the complete basis of exact adiabatic eigenstates
and photon number states. Of course, it is practically
impossible to reach this limit for most molecular sys-
tems, so a practical variational approach will consider

building the pQED Hamiltonian in a truncated basis of
many-electron states. In practice, this basis of adiabatic
eigenstates is not only incomplete, but the states them-
selves are inexact because they results from an approx-
imate quantum chemistry method. The approximations
inherent in practical quantum chemistry calculations in-
clude truncation of the single-particle basis (e.g. using a
finite number of Gaussian-type orbital basis functions),
and truncation of the many-electron space through, for
example, truncation of the excitation rank in a config-
uration interaction (CI) ansatz. The exact limit of the
scQED approach includes a complete single-particle basis
for the electronic subsystem, a complete many-electron
basis (through, e.g., a FCI ansatz that includes all excited
electronic configurations, often represented as Slater de-
terminants or configuration state functions), and a com-
plete photon Fock space, which is also not practical in
general. The practical limit of pCQED also includes the
incomplete photon basis. Our goal in this current paper
is to study the convergence properties of both methods
towards their exact limits, and to point out quantitative
differences that arise outside of the complete basis limit.

1. pQED

In the pQED approach, we can build Eq. [T] or [ in a
product basis of adiabatic electronic states and photonic
Fock states, such that the coupled eigenstates can be
expressed as linear combinations of these product basis
states:

W) = 323 Cornlibn) © ). (6)

Here, the dependence of the adiabatic many-electron
states on the nuclear coordinate R is implied. We briefly
review the expressions that arise in the pQED approach
leading to a matrix representation of Eq.[I]in a truncated
basis of adiabatic electronic states; working equations for
the matrix form of Eq. [2] will be provided in the support-
ing information. We can define a projection operator,

N
P = [ta)(Wal, (7)

that defines the truncation of the full electronic Hilbert
space. We can also define the complementary projector
@ such that these two subspaces obey

i=P+0, (8)

where the resolution of the identity is satisfied by the
complete electronic Hilbert space. Following the discus-
sion by Huo and co-workers, we can think of the trun-
cated version of Eq.[l|as arising from transformation with
a projected Power-Zener-Woolley operator from the min-
imal coupling Hamiltonian®?. From this perspective, we
can write the projected Hamiltonian as follows:

HPF - He + Hcav + 7'[blc + Hdsm (9)
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where the caligraphic operators denote they have been
projected into a subspace defined by P; that is, H =
PHP. It is important to note that the projector only
acts on matter operators, so we need only consider the
impact of truncation on H e H ble, and H dse- The pro-
jected molecular electronic Hamiltonian has the form

PH.P = Ealtha) (tal (10)

where E, = E,(R) are the energy eigenvalues of the adi-
abatic eigenstates noted in Eq.[6] The bilinear coupling

J

[E+D d 0
d E+D+Q vad i,
0 v2d  E+D+2Q ...

Hppr = : :

0 0 0

L O 0 0

Here the elements of E are given by
Ean,pgm = (n[(¢a[He|ts)|m)
= Eu0a80nm, (14)

the elements of D are

Dan,pm = (n|(Ya|Hase|Vs)Im)
1
= 5 Z da'yd'yﬁ(snm7 (15)
~

the elements of d are

dan,pm = (n|(Ya|Holc[¥s)|m)

w
= - *da nm 16
\/ 5 Tas (16)

vVm + 10, m+1 + /Moy, m—1. The elements

where 7, =

terms has the form
A A ~ W oA~ ~ (af A
PP = —\/;'Pd'P (b + b)
w RN
o S dasl sl (31 +5), ()
ap

where do s = (Y |d|ths) results from dotting the coupling
vector into the transition dipole moment between adia-
batic states @ and § or the total dipole moment of state
« when a = (3; this quantity also depends explicitly on
the nuclear coordinates, but we are suppressing the de-
pendence on R in our notation for simplicity. The transi-
tion dipole moments are purely electronic, while the total
dipole moments have both an electronic and nuclear con-
tribution. Finally, the dipole self energy has the form

PHasP = dePPdP

= 5 Zda'yd'yﬁ‘waxwﬁ" (12)

aBy

If we build a matrix from the projected Pauli-Fierz
matrix (here denoted Hypr) in the basis given in Eq. [6]
we have the general structure

0 0 T
0 0
0 0
. (13)
.E+D+(N-1)Q VNd
Vv Nd E+D+ NQ,
[
of Q are
Qan,pm = <n|<¢a\Hcav|¢5>\m>
= mwiyg. (17)

The structure of the matrix in Eq. [[3] reflects the Kro-
necker delta functions that appear in the respective block
equations.

A. scQED

In the self-consistent approach, one adapts their quan-
tum chemistry method to directly include the terms be-
yond H. in Eq. |1} In this approach, we begin with the
exact matter operators, which will be denoted in ordi-
nary font, not caligraphic font like the projected matter
operators in the previous subsection.

A variational scQED approach can be formulated
based on the following configuration interaction ansatz
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for the mixed electronic-photonic eigenstates:

|\I/cp> = ZZCI,R|(I)I> ® |n>7 (18>

where |®;) represents an electronic Slater determinant,
|n) is a photon-number state corresponding to n photons

J

4

in the cavity mode, and C; ,, is an expansion coefficient®".
Then, a variational scQED approach can be formulated
as a matrix diagonalization problem where Eq. [I]is built
in the basis of product states in Eq. This matrix
(here denoted Hpp_cy) has a similar structure as Eq.

A+ A G 0
G A+A+9Q V2G
0 V2G A+A+29 ...
Hpp_c1 = : : :
0 0 0
) 0 0

0 0 i
0 0
0 0

CA+A+(N-1)R
VNG

VNG

A+A+NQ

(19)

The elements of A are

Apn,m = (n|(DF|He| D) |m)
:< ‘}|He‘q)?]>5nm- (2())
The elements of A are

1 o152 me
Arp,jm = §<”\< 7l |@5)|m)

1 el i 21ame el 7 1&He
= 5 ({@51de”105) + 20, (51de|®3) + d21s) durn,
(21)

where dAe denotes the electronic contribution to d and dy
denotes the nuclear contribution. The matrix elements
of G are

w

2l

W xed1ame
=/ §< I|d|(I)J>77nm~

Finally, the elements of  are given by

e 5t 7 e
GI"L,JT)’L = - I‘ d (b =+ b)|‘I)J>|m>

(22)

Qg = (P [(®S|wb B|©)|mP) = mwdy 6um.  (23)

More explicit expressions for these matrix elements, as
well as those for the elements corresponding to Eq.
can be found in Ref4",

B. Dipole Self Energy in pCQED vs scQED

A key difference between practical implementations of
PQED and scQED resides in the treatment of the dipole
self energy, specifically arising from the product of elec-

2

tronic operators in cie .
In the scQED approach, we are not starting with any
specific state truncation in mind, and so our scQED

(

Hamiltonian is written in terms of exact electronic op-

.. 52
erators. In first quantization, we can expand d, as

de” =7 deli) de() + Y [deli)]2

i#j i
where ¢ and j represent different electronic coordinates;
hence we see that the dipole self energy operator con-
tains both a one-electron contribution and a two-electron
contribution. The one-electron contribution can be rec-
ognized as the negative of the quadrupole operator mul-
tiplied by coupling vector components. A practical sc-
QED approach will depend on introducing an orbital ba-
sis (e.g. an orthonormal spin orbital basis). In this case,
we can write the the right-hand side of Eq. [24]in second-
quantized notation as

~ 2 N N
de = deqdrsa;ﬂalasaq—ZquaLaq.

pbqrs pq

(24)

(25)

where a' and a represent, fermionic creation and annihi-
lation operators, respectively. The symbols dp, and Qpq
represent modified electric dipole and electric quadrupole
integrals. We can see that this form of the dipole self
energy operator employed in the scQED approach main-
tains the exact structure to within the discretization error
introduced by a finite orbital basis.

Let us turn to the projected dipole self energy operator
that arises in pQED, which as we saw in Eq. contains
a product of projected modified dipole operators:

Pd.PPd.P
=) (Vo) (Waldeltry) Wby 1hs) (Vs]de|1hs) (W]
aydf

= > ) (Waldelthy) (ur|delis) (w5l

avp

= darydysltha) (V5.

ayp
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Notably, the projected dipole self energy is missing the
quadrupole terms that are present in the exact dipole self
energy operator. Thus, in addition to the discretization
error that arises from a finite orbital basis, the exact
structure of the dipole self energy is lost upon projec-
tion onto an incomplete electronic subspace. We will see
that this generally leads to a different variational problem
whereby the pQED energies can converge to a different
ground state solution than the scQED.

We now show that this difference resolves itself in
the limit of a complete orbital and many-electron ba-
sis. First, we will show that the quadrupole term in the
exact dipole self energy operator vanishes in the limit
of a complete orbital basis. As a first step, we utilize
the anticommutation relations in the two-electron part

of Eq.

> dygdrsiihilagig
pgrs
= = dpydrsil [, — agal]a
pqUrsQp|Oqr — QqQy|As
pgars

= dpgifag Y dpsilis =Y dprdrgalag.  (27)
Pq s

pgr

We can now substitute the last line of Eq. [27]into Eq.

~ 2 o a A
de = Z dpqa;aq Z drsaias
Prq s

- Z (Z dprdrq + qu) &;dq (28)

As a second step, we can insert a resolution of the identity
into Y, dprdrq when the orbital basis is complete, which
gives

derdrq = 7qua (29)

which means that when the orbital basis is complete, the
quadrupole contribution to the dipole self energy van-
ishes, and we have

~2 A .
d, = Z dpqa;aq Z dystlis. (30)
P rs

Finally, we note that in the pQED approach, when the
dipole self energy is projected onto an incomplete elec-
tronic subspace, the product of d operators is replaced
by product of matrix elements of those operators. How-
ever, in the limit that the electronic subspace is complete,
we have P = 1 and we resolve the projected dipole self
energy into a product of d operators:

Pd,PPd,P = Pded,P. (31)

Thus we conclude that the exact and projected dipole self
energy operators agree in the limit that both the com-
plete orbital and many-electron basis limits have been
reached.

1. RESULTS

A glossary of abbreviations and terms used to discuss
the results is provided in Table [] below.

pQED General approach where Eq. [l or [2]

are built in a product basis of adi-
abatic electronic states and photonic
Fock states

General approach where Eq. Il] or
[ are built in a product basis of
Slater determinants and photonic
Fock states

Projection of Eq. ]l|0nt0 a basis of Ng;
adiabatic many electron states and N,
photonic Fock states

Self-consistent variational solution to
Eq. [1]in a product basis of all excited
Slater determinants and N, photonic
Fock states

Projection of Eq. onto a basis of N
adiabatic many electron states and IV,
photonic Fock states

Self-consistent variational solution to
Eq. [2|in a product basis of all excited
Slater determinants and N, photonic
Fock states

pRabi(N.;, Np) [Projection of Eq.[lfwithout the dipole
self energy term onto a basis of N
adiabatic many electron states and IV,
photonic Fock states

Self-consistent variational solution to
Eq. [2] without the dipole self energy
in a product basis of all excited Slater
determinants and N, photonic Fock
states

scQED

PPF(Not, V)

PF-FCI-N,

pCS(Nel, Np)

CSFCIN,

Rabi-FCI-N,

TABLE I. Glossary of acronyms used throughout this paper.

A. Helium Hydride ion (HeH™)

HeH™ is a 2-electron system that has a permanent
ground-state dipole moment and a dipole-allowed opti-
cal transition (Sy — Sz with transition energy of 26.1
eV), which will permit us to study the behavior of the
dipole self-energy on the ground and polariton states us-
ing scQED and pQED approaches as we approach the
complete basis limit. We optimize the geometry of this
system at the FCI/cc-pVTZ level; at this level, the equi-
librium bond length is approximately 0.776 Angstroms
and the dipole moment has a magnitude of 1.73 Debye
along the internuclear axis. We study the ground state
and polariton states at the PF-FCI and pPF levels using
cc-pVXZ basis sets, where X is D, T, and Q, to progress
towards the complete orbital basis limit.

We first report the absolute energy error of the
pPF(N,10) relative to PF-FCI-10 for each basis set,
where N is the number of many-electron basis states
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FIG. 1. Schematic of the HeH" coupled to a cavity mode
polarized along the internuclear axis (z) and tuned to the first

optically allowed transition from Sy — S at approximately
26 eV.

used to parameterize the pPF Hamiltonian see Figure [2).
We find NP = 10 is sufficient to converge the photonic
Fock space, and so PF-FCI-10 provides the exact ener-
gies for this system in a given orbital basis. We see that
the energy error decreases as we increase N, in a given
orbital basis, and also decreases with increasing size of
the orbital basis. The energy error of pPF(Ne,10)/cc-
pVDZ converges to ~10 microHartrees in the limit that
all of the FCI states are used to parameterize the Hamil-
tonian, while the energy error of pPF(N,10)/cc-pVQZ
converges to 0.1 microHartrees in the comparable limit
(see Figure . The fraction of electronic states needed
for energy convergence increases from around 50 percent
in cc-pVDZ to 80 percent in cc-pVQZ. These results are
consistent with the argument that the projected dipole
self approaches the exact dipole self-energy in the limit
that both the orbital and many-electron basis are com-
plete.

Similarly, In Figure [3] the curves represent the abso-
lute energy error vs coupling strength of the pPF(N,,10)
ground-states in each basis set, where we have fixed N
at the value where we observed the energy converge in
Figure ] All methods show errors of less than a mi-
croHartree for coupling strengths smaller than ~0.01
atomic units but show increasing errors as the coupling
strength increases. For pPF(2880,10)/cc-pVQZ, we see
microHartree error with the largest coupling strength
(A = 0.1), and we see ~100 microHartree error for
pPF(60,10)/cc-pVDZ at this coupling strength. Be-
cause the dipole self-energy is quadratic in the coupling
strength, we expect to see that the disparity between
pPQED and scQED will become more dramatic as the
coupling strength increases. The progression shown in
Figure [3] shows that differences between the exact and
projected dipole self-energy operators have not been fully
resolved even when using a cc-pVQZ orbital basis and
2880 many-electron states.

In Figures and [6] we show both ground state
and polariton excitation energies of the HeH™ system

—& pPF(N/10)/cc-pVDZ
—&- pPF(N,10)/cc-pVTZ
B_E\S\E_E_E\E_E_E_E\« —=— ppF(N,10)/cc-pVQZ
-5 ]
710 e
8 | s gy s gy sy s e s s s gy |
g
5]
Z
=
E
5] 10-6
=
—
o)
&
s}
10-74

20 40 60 80 100
% Of Total Electronic States

FIG. 2. Absolute error of pPF(N,10) relative to PF-FCI-10
computed within the cc-pVDZ, cc-pVTZ, and cc-pVQZ basis
sets, where we plot this error as a function of the percentage of
the FCI electronic states used to parameterize the pPF(N,10)
method. The photon frequency in each case is tuned to the
So — S2 transition, and A, is fixed at 0.02 atomic units.

1073

10744 =

10-54

1064

1074

Energy Error (Hartree)

pPF(60,10)/cc-pVDZ
—=— pPF(468,10)/cc-pVTZ
—=— pPF(2880,10)/cc-pVQZ

10-84

0.025 0.050 0.075
Coupling Strength (atomic units)

0.100

FIG. 3. Absolute error of pPF(N,10) relative to PF-FCI-10
computed within the cc-pVDZ, cc-pVTZ, and cc-pVQZ basis
sets as a function of coupling strength. For each pPF(N,10)
result, we choose N based on the smallest number of electronic
states for which the energy error was converged with \, =
0.02 atomic units.

computed in all three basis sets with the pPF and PF-
FCI approaches for varying values of coupling strength.
The ground state energies are plotted relative to the un-
coupled ground state, Eg(\) — Eg(A = 0). The excitation
energies are defined as the energy of a polariton state at
a given coupling strength minus the ground state energy
at the same coupling strength, Epo1(A) —Eg(A). An inter-
esting feature of this study is that the pPF (ground state
and polariton) energies are consistently a lower bound on
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the PF-FCI energies, and each approaches corresponding
PF-FCI energy from below as we approach the complete
basis limit. We emphasize that because the projected
dipole self-energy is inexact outside of the complete ba-
sis limit, pPF and PF-FCI approaches provide a vari-
ational approach for two distinct Hamiltonians, and so
we cannot make any concrete arguments about which
should provide a lower bound in general. We do ob-
serve in these cases, that pPF(60,10)/cc-pVDZ ground-
state and polariton energies are visibly lower than the
PF-FCI-10/cc-pVDZ energies (see Figure . While the
pPF(468,10) /cc-pVTZ and pPF(2880,10)/cc-pVQZ also
provide ground state and polariton energies below their
PF-FCI-10 counterparts, the difference is not visibly dis-
cernible (see Figures |5 and @ We also note that pro-
gression of the Rabi splitting with increasing coupling
strength is very comparable between the pPF and PF-
FCI results for all basis sets. We expect that both meth-
ods should agree specifically in the Rabi splitting because
this feature of the polariton states is dominated by the
bilinear coupling, and the projected bilinear coupling re-
mains the same form as it’s exact counterpart.

Now that we have shown how the disparity between
the pQED and scQED resolves in the complete basis set
limit, we can ask a pragmatic question of which requires
less computational effort to converge. For this compari-
son, we use the same direct CI algorithm for the scQED
energies as we do for for the N,; energies and dipole mo-
ments required for the pQED results. Although we are
typically only interested in a few low-energy eigenstates
of Eq.[T]or Eq.[2] as we saw in Figure[2] one often needs to
project the pPF Hamiltonian on many more states than
the number of eigenstates that are of interest when the
coupling is strong. Because the scQED approach solves
Eq. [[] or Eq. 2] directly in a coupled basis, we need only
solve for the number of roots of interest. The germane
question is then how does the effort of solving for the
N, adiabatic states required for the lowest N, coupled
states from pQED compare to directly solving for the
lowest coupled NN, states from scQED.

In Table@, we report the timings to solve for N, = 10
coupled states of HeH' under the same conditions as
in Figure |2 using PF-FCI-10/cc-pVXZ compared to the
time required to solve for N, = 40, 312, and 1296 states
at the FCI/cc-pVDZ, FCI/cc-pVTZ, and FCI/cc-pVQZ
levels. We choose these N,; as 40% of the total roots of
the FCI matrix at each basis set, which is approaching
the upper limit of what can be performed with our direct
CI approach. We note that for the study in Figure [2] we
performed full diagonalization of each FCI matrix, not
direct CI; this is because the iterative eigensolver used in
the direct CI approach generally becomes unsuitable for
finding 50% or more of the total eigenvalues of a given
matrix. We see that in the cc-pVDZ basis set, it is faster
to compute the lowest 40 roots of the FCI matrix than to
compute the lowest 10 coupled states. However, the time
required for finding the FCI roots increases by roughly 2
orders of magnitude as we progress from cc-pVDZ to cc-
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FIG. 4. Relative energy of the ground-state and excita-
tion energies of polariton states of HHe' as a function of
coupling strength computed at the PF-FCI-10/cc-pVDZ and
pPF(60,10)/cc-pVDZ levels.

pVTZ and again to cc-pVQZ, whereas the time to solve
for the lowest 10 coupled PF-FCI roots increases by only
1 order of magnitude for the same progression. Thus, we
see it is approximately 10x faster to find the lowest 10
roots with PF-FCI-10/cc-pVTZ as compared to finding
312 FCI/cc-pVTZ roots, and it is approximately 100x
faster to find the lowest 10 roots with PF-FCI-10/cc-
pVQZ than to find the lowest 1296 FCI/cc-pVQZ roots.

B. Lithium hydride (LiH)

The LiH molecule provides a 4-electron system that has
a permanent ground-state dipole moment and a dipole-
allowed optical transition (So — S; with transition en-
ergy of 3.29 eV). Although we can no longer afford to per-
form full diagonalization to obtain all FCI many-electron
states for the cc-pVXZ series, we can perform FCI (and
QED-FCI) in a split-valence triple zeta basis set (6-311G)
and obtain hundreds of many-electron states. We will use
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FIG. 5. Relative energy of the ground-state and excita-
tion energies of polariton states of HHe' as a function of
coupling strength computed at the PF-FCI-10/cc-pVTZ and
pPF(468,10) /cc-pVTZ levels

PF-FCI pPF
Basis Set Np tconvergence (S) Nel t(:onvelrgt-:once
cc-pVDZ 10 3.4-1072 40 241072
ce-pVTZ 10 4.2-107! 312 3.5-10°
cc-pVQZ 10 9.2-10° 1296 4.0 - 102

TABLE II. Comparison of the time to converge the Davidson
iterations for the coupled electronic-photonic roots of the PF-
FCI method and the FCI electronic roots of the pPF method
for cc-pVDZ, cc-pVTZ, and cc-pVQZ basis sets. For each
pPF case, we converge N roots chosen to be 40% of the
total number of FCI states in that basis. For each PF-FCI
case, we solve for the lowest 10 coupled roots with a photonic
Fock space that includes n =0, 1, ..., 10.

this system to illustrate the behavior of the pQED and
scQED methods in incomplete orbital and many-electron
basis limits under strong coupling with A = (0, 0,0.05)
atomic units.

We first compute the ground state potential en-
ergy scan of HF LiH? at the pPF(500,2)/6-311G,
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FIG. 6. Relative energy of the ground-state and excita-
tion energies of polariton states of HHe' as a function of
coupling strength computed at the PF-FCI-10/cc-pVQZ and
pPF(2880,10) /cc-pVQZ levels

The figure key pVTZ should be changed to pVQZ

hw = 3.29 eV, A = (0,0,0.05)a. u.

e
é
—

y 2

FIG. 7. Schematic of the LiH coupled to a cavity mode po-
larized along the internuclear axis (z) and tuned to the first
optically allowed transition from So — S1 at approximately
3.29 eV.
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FIG. 8. The ground-state potential energy scan of LiH

coupled to a cavity mode with A = (0,0,0.05) a.u. and
(hw = 3.29¢V at the pPF(500,2)/6-311G, pPF(500,10)/6-
311G, and PF-FCI-10/6-311G levels.
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FIG. 9. The ground-state potential energy scan of LiH

coupled to a cavity mode with A = (0,0,0.05) a.u. and
(hw = 3.29¢V at the pPF(500,10)/6-311G, pCS(500,2)/6-
311G, and PF-FCI-10/6-311G levels.

pPF(500,10)/6-311G, where the latter is fully converged
with respect to the size of the electronic and photonic
spaces. While we again see that the pPF(500,10)/6-311G
energies are a lower bound to the PF-FCI-10/6-311G en-
ergies, we see that the pPF(500,2)/6-311G energies are
an upper bound to the pPF-FCI-10/6-311G energies (see
Figure . This suggests that the photonic Fock space
is incomplete in the latter case. In prior work on sc-
QED approaches, we showed that scQED approaches
based on Eq. [2] lead to faster convergence of the pho-
tonic Fock space. In Figure [9] we consider the same po-
tential energy scan and compare the pCS(500,2)/6-311G
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FIG. 10. The ground-state potential energy scan of LiH

coupled to a cavity mode with A = (0,0,0.05) a.u. and
(hw = 3.29¢V at the pRabi(500,2) /6-311G, pRabi(500,10)/6-
311G, and Rabi-FCI-10/6-311G levels.

and pPF(500,10)/6-311G levels to pPF-FCI-10/6-311G.
In this case, we see that the pCS(500,2)/6-311G ener-
gies are indistinguishable from the pPF(500,10)/6-311G
energies, suggesting that the same convergence of the
photonic Fock space can be realized from the coherent
state transformation in pQED approaches as has been
observed in scQED approaches.

Finally, we perform the same scan with pQED and sc-
QED approaches that neglect the dipole self energy op-
erator altogether, which we term pRabi and Rabi-FCI
approaches, respectively, to denote the analogy to the
Rabi Hamiltonian. In these approaches, the only cou-
pling between the electronic and photonic degrees of free-
dom arises through the bilinear coupling term. We com-
pute the coupled LiH scan at the pRabi(500,2)/6-311G,
pRabi(500,10)/6-311G, and Rabi-FCI-10/6-311G levels.
Here we see that the the pRabi(500,2) results are an
upper bound to both the pRabi(500,10) and Rabi-FCI-
10 results, which again suggests an incomplete photonic
Fock space. However, unlike the pPF and PF-FCI results
we have examined so far, the pRabi and Rabi-FCI results
are indistinguishable in the limit of a complete photonic
Fock space. This is consistent with the proposition that
the projected bilinear coupling operator agrees with the
exact counterpart in a given orbital basis as long as it is
projected onto a complete many-electron subspace.

IV. CONCLUDING REMARKS

In this work, we have provided a theoretical and nu-
merical comparison of two complementary approaches
to ai-QED: (1) parameterized CQED (pQED), a two-
step approach where the matter degrees of freedom are
computed using existing electronic structure theories, en-
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abling one to build rigorous ai-QED Hamiltonians in a
basis of many-electron eigenstates, and (2) self-consistent
CQED (scQED), a one-step approach where electronic
structure methods are generalized to include coupling be-
tween electrons and photon degrees of freedom. Using
simple theoretical arguments, we have identified a dis-
parity between the projection of the two-body dipole self
energy operator that appears in the pQED approach and
its exact operator counterpart in the scQED approach.
We provided a simple theoretical argument that this dis-
parity resolves only under the limit of a complete orbital
basis and in the limit of a complete many-electron basis
for the projection. We provided numerical results high-
lighting this disparity and its resolution on simple molec-
ular systems where it is possible to approach these two
complete basis limits simultaneously. We also examined
and compared the practical issue of computational cost
to converge each approach towards the complete orbital
and many-electron bases.
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