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Abstract:  

An understanding of monomer sequence is required to predict and engineer the properties of 

copolymers. Typically, comonomer sequence is inferred or determined from reactivity ratios, 

which are measured through copolymerization experiments. The accurate determination of 

reactivity ratios from copolymerizations where one or both monomers undergo reversible 

propagation, however, has been complicated by difficulty in solving the underlying population 

balance equations, the presence of myriad copolymer equations in the literature derived under 

varying assumptions and simplifications, and lack of an easy to fit integrated model. Here, we 

rectify and assert the consistency between previously reported copolymer equations of disparate 

form, introduce a new method to explicitly solve the underlying population balance equations, and 

perform stochastic copolymerization simulations to evaluate the ability of these three methods to 

produce consistent comonomer consumption predictions and fits to simulated copolymerization 

data. We find that all methods produce consistent predictions given the same input parameters, 

which implies both accuracy and precision when modeling copolymerization, fitting experimental 

data, and making predictions of comonomer sequence. Considering this consistency, we make a 

recommendation to use numerical integration of the appropriate copolymer equation to fit real 
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copolymerization data due to its ease of implementation and single subjective parameter for 

implementation. We further identify the minimum number of parameters required for accurate data 

fitting and suggest ways to measure other information ex situ from copolymerization to expediate 

accurate fitting. Finally, the practical utility of the methods developed herein is demonstrated 

through fitting seven distinct copolymerization datasets which span a wide range of 

copolymerization reactivities.  
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Introduction 

Copolymers are materials derived from macromolecules containing more than one type of 

monomer. Such materials have found widespread use in applications from injection molding 

manufacturing1 to drug delivery,2 due in part to the fine control over structure-property 

relationships that is enabled by simply adjusting the monomer composition at the beginning of a 

copolymerization reaction.3 While this approach can provide a convenient handle to tune 

copolymer composition, the sequence of monomers along a copolymer backbone also strongly 

influences copolymer properties. For example, chemically dissimilar monomers in blocky 

sequences can self-assemble, whereas monomers in random or alternating sequences create 

polymers with properties averaged between the two monomer compositions.4–6 In most cases, 

copolymer sequence cannot be strictly controlled but is instead determined stochastically on a 

macromolecule-by-macromolecule level based on monomer feed composition and the reactivity 

of each comonomer’s active chain end structure with the other comonomers in solution, which is 

known as a terminal model of copolymerization. For systems containing two comonomers 

(monomer A and B) that undergo irreversible propagation reactions, this reactivity is fully 

described by a pair of reactivity ratios, rA and rB, which are defined as the ratio of homopropagation 

to cross-propagation rate coefficients: 

𝑟! = 𝑘!!/𝑘!" 

𝑟" = 𝑘""/𝑘"! 

where kXY is the rate coefficient for propagation of a Y-type monomer from an X-type active chain 

end. Such irreversible and terminal systems have historically formed the foundation for our 

understanding of copolymerization. In 1944, Mayo and Lewis introduced the concept of reactivity 

ratios and derived the first copolymer equation, which describes the instantaneous rate of monomer 

consumption during a copolymerization reaction: 

 

 𝑑[𝑀!]
𝑑[𝑀"]

=
[𝑀!](𝑟![𝑀!] + [𝑀"])
[𝑀"]([𝑀!] + 𝑟"[𝑀"])

 
(1) 

 

where [𝑀!]  and [𝑀" ] are the solution concentrations of each monomer type.7 Equation 1, 

frequently referred to as the Mayo-Lewis equation, is oftentimes expressed in terms of mole 

fraction of each monomer in the feed solution and in the polymer. At the time of its derivation, the 
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differential nature of the Mayo-Lewis equation prompted the development of simple, linearized 

methods to extract reactivity ratios from copolymerization data generated from multiple reactions 

run to low conversion with different comonomer feed ratios.8–10 Due to the difficulty in evaluating 

differential equations without modern computational tools, these methods have been widespread 

in the literature over the past seventy years; however, they are fundamentally inaccurate and have 

since been made unnecessary by simple integrated approaches utilizing modern computational 

tools. 11–15 That is, data for comonomer consumption over the course of a single copolymerization 

reaction can be fit to extract reactivity ratios simply and accurately through numerical integration 

of the Mayo-Lewis equation. Moreover, a simple, closed-form integrated solution of the Mayo-

Lewis equation was derived by Meyer and Lowry in 1965:16 

 

𝑐𝑜𝑛𝑣.= 1 − 3#!
#!
"4
$#/('($#)

3'(#!
'(#!

"4
$!/('($!)

3#!(*($!($#)+$#('
#!
"(*($!($#)+$#('

4
$!$#/[('($!)('($#)]

                      (2) 

 

where the total monomer conversion is related to the instantaneous, 𝑓! or 𝑓", and initial, 𝑓!. or 𝑓"., 

mole fractions of monomer type A or B in solution, respectively. Using Equation 2, a practitioner 

can conduct a single copolymerization reaction, periodically monitor monomer consumptions to 

generate multiple 𝑓! and 𝑓" versus conversion data points, and fit those data to extract accurate 

reactivity ratio values. We note that in some scenarios, Equation 2 produces numerical instabilities 

(e.g., when either reactivity ratio is equal to 1, or the copolymerization is occurring at the 

azeotropic point); however, these cases can be treated with modified equations present in an 

appendix of Meyer and Lowry’s original publication or by studying additional initial monomer 

fractions. Knowledge of reactivity ratios and copolymer composition measured in this way can be 

used to infer comonomer sequence through heuristics or otherwise be used as inputs to stochastic 

copolymerization simulations to generate ensemble comonomer sequence knowledge about a 

specific polymer sample.3,17 For example, blocky comonomer sequences result when both 𝑟! and 

𝑟" are >1, or alternating comonomer sequences result when both 𝑟! and 𝑟" are <1.  

While our understanding of irreversible copolymerization is robust and the existence of 

simple and validated tools for the extraction of reactivity ratios allows for rapid and accurate 

characterization of experimental data, such methods become inapplicable when one or both 

comonomers exhibit reversible propagation reactions, otherwise known as equilibrium 
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polymerization. Equilibrium polymerization is understood through the lens of the thermodynamics 

of a homopolymerization reaction, i.e., a monomer homopolymerizes when such 

homopolymerization is thermodynamically favorable. The concentration at which polymerization 

becomes energetically neutral is known as the equilibrium concentration, [𝑀]/0, which is defined 

at a given temperature, T, to be: 

[𝑀]/0 = exp	 :12
°

34
− 15°

3
;      (3) 

where Δ𝐻° and Δ𝑆°are the standard state enthalpy and entropy of polymerization, respectably, and 

R is the ideal gas constant.18 Polymerization reactions that are generally considered irreversible 

are typically exergonic to the extent of having negligibly low equilibrium concentrations and thus 

negligibly low rates of depropagation under most experimental conditions (e.g., the equilibrium 

concentration of styrene at 298K is 1 𝜇M).19 When monomers that exhibit reversible propagation 

are used in copolymerization, the rates of depropagation must be accounted for to accurately 

characterize the system (vide infra). The general scheme for a two-component equilibrium 

copolymerization where both monomer types can undergo reversible polymerization with 

penultimate effects on depropagation rates is shown in Scheme 1. This system is fully 

characterized by eight rate coefficients (𝑘'to 𝑘7).  
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Scheme 1. General model of penultimate equilibrium copolymerization where both monomer 
type 1 and 2 can undergo reversible propagation reactions. This model is characterized by eight 
separate rate coefficients (𝑘'to 𝑘7).  
 

For this system, reactivity ratios are defined similarly to before as: 

𝑟! = 𝑘'/𝑘8       (4) 

𝑟" = 𝑘9/𝑘:       (5) 
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however, unlike two component irreversible copolymerization, knowledge of reactivity ratios is 

necessary but not sufficient to describe the entire system, as four additional rate coefficients are 

required. This general model shown in Scheme 1 conveniently provides a starting point to describe 

many other important models of copolymerization via simplifications. For example, in the case 

that only a single comonomer undergoes reversible copolymerization ( 𝑒. 𝑔. , 𝑘;, 	𝑘7 = 0	 if 

monomer type B polymerizes irreversibly), when the identity of the penultimate monomer in the 

chain does not affect the rate of a depropagation reaction (i.e., a terminal model instead of a 

penultimate model; 𝑘* = 𝑘<	 and 𝑘; = 𝑘7 ), and where a single reversible monomer has an 

appreciable tendency to depolymerize from a homodyad (i.e., Lowry’s case 120, 𝑘;, 𝑘<, 𝑘7 = 0	if 

monomer type A polymerizes reversibly). We note that this model can be further generalized by 

adding penultimate and ante-penultimate effects on propagation and depropagation rates, 

respectively. While such effects are in some cases required to accurately model copolymerization 

kinetics, the large number of addition parameters are known to complicate analysis and lead to 

non-uniqueness in best fit values of reactivity ratios.21–28  

The equilibrium concentration as defined in Eqn. 3 is identical to the ratios of rate 

coefficients for homopropagation and depropagation from a terminal dyad for each monomer type: 

[𝐴]/0 =
=0
=1

       (6) 

[𝐵]/0 =
=2
=3

       (7) 

In stark contrast to two component irreversible copolymerization, the presence of reversible 

propagation reactions for one or both comonomers precludes the derivation of a closed form 

integrated expression analogous to the Meyer-Lowry equation that can be used to fit equilibrium 

copolymerization data and extract reactivity ratios or rate coefficients. As a result, practitioners 

have historically relied on linearized methods, simplified integrated methods, or they have 

erroneously applied the Meyer-Lowry equation to fit equilibrium copolymerization data. In 1960, 

Lowry derived copolymer equations for systems where only a single monomer was reversible, 

treating three cases with considerations for depropagation depending on the penultimate monomer 

identity.20 Later, Hazell and Ivin,29 as well as O’Driscoll and Gasparro,30 applied this copolymer 

equation in a linearized fashion to characterize copolymerizations between sulfur dioxide and 

styrene, and methyl methacrylate and 𝛼-methylstyrene, respectively. Harrison et al. derived a 

copolymer equation to describe a system analogous to Lowry’s first case but in a disparate final 
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form; they applied it to characterize the copolymerization of a cyclic allylic sulfide with styrene, 

vinyl acetate, methacrylate, and methyl methacrylate in a linearized fashion.31 Cabello-Romero et 

al. applied numerical integrations of the copolymer equations developed by Lowry to describe 

PEGMA9/DEAMEA copolymerization,32 treating PEGMA9 as the only reversible comonomer; 

however, better fits to data were observed when the system was treated as irreversible. Wittmer, 

in 1970, applied the same methodology as Lowry but derived a general copolymer equation 

treating both monomers as reversible.33 Subsequently, simplified, or linearized versions of this 

equation have been applied,34 notably by Bates and coworkers, to describe acrylate/dithiolane 

copolymerization.35 In some cases, numerical instability during evaluation of Wittmer’s 

copolymer equation has been noted.36,37 Other general equilibrium copolymer equations are 

available in the literature, such as that from Izu and coworkers,38 which relies on similar 

assumptions employed by Lowry and Wittmer but is derived using a statistical approach and 

appears in a disparate form.  In 1987, Kruger et al.39 derived an equilibrium copolymer equation 

following conceptually similar approaches as Lowry, Izu et al., and Wittmer, which has been used 

subsequently to characterize 𝛼-methylstyrene copolymerization with methyl methacrylate and 

butyl acrylate in a linearized fashion.36,37,40–42 Following similar statistical arguments as Izu and 

coworkers, Szymański in 1986 developed a set of equations to characterize the equilibrium 

constants of Scheme 1 for the copolymerization between 1,3-dioxolane and 1,3-dioxepane, 

however this method required detailed microstructural analysis of the copolymer and was only 

applicable to living mechanisms where both comonomers undergo equilibrium polymerization.43,44 

In 2018, Register and coworkers derived an equilibrium copolymer equation to describe the 

copolymerization of cyclopentene and norbornene, which was fit to data in integrated form for 

both terminal and penultimate models.45 Lynd and coworkers recently applied both integrated 

stochastic simulations and a simplified deterministic model to characterize glycolide/lactide 

copolymerization, treating glycolide propagation as irreversible.46 Implementation of this method, 

however, was multi-step, relied on extracting homopropagation rate coefficients, and involved 

iteratively passing best fit rate coefficients back and forth between methods.  

Notably, popular contemporary polymer chemistry textbooks either do not discuss,47 or 

only briefly mention linearized methods derived from simplified copolymer equations,48 in the 

context of characterizing equilibrium copolymerization. Moreover, some authors acknowledge the 

presence of reversible propagation in their experimental system yet choose to ignore the inclusion 
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of these effects when characterizing copolymerization reactivity, likely due to misconceptions 

about the accuracy and useability of preexisting methods.49–51 Finally, despite the wide array of 

methods and simplifications employed in all the above cases, qualitative agreements between the 

models and experimental data were generally observed, further complicating choice of method, as 

even simplified or linearized methods can provide suitable fits to data under conditions where their 

key assumptions are violated (vide infra).  

Taken together, these examples demonstrate that there is no consensus in the literature or 

pedagogy on how “best” to measure reactivity ratios for the general model of binary equilibrium 

copolymerization reactions shown in Scheme 1. That is, an analysis of the accuracy, precision, and 

practical utility of various methods is critically lacking. Further, key assumptions present in the 

derivations of closed-form copolymer equations for such systems (e.g., Lowry, Izu et al., Wittmer, 

and Kruger et al.) have never been rigorously checked for validity. Additionally, while general 

agreement between different types of methods (e.g., stochastic simulations and population balance 

modeling) has been observed in fitting and simulating copolymerization with a single reversible 

comonomer,46,52 broad consistency has not been explored or established. Thus, we sought to 

investigate the use of various methods without rigorous simplifications to characterize equilibrium 

copolymerization reactivity, identify which of these methods, if any, are most accurate, and 

ultimately present a simple method to fit equilibrium copolymerization data to extract meaningful 

copolymerization reactivity information, including reactivity ratios. Our motivation to resolve this 

knowledge gap is threefold. First, polymers synthesized through mechanisms with accessible 

ceiling temperatures can produce circular, chemically recyclable materials,53–56 and we envision 

copolymerization of two or more suitable comonomers to be an enabling tactic within such systems 

to access circular materials with performance advantaged properties. For example, butyrolactone 

can be copolymerized with caprolactone57 or cyclic acetals58 to modify crystallinity and 

mechanical properties, and myriad bio-derived methacrylate-type monomers can be 

copolymerized to tune glass transition temperature and tensile properties.59–61 Second, the recent 

development of cleavable comonomers that polymerize under equilibrium conditions have shown 

great promise as additives to imbue degradability to both thermoplastics and thermosets. In the 

context of ring-opening metathesis polymerization (ROMP), low-strain cyclic silyl ethers and enol 

ethers were recently reported by our groups to copolymerize with traditional norbornene-based 

monomers to yield deconstructable linear, graft, and thermoset copolymers. 62–66 Similarly, cyclic 
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disulfides,35,67 isocyanides,51 and thioamides68 have recently emerged as competent cleavable 

comonomers with broad classes of vinyl monomers via radical polymerization. In this context, the 

distribution of these comonomers within a polymer backbone (i.e., the comonomer sequence) 

dictates degradation properties; thus, accurate understanding of comonomer reactivity is vital for 

predicting and engineering the end-of-life properties of these materials. Finally, the emerging use 

of data driven research practices in combination with machine learning methods relies on large 

bodies of accurate and high-quality data to develop broadly useful tools for property and reactivity 

predictions.69–72  

In this work, we investigate three distinct methods to characterize equilibrium 

copolymerization under batch conditions and extract reactivity information: (1) stochastic 

simulations, (2) kinetic and population balance modeling, and (3) direct numerical integration of 

an equilibrium copolymer equation. Stochastic simulations can incorporate arbitrary reactivity 

complexity with minimal practical issues, allowing us to adapt previously reported scripts and 

methods applied to irreversible copolymerization systems; however, the use of such methods for 

the characterization of copolymerization data is scarce and, to our knowledge, no rigorous 

comparisons to canonical methods for irreversible systems (e.g., the Meyer-Lowry equation) have 

been conducted. On the other hand, population balance modeling can be viewed as a kinetically 

accurate way to describe monomer consumption over the course of a polymerization reaction, as 

has been shown previously for irreversible copolymerization.12 Unfortunately, previous attempts 

to model equilibrium copolymerization with population balance equations have noted an apparent 

need to account for every possible monomer sequence when both monomers undergo reversible 

polymerization, which necessitates the use of a computationally infeasible number of equations; 

thus, simplifications have been widely adopted.46,73 Here, to make kinetic and population balance 

modeling of equilibrium copolymerization tractable, we introduce a novel technique that preserves 

the relative rates of monomer consumption reactions while significantly reducing the number of 

equations required to accurately describe the system. Finally, we reevaluate three general 

equilibrium copolymer equations from the literature,33,38 rectify critical errors present in their 

initial reports and show that they are broadly equivalent despite their disparate forms.  

Upon comparison, all three methods are shown to produce consistent predictions of 

equilibrium copolymerization when given the same input parameters across a vast input space of 

copolymerization reactivity, comonomer feed composition, and reaction rates. Correspondingly, 
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all three methods can accurately fit model equilibrium copolymerization data. While all three 

methods are consistent, we make a recommendation to use numerical integration of a copolymer 

equation as it is computationally most efficient and its results are not affected by additional 

parameters such as number of equations solved, targeted chain length, or number of chains 

simulated. Finally, the utility of the methods developed herein is demonstrated through the fitting 

of seven copolymerization reactions, including two which have previously been fit under invalid 

assumption of irreversibility for one or both comonomers. For these cases, use of an accurate 

method provides statistically significantly different measurements of rate coefficients that agree 

with canonical knowledge of comonomer reactivities. Altogether, this work advances the 

understanding of equilibrium copolymerization and establishes the accuracy and precision of easy-

to-use methods to measure accurate reactivity information from equilibrium copolymerization 

data.  

Survey of Methods 

Stochastic Simulation 

Stochastic simulations have been widely employed to model copolymerization and assess 

comonomer sequence.17,46,74,75 These methods consider copolymerization on a macromolecule-by-

macromolecule basis and determine which reaction will occur based on probabilities proportional 

to the values of reaction rates. At each simulation step, the probability of each reaction, pi, is 

calculated as follows: 

𝑝> =
$4

∑ $55
       (8) 

where ri is the rate of reaction type i (i.e., each possible reaction shown in Scheme 1). A reaction 

is selected and executed stochastically based on these probabilities and the system is updated at 

each step; a monomer reacts and is removed from the pool in a propagation event or depropagated 

from a chain end and added back to the monomer pool. Subsequently, the composition of a polymer 

chain in the simulation is modified. This process is repeated until the monomer pool is exhausted 

or until the polymerization reaches equilibrium (i.e., the rates of propagation and depropagation 

are equal). The stochastic simulation method used in this work is similar to those reported 

previously following a general kinetic Monte Carlo (KMC) scheme but has been modified to 

include the reaction steps consistent with the general model shown in Scheme 1 (see the Stochastic 

Simulations section of the Supporting Information for details).17,46 For this method, we found that 
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typically 1,000 chains were sufficient to model copolymerization (Figure S6); we employed 5,000 

to 10,000 for the comparisons shown in this work.  

 

Kinetic and Population Balance Modeling of Equilibrium Copolymerization 

Population balance modeling of copolymerization reactions relies on simultaneously 

integrating the set of coupled ordinary differential equations (ODEs) describing the concentrations 

of each species in a system.12 Such methods have been associated with a problem of needing to 

account for every possible comonomer sequence in a polymer chain, as the active species 

‘revealed’ by a depropagation reaction, as well as the identity of this ‘new’ chain end’s penultimate 

unit, was believed to be required to accurately account for reaction rates, even when using a 

terminal model.46,73  Thus, the number of equations to solve would scale as 2n where n is the 

maximum degree of polymerization; such an approach becomes infeasible even for modest values 

of n. This drawback has prompted the use of simplifications, e.g., limiting the maximum degree 

of polymerization to relatively low values or treating only a single monomer type as reversible, to 

characterize or model equilibrium copolymerization reactions. We note, however, that this 

dilemma only manifests in the case where both comonomers can undergo equilibrium 

polymerization. When a single equilibrium comonomer is used, the number of differential 

equations describing the propagating polymer chain species required to accurately characterize 

comonomer consumption has an upper limit equal to n + 1.46 Once a chain propagates an 

irreversible comonomer, all sequence information preceding that unit in the chain has no influence 

on any subsequent (de)propagation reactions and thus tracking it is not required. While methods 

exist to further reduce the number of equations required, as demonstrated by Hutchinson 52,76,77 

and Penlidis,78,79 these methods rely on implementing an analogous assumption as that of Lowry, 

Izu, Witter, and Kruger in their copolymer equation derivations (vide infra).  

Here, we present a resolution to the apparent dilemma when both comonomers undergo 

equilibrium polymerization by keeping track of comonomer sequence information implicitly at 

each position in the chain as a probability mass function describing the eight possible dyads. In 

this way, the identity of the antepenultimate chain unit revealed by a depolymerization reaction of 

the nth chain position is accounted for stochastically based on the population of dyads ending at 

the (n – 1)th position. This treatment relies on the assumption that the rates of depropagation 

reactions from each possible terminal dyad do not depend on the identity of the antepenultimate 
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monomer, which is true under the penultimate model of equilibrium copolymerization (Scheme 

1). Compared to explicitly tracking all monomer sequences, this approach requires significantly 

fewer equations (approximately 8𝑛  versus 2@ ), does not require any assumptions regarding 

previous sequence information, yet maintains accurate predictions of comonomer consumption 

rates (see the Population Balance Kinetic Modeling Section of the Supporting Information for 

details).  

 

Equilibrium Copolymer Equation 

Multiple copolymer equations that describe either the general equilibrium copolymerization model 

present in Scheme 1 or various simplifications of it have been reported in the literature over the 

past sixty years. Here, we focus on those that have been presented for the general model of Scheme 

1 as they can be easily modified to describe more simplified systems with no loss in generality. 

Wittmer,33 Izu et al.,38 and Kruger et al.39 have presented copolymer equations that describe the 

general equilibrium copolymerization model shown in Scheme 1; however, we have found critical 

errors in the equations derived by Wittmer and Izu et al. and present rectified forms of their 

equations here (see the Equilibrium Copolymer Equations Section of the Supporting Information 

for details). These errors likely explain previous observations of instability during evaluation of 

the Wittmer equations.36,37 Although these three copolymer equations are derived using different 

approaches and appear in disparate forms, we find that they are consistent with each other and 

provide practically indistinguishable results when evaluated with the same parameters (Figures 

S2-S5). Considering this agreement, for this work we choose to present in the main text and use 

for evaluation only the model as derived by Izu and coworkers due to its more intuitive parameter 

assignment and simpler form, which appears as a traditional copolymer equation differential for 

relative monomer consumption (Eqn. 10) in addition to four coupled algebraic equations (Eqns. 

11-14): 

 

 𝑑[𝐴]
𝑑[𝐵] = −

𝑎𝑘'[𝐴] + 𝑏𝑘:[𝐴] − 𝑎[(1 − 𝜖)𝑘< + 𝜖𝑘*]
𝑏𝑘9[𝐵] + 𝑎𝑘8[𝐵] − 𝑏[(1 − 𝜂)𝑘; + 𝜂𝑘7]

 
(10) 

 𝑎 + 𝑏 = 1 (11) 

 𝑎[𝑘8[𝐵] + (1 − 𝜖)𝑘<] = 𝑏[𝑘:[𝐴] + (1 − 𝜂)𝑘;] (12) 

 𝑏𝜖(1 − 𝜂)𝑘; = 𝑎[𝜖(𝑘'[𝐴] + 𝑘* + 𝑘8[𝐵]) − (𝑘'[𝐴] + 𝜖*𝑘*)] (13) 
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 𝑏𝜖(1 − 𝜂)𝑘; = 𝑎[𝜖(𝑘'[𝐴] + 𝑘* + 𝑘8[𝐵]) − (𝑘'[𝐴] + 𝜖*𝑘*)] (14) 

 

Where rate coefficients, ki’s, are defined analogously to Scheme 1, a and b are the fraction of chain 

ends containing active monomer types A and B, respectively, and 𝜖 and 𝜂 are the fraction of chains 

with A or B active units that exist as terminal AA or BB homodyads, respectively. Knowledge of 

penultimate monomer identities encapsulated in the parameters 𝜖 and 𝜂 are required to calculate 

the rates of all possible (de)propagation reactions, which necessitates the form of the copolymer 

equation (one differential equation and multiple coupled algebraic equations). We note that the 

copolymer equations derived by Wittmer and Krueger et al. are also presented as a combination of 

a single differential equation and multiple coupled algebraic equations (see Eqns. S10-12 and 

Eqns. S31, S38-S43). Direct numerical integration of Eqn. 10, while simultaneously solving Eqn. 

11-14 at each timestep, can generate predictions of monomer consumption during equilibrium 

copolymerization reactions. Practically, it is more convenient to integrate a mole fraction form of 

Eqn. 10 due to the ease of comparison with experimental measurements of monomer conversions: 
A#!
AB

= #!(C!
'(B

       (15) 

𝐹! =
D=1[!]+E=6[!](D[('(F)=7+F=0]

D=1[!]+E=6[!](D[('(F)=7+F=0]+E=3["]+D=8["](E[('(G)=9+G=2]
   (16) 

where 𝑓! and 𝐹! are the mole fraction of monomer A in the feed and instantaneous incorporation 

fraction of monomer A into the polymer, respectively. We note a foundational assumption in the 

derivation of the closed-form copolymer equations considering reversible propagation (e.g., Izu, 

Wittmer, Krueger, and Lowry). In all cases, the concentrations of all terminal run lengths for 

reversible comonomer(s) of the same type are treated as geometrically proportional with the ratio 

𝛼: 
[~I#I!I!

∗ ]
[~I#I!

∗ ]
= [~I#I!I!I!

∗ ]
[~I#I!I!

∗ ]
= ⋯ = [~I#(I!)5:1I!

∗ ]
J~I#(I!)5I!

∗ K
= 𝛼 < 1  (17) 

where 𝛼 < 1. Practically, this implies that the steady state distribution of reversible comonomer 

run lengths exists from time zero. The validity of this assumption will be discussed below but is 

found to be generally satisfied for modest chain lengths.  

 

Method Comparison 

Having proposed a new method for population balance modeling of equilibrium copolymerization, 

rectified the available copolymer equations presented in the literature, and with stochastic 
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simulation scripts in hand, we set out to compare the precision of these three methods given the 

same input parameters. Because the results of these methods can be sensitive to user-defined 

parameters (e.g., number of macromolecule chains simulated, integration time-step size, and 

number of equations to track) an initial optimization was performed to identify suitable conditions 

for all models to ensure accuracy across a sub-set of input parameters (see the Method Comparison 

Details Section of the Supporting Information). In line with widely used methods to characterize 

irreversible copolymerization, for our method comparison we considered a system with fast 

initiation relative to propagation, no termination or chain transfer, and a targeted degree of 

polymerization of 1,000. A representative plot of copolymerization data after this initial 

optimization is shown in Figure 1A, which suggests excellent agreement between the three 

methods. For all cases presented herein, agreement in comonomer consumption predictions as 

shown in Figure 1A is accompanied by agreement in predicted rates of reactions (Figure 1B). 

While stochastic simulation methods predict reaction rates that can vary with a visible amount of 

simulation noise, in general we observe that this noise has a negligible effect on predicted 

copolymerization data. Increasing the size of stochastic simulations could reduce noise at a cost of 

increased computational load but with no increase in precision between methods (Figures S4 and 

S5). To further assess the agreement between methods, we simulated 200 randomly generated sets 

of input parameters with all three methods and calculated the sum of square residuals at 100 points 

across the simulated conversion range. Between the three methods, three possible sum of squared 

residual (SSR) values were calculated, and the largest value is reported in Figure 1C, sorted by the 

type of copolymerization behavior as determined by reactivity ratios heuristics (all values are listed 

in Table S1). Over all conditions and copolymerization behaviors, the precision of these methods 

is excellent, producing SSR values < 10-3, representative of at most a 0.32% deviation in monomer 

conversion predictions at all points. For comparison, 1% deviation between values, which is often 

less than experimental uncertainty, would give an SSR value of 10-2. Notably, these SSR values 

are significantly lower than those obtained from fitting experimental data sets, supporting the claim 

that such discrepancies do not affect the ability of one or all methods to fit real experimental data 

(vide infra).  
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Figure 1. A. Method comparison demonstrating the consistent monomer conversion data from 
each of the three models (stochastic simulations ‘KMC’, copolymer equation integration ‘CPE’, 
population balance modeling ‘ODE’) for the same set of input parameters (𝑓I!,. = 0.5, 𝑟! =
5, 𝑟" = 1, 𝑘< = 𝑘7 = 0.1, [𝑀]. = 1𝑀). B. Calculated relative reaction rates over the course of the 
polymerization described in panel A showing the agreement between the three methods. 
Consistency between monomer conversion data and relative reaction rates was observed in all 
cases explored. C. The maximum sum of square residuals (SSR) between the three models when 
comparing across various copolymerization behaviors, denoted by color. SSR values were found 
to be less than 10-3 (corresponding to an R2 value of >0.999), which is an order of magnitude lower 
than the value obtained with a 1% difference in prediction at each of the 100 data points. These 
data confirm that all models are precise and accurate over the reactivity space explored.  
 

In specific cases, there are small deviations between these methods that can be attributed to the 

steady state assumption implicit in the derivation of the copolymer equation. As mentioned above, 

this assumption implies that the entire distribution of monomer run lengths already exists at time 

zero. In other words, depropagation reactions can occur immediately. For polymers that ultimately 

reach an appreciable length (degrees of polymerization >~100), such an assumption causes only 
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small deviation, as shown in Figure 1C; however, for short chains where polymerization is initiated 

under conditions that strongly favor depropagation reactions, discrepancies can result between 

copolymer equation integration and stochastic simulations / population balance methods (see the 

Supporting Information for complete discussion). In practice, such conditions achieve low levels 

of monomer conversion and can be identified and avoided a priori to data fitting based on 

knowledge of monomer to initiator ratio and initial monomer concentration.  

While these results confirm the precision of the three methods in describing equilibrium 

copolymerization reactions, the accuracy of these methods to faithfully reproduce true equilibrium 

copolymerization behavior warrants further discussion. Previously, the accuracy of various 

methods to fit irreversible copolymerization models has been assessed by comparing predictions 

of copolymerization kinetic data between numerical integration of the population balance 

equations against the Meyer-Lowry equation or integration of the Mayo-Lewis equation. In this 

way, population balance methods have been viewed as a set of true data to serve as a baseline for 

comparison. As mentioned previously, to-date, no general population balance modeling for 

equilibrium copolymerization has been rigorously explored. Because we have shown that our 

modified population balance method maintains the consumption rates of monomers, this method 

will produce copolymerization predictions identical to an exhaustive population balance method. 

Considering this, we propose that the three methods explored herein do accurately describe 

equilibrium copolymerization reactions. Further, agreement of all methods with stochastic 

simulations implies that regardless of which method is used to characterize a copolymerization 

system and extract rate parameters, any subsequent predictions of comonomer sequence using 

stochastic simulations will produce self-consistent results. Altogether, we have established the 

accuracy and precision of stochastic simulations, population balance modeling, and numerical 

integration of a copolymer equation to simulate equilibrium copolymerization reactions.  

 

Data Fitting Ability 

We next sought to assess the practicality and accuracy of these methods to fit model 

generated copolymerization data and return predictions of kinetic parameters. Here we note that 

despite the accuracy and precision of the three methods investigated, numerical integration of a 

suitable copolymer equation consistently proved to be the most computationally efficient and relies 

only on a single user-defined parameter (the integration timestep) and thus was used for all further 
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data fitting. Model copolymerization data were generated spanning a wide range of input 

parameters and subsequently these datasets were fit using a non-linear least squares method (see 

the Fitting Model Data section of the Supporting Information). Initially, we explored the ability of 

this method to fit accurate kinetic parameters for a system with varying feed ratios of monomers. 

For this example, we simulated a system with a single reversible monomer (MB) and fit four 

parameters: k8, k4, rA, and rB. The simulated data and best fit lines for this case are shown in Figure 

2A, illustrating excellent qualitative agreement. Concomitantly, the best fit values of these 

parameters accurately match those used to generate the simulated data across all initial monomer 

concentrations (Figure 2B). Further, analogous fitting of data for systems at a fixed commoner 

ratio but with varying initial concentrations produced accurate rate coefficient fits (Figures 2C and 

2D). Similar analyses were conducted for systems containing two equilibrium comonomers, 

systems with only terminal effects, or combinations thereof; in all cases, accurate kinetic 

parameters were reproduced efficiently with this fitting routine.  
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Figure 2. Results of fitting model data generated with known reactivity parameters using 
integration of a copolymer equation. A. Model data and lines of best fit for constant reactivity 
parameters with varying initial monomer fractions. B. Reactivity parameter estimations from the 
data fit in panel A. The fitting procedures accurately estimates the known parameters used to 
generate the model data set across all initial monomer fractions. C. Model data and lines of best 
fit for constant reactivity parameters with varying polymerization concentrations. D. Reactivity 
parameter estimations from data fit in Panel C. The fitting procedures accurately estimates the 
known parameters used to generate the model data set across all polymerization concentrations. 
Uncertainty in fit parameters is smaller than the marker size.  
 

A critical point worth justification and further discussion is the lumping of multiple rate 

coefficients into reactivity ratios to reduce the number of fit parameters required (e.g., 𝑟! = 𝑘'/𝑘8 

and 𝑟" = 𝑘9/𝑘:). In practice, this simplification can be done by setting the values of k1 and k7 

equal to 1 and equating 𝑟! to 1/k3 and 𝑟" to 1/k5, which reduces the number of fit parameters by 

two. A beneficial consequence of this simplification is that values of equilibrium monomer 

concentrations, which can be measured a priori, are then equal to the homo-depropagation rate 

coefficients: 

[𝐴]/0 =
𝑘*
𝑘'
=
𝑘*
1 = 𝑘* 

[𝐵]/0 =
𝑘7
𝑘9
=
𝑘7
1 = 𝑘7 

Such a simplification allows input of previously measured equilibrium monomer concentrations 

when fitting data, which can improve the precision of the fitting by reducing the number of fit 

parameters or serve as a check for feasibility by comparison against the best fit value obtained. 

The major assumption of this simplification is that the true magnitude of these rate coefficients is 

inconsequential for modeling copolymerization data in the comonomer consumption form. Such 

an assumption is valid in the case of two component irreversible copolymerization, as can be seen 

by inspection of the Mayo-Lewis equation wherein all rate coefficients appear in terms solely of 

reactivity ratios, and in some simplified forms of Scheme 1 as described by Lowry.7,20 Conversely, 

Equation 10 (and the copolymer equations from Wittmer and Krueger et al., Eqns. S19-S21 and 

Eqns. S31, S38-43, respectively), as well as Eqns. 11–14, are not in such a form, suggesting that 

the magnitude of individual rate coefficients may affect copolymerization calculations.  To test the 

validity of this assumption for the equations used, we calculated the values of parameters a, b, 𝜖, 

and 𝜂 for the set of rate coefficients used to generate Figure 1A but with varying values of the ratio 
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k1/k7 with k1 held at a value of 1. Under these conditions the values of a and b, but not 𝜖 or	𝜂, varied 

with the value of k1/k7 (Figure S17A). Accordingly, the calculated rates for each possible reaction 

during a copolymerization simulation were significantly different between simulations when run 

with k1/k7 values of 0.1 and 10 (Figure S17B). Surprisingly, despite these differing values in 

reaction rates, indistinguishable predictions of comonomer consumption were produced between 

the two simulations and myriad others performed with significantly varying monomer 

compositions and rate parameters. The observed consistency across predictions of comonomer 

consumption confirms that the true magnitudes of homopropagation rate coefficients are 

inconsequential for fitting experimental data in the comonomer consumption form and justify the 

simplification of fixing both homopropagation rate coefficients to 1 during data fitting. Further, 

this simplification does not affect predictions of comonomer sequence determined through 

stochastic simulations (Figure S18). Overall, the eight total rate coefficients in Scheme 1 can be 

lumped into 6 fit parameters (𝑟D , 	𝑟E , 	𝑘*, 	𝑘;, 	𝑘<, 	𝑘7), two of which (𝑘* and 𝑘<) can then be treated 

as equal to equilibrium monomer concentrations, which can be routinely measured with high 

precision independently from copolymerization experiments.80–82 To explicitly distinguish when 

best fit values for rate coefficients are obtained under this assumption, we adopt the following 

nomenclature for the remainder of this manuscript: 

[𝐴]/0 = 𝑘* = 𝛽! 

[𝐵]/0 = 𝑘7 = 𝛽" 

𝑘< = 𝛾! 

𝑘; = 𝛾" 

 
Systematic Inaccuracy of Previously Reported Linearized and Simplified Methods  
 

Historically, linearized methods have been pervasive in the measurement of reactivity 

ratios for irreversible copolymerization reactions. That is, the differential form of the Mayo-Lewis 

equation was re-interpreted into various forms to fit reactivity ratios using measurements of 

monomer conversion from reactions with different initial monomer composition run to vanishingly 

low conversion.8,9 The crux of these methods is the assumption that at low conversion, the feed 

concentrations of monomer remain relatively constant. As stated previously, these linearized 

methods have been shown to be systematically inaccurate in the case of irreversible polymerization 

reactions.12 Motivated by the wide application of linearized methods to describe copolymerization 
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reactions with reversible propagation mechanisms in the literature,29,30,34,35 we sought to analyze 

the general accuracy of such methods. To do so, model copolymerization data were generated with 

known reactivity parameters and were fit to a linearized form of Eqn. 10 (see the Linearized 

Methods section of the Supporting Information). The results of this linearized fitting for a test case 

run to varyingly low values of monomer conversion are shown in Figure 3A. Across all conversion 

values, inaccurate parameter values are obtained from the best fits. Additionally, we fit model data 

at constant low conversion (5%) with varying initial monomer fractions and found that accurate 

values of only some parameters are returned at specific initial monomer compositions; however, 

no composition will return accurate values for all parameters (Figure 3B), further verifying the 

inaccuracy of linearized methods. For this parameter set and all others explored (Figures S14-S20), 

the best fit value of every parameter is systematically inaccurate compared to the true value 

regardless of the total monomer conversion value or monomer loading. These results indicate that 

linearized methods to measure kinetic parameters for copolymerization reactions with reversible 

propagation methods are systematically inaccurate and we discourage their further use.  

 

 
Figure 3. Evaluation of simulated data fitting using a linearization of Equation 10. A. Data fitting 
for 30 mol% monomer A at a 1M initial concentration for various total monomer conversion 
values. Systematic errors are observed for all parameters at all conversion values, indicating the 
inaccuracy of linearization methods even at low total monomer conversion values. B. Data fitting 
for varying initial monomer fractions at a 1M initial concentration stopping at 5% total monomer 
conversion. Accurate values of only some parameters are returned at specific initial monomer 
compositions, however no composition will return accurate values for all parameters, verifying the 
inaccuracy of linearization methods. 
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Application of Method to Fit Equilibrium Copolymerization Data 

Given the accuracy and precision of copolymer equation integration to describe 

equilibrium copolymerization reactions and fit rate coefficients, we sought to apply this method to 

the characterization of real experimental data. Initially, we explored low-strain cyclic olefins 

containing endocyclic cleavable moieties, which our groups have applied in the context of 

degradable and recyclable thermoplastics and thermosets.62–64,83 For these applications, knowledge 

of comonomer sequence is vital for predicting the molecular weights and functionalities of the 

fragments obtained after cleavable bond scission.84 Previously, we reported the copolymerization 

between an eight-membered cyclic bifunctional silyl ether (iPrSi-8) with an endo-norbornene 

imide (endo-NB) and measured a pair of reactivity ratios for this system using a linearized Mayo-

Lewis method.62 Subsequently, we reported the equilibrium copolymerization behavior of iPrSi-

8,63 which, combined with the findings above, would suggest that our previous copolymerization 

analysis was erroneous. Here, to reevaluate this system, we acquired an integrated 

copolymerization data set using real-time 1H NMR spectroscopy, which allowed for facile 

calculation of comonomer conversion values over the course of the entire copolymerization 

reaction (see the Characterization of Experimental Data Section of the Supporting Information).  
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Figure 4. Fitting of equilibrium copolymerization data between endo-NB and a library of low-
strain cyclic olefins containing endo-cyclic cleavable moieties. The copolymerization was 
conducted at room temperature in chloroform with an initial monomer concentration of 200 mM 
and a 1:1 endo-NB to comonomer ratio, with a 200:1 monomer to catalyst ratio. The fitted 
parameters are listed in Table 1. For all cases, fitting to the generalized equilibrium 
copolymerization model gives excellent agreement with data.  
 

These data are shown in Figure 3B for an equimolar monomer ratio with an initial monomer 

concentration of 200 mM in dichloromethane using Grubbs third generation bis-pyridyl complex 

as the initiator. Visually, the model fits the data well and captures the halting of the reaction at 

https://doi.org/10.26434/chemrxiv-2024-wpmm3 ORCID: https://orcid.org/0000-0001-9157-6491 Content not peer-reviewed by ChemRxiv. License: CC BY 4.0

https://doi.org/10.26434/chemrxiv-2024-wpmm3
https://orcid.org/0000-0001-9157-6491
https://creativecommons.org/licenses/by/4.0/


near quantitative endo-NB conversion without complete iPrSi8 consumption, which is a hallmark 

of equilibrium (co)polymerization. The best-fit parameters for this system are listed in Table 1 

(with values of uncertainty determined through bootstrapping methods, see Supporting 

Information section Uncertainty Analysis for full details), and the obtained reactivity ratio values 

(rendo-NB = 0.4 and riPrSi8 = 0.08) are statistically significantly different than those we reported 

previously62 (i.e., rendo-NB = 0.61 and riPrSi8 = 0.72). We note that the fit value of 𝛾 for this monomer 

pair is statistically significantly different than the equilibrium concentration measured for iPrSi8. 

This difference is consistent with previous reports on ring-closing metathesis where reaction rates 

are affected by exocyclic allylic substituent bulk,85 and supports the inclusion of penultimate 

effects in characterizing this reaction. Moreover, these corrected values correspond to more 

strongly alternating copolymerization behavior based on traditional heuristics (i.e., the value of 

𝑟/@AMNE × 𝑟>O$5>7 is lower), which is illustrated by stochastic simulations of comonomer sequences 

(Figure S34). Encouraged by this result, we characterized polymerizations of three other 

equilibrium comonomers of interest (iPrSi7, iPrAc7, and iPrAc8 in Figure 3) with endo-NB. Our 

groups have previously employed these comonomers (alongside iPrSi-8) as additives to enable 

degradable poly(endo-dicyclopentadiene) thermoset materials, an application where prediction of 

network degradability is highly sensitive to comonomer reactivity, and for which endo-NB serves 

here as a surrogate to assess the reactivity in these systems without  the possibility of cross-

linking.83 Similar real-time experiments were performed and comonomer consumption data for 

iPrSi7, iPrAc7, and iPrSi8 were fit analogously. We note than iPrAc8 has an equilibrium 

concentration that could be measured (32 ± 6 mM), while no polymerization was observed when 

Grubbs third generation bis-pyridyl complex was added to neat iPrAc7 or iPrSi7, suggesting that 

the equilibrium concentration for these two monomers is above their bulk concentration. In all 

cases, the model fit the data well, and the best fit parameters are listed in Table 1. Fitting these 

data using the Meyer-Lowry equation gave worse fits (as determined by the value of SSR, typically 

more than one order of magnitude larger, Table S3) and statistically significantly different values 

of reactivity ratios were obtained, highlighting the importance of using accurate models to fit data 

to discern specific trends. Interestingly, the best fit value of equilibrium concentration for iPrSi7 

is below its bulk concentration (1.5M versus ~5M), suggesting that bulk homopolymerization 

should be feasible from a thermodynamic perspective. This is in-line with our observations of no 

homopolymerization under modest solution conditions (1M) but contrasts with our observation of 
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no homopolymerization from the bulk. We posit then that absence of homopolymerization under 

bulk conditions for iPrSi7 may be due to other effects, such as the possibility of a deleterious 

monomer isomerization-catalyst deactivation process.63 Within this library of monomers, distinct 

copolymerization reactivity is observed based on the measured reactivity ratios: both iPrSi8 and 

iPrAc7 display strong alternating tendency as both reactivity ratios are < 1 (however, total iPrAc7 

incorporation is minimal), while iPrSi7 copolymerizes with gradient behavior, and iPrAc8 

copolymerizes in a blocky fashion (both rendo-NB, riPrAc8 >1). We posit that such distinct reactivity 

behavior may explain differences in the efficacy for degradability in pDCPD copolymer systems 

with each of these cleavable comonomers.83 Further correlation of cleavable comonomer structure 

and thermoset/plastic deconstruction behavior guided by these results are underway in our 

laboratories.   

 

Table 1. Fit reactivity ratios and depropagation rate coefficients for the data presented in Figure 
3. Uncertainties are determined through bootstrapping method and the bounds of 95% confidence 
intervals are listed in parentheses. For iPrSi8 and iPrAc8 the value of 𝛽PMQM@MQ/$  was 
independently measured and the uncertainty is presented as the result of a triplicate measurement.  

Comonomer rendo-NB rComonomer 𝜷𝑪𝒐𝒎𝒐𝒏𝒐𝒎𝒆𝒓[M] 𝜸𝑪𝒐𝒎𝒐𝒏𝒐𝒎𝒆𝒓 [M] 

iPrSi8 0.40 (0.38, 0.49) 0.08 (0.03, 0.19) 0.047 (0.043, 0.051) 0.15 (0.09, 0.20) 

iPrSi7 2.0 (1.9, 2.1) 0.01 (0.005, 0.015) 1.5 (1.3, 1.7) 0.13 (0.10, 0.15) 

iPrAc8 1.5 (1.1, 1.6) 5.4 (4.1, 6.3) 0.032 (0.026, 0.038) 0.14 (0.10, 0.20) 

iPrAc7 0.45 (0.035, 0.55) 0.7 (0.5, 1.1) 3.9 (3.4, 4.3) 4.2 (2.8, 5.7) 

 

Next, we sought to characterize the ROMP copolymerization of dihydrofuran (DHF), a cyclic 

enol-ether, as an additional class of cleavable comonomer that has been applied to linear polymeric 

and thermoset materials.66,86 Previously, one of our groups reported the use of dihydrofuran in 

copolymerizations with exo-norbornene monomers to yield acid-degradable polymers.65 Fitting 

copolymerization data for such systems using the Meyer-Lowry equation yielded reactivity ratios 

of rexo-NB = 0.41, rDHF = 0.088, suggesting a strong alternating copolymerization behavior (i.e.,  

𝑟/XM(N" × 𝑟Y2C = 0.036	 ≪ 1).65 Interestingly, these reactivity ratio values contradict expected 

reactivity trends for ruthenium-based olefin metathesis catalysts, where electron-rich Ru Fischer 
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carbenes (as would exist for a DHF terminal chain end) are known to exhibit metathesis selectivity 

with similarly electron-rich olefins over electronically neutral olefins such as exo-NB, suggesting 

that the value of rDHF should be significantly greater than 1.87–89 We attribute this discrepancy to 

the fact that the copolymerization proceeded well below the equilibrium concentration of DHF 

(3.2 M), which was not captured in the Meyer-Lowry model and would lead to misinterpretation 

as alternating behavior due to the thermodynamic drive for DHF to propagate from a norbornene 

chain end but not subsequently homopolymerize below its equilibrium concentration. 86 We re-fit 

the previously reported exo-NB and DHF copolymerization data using the methods developed 

herein and obtained values of rexo-NB = 0.26 , rDHF = 5.3, and 𝛾 = 0.02 M. Notably, the value of rDHF 

is different by a factor of 60 compared to the Meyer-Lowry fitting and falls more in line with 

expectations for Grubbs-type ROMP initiators (i.e., rDHF would be expected to be >1). Further the 

value of 𝛾 ≪ 1 is consistent with the rate of depropagation of a DHF unit to reveal a norbornene 

chain end being relatively irreversible. Finally, we applied copolymer equation integration to re-

evaluate the characterization of two previously reported copolymerization data sets for 

glycolide/lactide46 and poly(ethylene glycol) methyl ether methacrylate (PEGMA9) / 2-

(diethylamino)ethyl methacrylate (DEAEMA)32 where both comonomers are known to exhibit 

reversible propagation behavior.90–92 In both cases, previous fitting had been conducted under the 

simplification that only one of the two comonomers could polymerize reversibly (lactide and 

PEGMA9). In the case of glycolide/lactide, fitting data with a model that considers reversible 

propagation of both comonomers allowed us to distinguish between the effects of glycolide 

depropagation and transesterification reactions at high glycolide loadings. Additionally, in the case 

of PEGMA9/DEAEMA, such a method provided significantly improved fits of the data and 

produced best fit parameters consistent with observations of incomplete comonomer consumption 

and measurements of comonomer equilibrium concentrations (see the Re-evaluation of Previously 

Reported Data Section of the Supporting Information for complete details). Altogether, these 

experimental examples highlight the importance of using suitable copolymerization models to 

characterize copolymerization reactivity to extract accurate and meaningful values of various rate 

coefficients and interpret experimental data.   
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Figure 5. Copolymerization data and best fit for exo-NB and DHF reproduced from Ref. 65.   

 

Conclusion 

We have addressed a critical knowledge gap regarding the accurate characterization of reactivity 

ratios and other rate coefficients for two-component equilibrium copolymerization reactions. We 

present a detailed analysis of multiple methods to characterize this class of copolymerization 

reactions and demonstrate their general precision and accuracy. We rectify mistakes present in two 

original publications that derive equilibrium copolymer equations, assert the consistency between 

disparate forms of copolymer equations, and identify where the assumptions used in their 

derivations are invalidated.  Additionally, a practical population balance method is introduced for 

these systems. We make recommendations for the process of data fitting and show that through 

transiently setting homopropagation rate coefficients equal to unity, the number of fit parameters 

can be reduced with no loss of accuracy and enables others to be measured independently of 

copolymerization experiments. It is shown that linearized methods and other simplified models 

previously used in the literature are inaccurate, and we discourage their further use. As proof-of-

concept, we fit seven sets of equilibrium copolymerization data, giving chemically intuitive 

insights into copolymerization behaviors, and highlighting the utility of the methods evaluated 

herein. The analysis and tools presented in this work will enable the rapid, simple, and accurate 

evaluation of equilibrium copolymerization reactions toward the development of chemically 

recyclable polymers, circular materials, and advanced data-driven methods and predictions.  
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