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ABSTRACT. Mounting experimental evidence supports the existence of a liquid-liquid transition (LLT) in high-pressure supercooled
water. However, fast crystallization of supercooled water impedes the identification of the LLT line 7i.(p) in experiments. While the
most accurate all-atom (AA) water models display a LLT, their computational cost limits investigations of its interplay with ice for-
mation. Coarse-grained (CG) models provide over 100-fold computational efficiency gain over AA models, enabling the study of water
crystallization, but have not yet shown to have a LLT. Here we demonstrate that the CG machine-learned water model ML-BOP has a
LLT that ends in a critical point at p. = 170+10 MPa and 7: = 181+3 K. The 7i.(p) of ML-BOP is almost identical to the one of
TIP4P/2005, adding to the similarity in the equation of state of liquid water in both models. The simulations reveal that 7i.(p) coincides
with the line of maximum crystallization rate 7;(p) of supercooled ML-BOP, supporting a mechanistic relationship between the struc-

tural transformation in liquid water and the formation of ice.

The existence of a liquid-liquid phase transition (LLT) in su-
percooled water has been debated for over three decades."”
The low-density amorphous (LDA) and high-density amor-
phous (HDA) ices are widely considered vitrified manifesta-
tions of the high and low density liquids (LDL and HDL), re-
spectively, because of their sharp interconversion on com-
pression and expansion has hysteresis typical of first order
transitions.>® However, it is not a foregone conclusion that
the two non-equilibrium amorphous phases are the glasses of
two distinct equilibrium liquids.®

Isobaric cooling experiments have not been able to provide di-
rect evidence of a liquid-liquid transition because water crys-
tallization takes place before a transformation between the
metastable liquids can be detected.” However, recent ultrafast
isochoric laser heating of HDA and LDA to drive water across
the anticipated LLT have reported signatures consistent with
the presence of such a liquid-liquid transformation just before
supercooled water crystallizes to ice 1.

Despite decades of efforts, the liquid-liquid transition line
TiL(p) has not yet been directly established in experiments.
The experi'’mental limits of stability of LDA and HDA upon
isothermal decompression extrapolate to a possible liquid-lig-
uid critical point (LLCP) with critical temperature 7: =180 K
and critical pressure p. = 200 MPa.!' However, equations of
state (EOS) of water parameterized from stable and super-
cooled liquid water support a LLT that ends at a LLCP with
p-between 27 and 125 MPa.'>"’

Several all-atom water models have a liquid-liquid transition.
These include the rigid nonpolarizable ST2,'%"
TIP4P/2005% and TIP4P/Ice* models, as well as the flexible
models q-TIP4P/F*' E3B3,>> WAIL> and the DPMD-

SCAN neural network derived from DFT.** However, the
high computational cost of all-atom models has hindered their
use in addressing the interplay between LLT and crystalliza-
tion observed in experiments.®®

Coarse-grained (CG) models based on short-ranged aniso-
tropic interactions (SRAI) are over 100 times computation-
ally more efficient than the least expensive all atom models
with long-range electrostatics.*** The monatomic water
model mW,* based on the Stillinger-Weber potential,”’ is the
most studied of that class of models. While mW crystallizes in
accessible simulation times,?®3! it does not have a LLT.3*%
The more recently developed Machine-Learned Bond-Order
Potential (ML-BOP)?* is a CG SRAI water model based on
the Tersoff potential®* that crystallizes in accessible simula-
tion times,* while reproducing the anomalies and equation of
state of liquid water with the accuracy of TIP4P/2005 and the
experimental melting line of ice Iy with the accuracy of
TIP4P/Ice.*> ML-BOP captures well the pressure depend-
ence of the height g of the second peak of the oxygen-oxygen
radial distribution function of water,* as well as the pressure-
induced amorphization of ice I and the structure and phase
behavior of LDA and HDA and their interconversion on com-
pression and expansion.*® In what follows we show that ML-
BOP has a liquid-liquid transition, with a critical point very
close to those of TIP4P /2005 and TIP4P/Ice models.***” We
further demonstrate that the liquid-liquid transition coincides
with the temperature of maximum crystallization rate, and dis-
cuss how the interplay between the LLT and glass transition
impacts the density of hyperquenched glasses and the pres-
sure at which they display a maximum in long-range density
correlations.
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ML-BOP has a liquid-liquid transition.

One of the characteristics of a liquid approaching a critical
point is the increase of the correlation length of density fluc-
tuations. These long-range density fluctuations can be
trapped during vitrification and appear as static correlations in
the glass.*® Debenedetti and coworkers demonstrated that
glasses made by isobaric cooling of TIP4P /2005 display a pro-
nounced maximum in long-range density correlations near
the pressure of the LLCP of that model, while these correla-
tions are muted in the mW model and inexistent in a Lennard-
Jones fluid.*®* We cooled a periodic simulation cell with 8000
ML-BOP molecules from the liquid to the glass at 10 Kns™ at
various pressures, and characterize the extent of long-range
correlations by extrapolation of the structure factor $(g) to
zero wavevector®® (Supp. Info. A)

Figure 1 shows that ML-BOP displays a pronounced increase
oflong-range structural correlations at both negative and pos-
itive pressures. The increase in correlations at negative pres-
sures arises from the instability of the liquid against cavita-
tion,* while the increase at positive pressures is associated a
phase transformation in the supercooled liquid. The extrapo-
lated long-range correlations of ML-BOP at positive pressures
are most pronounced at 180 MPa and 177 K (Figures la and
1b), suggesting that to be close to the location of the LLCP.

To determine the location of the LLT and LLCP of the ML-
BOP model, we perform isothermal-isobaric simulations with
a cell containing 192 molecules, following ref**. The small cell
enables the sampling of phase coexistence between LDL and
HDL through system-wide oscillations of the density and
structure of the liquid as a function of time (Figures $3-56),
while also delaying the formation of ice. The timescales of the
oscillations between the two liquids in ML-BOP are shorter

than in all-atom models of water,2>** consistent with the faster

translational dynamics of the coarse-gained model.?® We sam-
ple the density pand potential energy Eof the 192 water mol-
ecule periodic cell over 15 independent trajectories at each 7’
and p, collecting data until the onset of crystallization (Figures
§7-S8), and compute the free energy from the corresponding
histograms. Figure 2 shows that the free energy profiles as a
function of liquid density at pressure above 170 MPa have two
well-defined minima, corresponding to the HDL and LDL
phases. We identify the liquid-liquid line 7i.(p) as the 7-p
loci where the two liquid phases have the same free energies
(Figures 3a-b).
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Figure 1. Long-range correlations in ML-BOP along vitrification
simulations. The correlations are represented by the extrapolated
zero wavenumber structure factor, S(0) as a function of (a) temper-
ature and (b) pressure, computed from cooling simulations with
8000 water molecules at 10 K ns " rate following the procedure of ref.
3(see Figures S1 and S2 in Supp. Info. A). The uncertainties com-
puted from 10 independent simulations are shown as shaded error
regions in (a) and as error bars in (b). The amount of ice in the
hyperquenched glasses at 77 K is ~5%,” consistent with the fraction
of ice in experiments at the minimum cooling rate needed for vitrifi-
cation of water.*
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Figure 2. Free energy profiles of supercooled liquid ML-BOP as a function of density p, normalized by the thermal energy f"' = RT. Each
panel presents free energy profiles at the temperature indicated in the graphs and pressures (a) 300 MPa, (b) 200 MPa, (c) 180 MPa, (d) 170
MPa, (e) 160 MPa, (f) 140 MPa, (g) 120 MPa, (h) S0 MPa. We identify 170 MPa as the critical pressure: at p > 170 MPa there are tempera-
tures with two basins for stable and/or metastable HDL and LDL, while at p < 170 MPa, there is only one minimum in the free energy land-

scape of the liquid.
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Figure 3. Liquid-liquid equilibrium in ML-BOP water. (a) Free energy as a function of density p along the LLT line. (b) Two-dimensional

free energy as a function of density p and potential energy E for the state points of panel (a), as well as a supercritical liquid at SO MPa and 204
K. The p and T are indicated in each I to VI panel. Panel (b)1I corresponds to the LLCP. (c) 7-p phase diagram of supercooled ML-BOP

showing in light blue the region of two-phase coexistence.

The free energy basins for the two liquids merge at 170 MPa
and 181 K (Figure 3a-b). As the maximum in extrapolated
S(0) at 170 MPa and 180 MPa are identical within their error
bars (Figure 1a), we assess that the LLCP of ML-BOP is lo-
cated at p. = 17010 MPa and 7; = 181+3 K. The critical den-
sity is p. = 1.01£0.02, same as for TIP4P/2005 and
TIP4P/Ice.”® The LDL edge of the binodal of the LLT in ML-
BOP has a negative do/dT slope (Figure 3c), consistent with
predictions by EOS based on experimental water data.?

Figure 4 shows the liquid-liquid transition line 71.(p) in the
phase diagram of ML-BOP. The LLCP of ML-BOP aligns
closely with that reported for TIP4P/200S, TIP4P/Ice and
other all-atom water models!”!#20222341  (Table 1). Indeed,
Figure S9 shows that the 71.(p) of ML-BOP is almost indis-
tinguishable from the one predicted for TIP4P /2005 from its
two-state equation of state (TSEOS).>

Table 1. Liquid-liquid critical pressure p. and temperature T. for
various water models.

Water Model p.(MPa) T. (K)
ML-BOP 170£10 181+3
TIP4P/2005® 170 182
TIP4P/2005® 186.1+0.9 172+1
TIP4P/Ice® 173.9+0.6 188.6+1
TIP4P/Ice@ 165+15 195+$
ST2® 167424 237+4
E3B3® 210£10 18042
WAIL® 36.5+0.8 210.5+0.3
DeePMD® 268.7+0.68 224+3
q-TIP4P/F® 167+9 159+6

(a) computed from TSEOS in ref. ¥; (b) computed from free energy
calculations in ref. ** ; (c) computed from free energy calculations in ref.
20;(d) computed from Maxwell construction in ref. '7; (&) computed us-
ing histogram reweighting monte carlo simulations in grand canonical
ensemble in ref. '%; (f) computed from the extrapolation of two widom

3

https://doi.org/10.26434/chemrxiv-2023-x8vxb ORCID: https://orcid.org/0000-0002-8577-4675 Content not peer-reviewed by ChemRxiv. License: CC BY-NC-ND 4.0


https://doi.org/10.26434/chemrxiv-2023-x8vxb
https://orcid.org/0000-0002-8577-4675
https://creativecommons.org/licenses/by-nc-nd/4.0/

lines from kr and G, in ref. ?; (g) computed from TSEOS in ref. 3; (h)
computed from TSEOS in ref. '; (i) computed from TSEOS in ref. 2!,

It is intriguing that the LLCP of ML-BOP, TIP4P /2005, and
TIP4P/Ice are in good agreement with the extrapolation of
the crossing of the limit of stability of the low- and high-den-
sity amorphous ices in experiments,®'! although those extrap-
olations carry significant uncertainty. More recent analyses
suggests that the experimental LLCP may be located around

195 t0 210 K and 100 to 125 MPa.!%!37
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Figure 4. Phase diagram of ML-BOP water. The blue line shows the
liquid-liquid transition line 7i.(p) computed from free energy cal-
culations. The cyan circle indicates the LLCP, located at p.=170£10
MPa and 7t =181£3 K. The open blue circle is on the supercritical
extension of the LLT. The black line shows the equilibrium melting
line of hexagonal ice 7:"(p).* The magenta line shows the nonequi-
librium line of maximum crystallization rate 7:(p) determined by
isobaric cooling of simulation cells with 8000 ML-BOP water mole-
cules at the fastest cooling rate that crystallizes ML-BOP, 0.2 K ns’
'3* The green line represents the glass transition temperature 7y(p)
computed using mobility criteria over 10 K ns™ cooling simulations
(See Methods). The purple dashed line is the extrapolation of 7x(p)
using a 3" order polynomial, which we assume to extrapolate 7iL(p).
The gray line shows the temperature of maximum structural correla-
tions 7s(p) upon isobaric cooling at 10 K ns™. The red triangle at
340 MPa and 130 K indicates the intersection of the extrapolated
Ti(p) with Ty(p). The orange square at 376 MPa represents the ex-
trapolated 7i.(p) to 78 K.

Ice crystallization is fastest at the LLT.

The identification of the locus of the LLT in experiments has
been hindered by fast ice crystallization. The minimum cool-
ing rate required to avoid crystallization of water droplets is
102 to103 K ns™ * in experiments and 1 K ns” in simulations
with ML-BOP.* This suggests that the dynamics of deeply su-
percooled ML-BOP is ~100 to 1000 times faster than in water.
Considering the 100 fold increase in computational efficiency
of the CG model,*® the sampling of the free energy landscape
in simulations with ML-BOP is 10* to 10°-fold more efficient
than with all-atom models that accurately reproduce the dy-
namics of water, such as TIP4P/2005.**** These combined

efficiencies enable studies of crystallization with ML-BOP
without the need of enhanced sampling methods.*>*

The line of temperatures 73(p) at which ice crystallization is
the fastest demarcates the boundary between nucleation-lim-
ited and growth-limited regimes (above and below Z3(p), re-
spectively).* Previous analysis using classical nucleation the-
ory with experimental data for water and molecular simula-
tions with the mW model predicted that the temperature 7%
at which the crystallization rate of water is maximum coin-
cides with the Widom line.*® These predictions were later con-
firmed by experiments at ambient pressure that locate 7 at
228+1 K,* indistinguishable from the 229+1 K of the maxima
in G*and Kr.* Figure 4 reveals that the coincidence between
the temperature of maximum crystallization rate 7:(p) and
the locus of structural transformation of supercooled water
extends to the first-order LLT line, suggesting that the for-
mation of the low-density liquid, or pronounced LDL-like
fluctuations in the high-density liquid in the proximity of its
spinodal, result in a combination of low ice nucleation barriers
with significant mobility that enables fast growth of ice.

The alignment between 7i.(p) and 7x(p) suggests a close re-
lationship between the liquid-liquid transition of water and
the homogeneous nucleation line Ziom(p) established by An-
gell and coworkers.*” At 0.1 MPa Tjom of ref. # stands 7 K
above both the maximum crystallization** and Widom**¢
temperatures of water. A recent estimation of water's LLCP,
derived from calculations involving TIP4P/Ice and compari-
son with experimental liquid EOS, suggests the LLCP to be
twice farther from Zhom, at 195 K and 125 MPa.'” We note,
however that crystallization data alone is insufficient to locate
the pressure of the LLCP: the experimental Ziom(p)*” does
not show any anomaly within the pressure range where the
LLCP of water is anticipated, nor does 7i(p) in our simula-
tions.

Vitrification arrests the LLT far from the critical point.

The experimental glass transition of water is below the pro-
posed liquid-liquid transition line.* That is also the case for
ML-BOP, which has 7;(p) < 7i.(p) for p < 350 MPa (Figure
4). Ty(p) shown in Figure 4 corresponds to the locus where
the molecules displace less than 0.8 A over 100 ps in 10 K ns™!
cooling simulations. This definition results in Z;(p) higher
than in experiments,*® yet the model correctly produces the
negative slope of the glass transition line with pressure re-
ported for all-atom models of water** and experiments.>*

In principle, the HDL to LDL transition can be completed
prior to vitrification in cooling simulations at pressures be-
tween p. = 17010 MPa and ~340 MPa, for which Z;(p) <
Ti.(p). However, at the high cooling rates required to bypass
crystallization the liquid-liquid transformation occurs below
the equilibrium 7i.(p). The locus of the non-equilibrium
transformation can be gleaned from the temperatures 73(p)
of maximum $(0) along the cooling simulations (Figure 1).
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Ts(p) is an effective limit of stability of HDL, although it
needs not coincide with the thermodynamic spinodal.

Ts(p) of ML-BOP starts at the LLCP and crosses the glass
transition line at 300 MPa (Figure 4). Vitrification truncates
the HDL to LDL transformation at 250 to 300 MPa (Figure
1), freezing in the largest long-range correlations at pressures
well above p. = 17010 MPa of the model. As water also has
Ty(p) < TiL(p), we anticipate that the highest 5(0) will be
found in glasses prepared at pressures well above p.

Glasses that vitrify as they undergo the LLT have den-
sities comparable of medium density amorphous ice.

The density of the glasses obtained by isobaric hyperquench-
ing of ML-BOP display a sigmoidal shape with maximum
slope between 250 and 300 MPa (Figure 5).? These are the
pressures at which ML-BOP glasses present the largest long-
range density correlations (Figure 1), because they vitrify as
they transition from HDL to LDL.
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Figure 5. Densities of hyperquenched glasses produced by isobaric
cooling of ML-BOP at 10 K ns™ to 78 K (Adapted from ref **). Cir-
cles show the density of the ML-BOP glasses; triangles show the ex-
perimental densities at 0.1 MPa of LDA (green),**" HDA (blue),”>
$ VHDA (red),*® and MDA(black).”” The density of the HQG pre-
pared at 250 and 300 MPa falls with the the 1.06 + 0.06 g cm” density
range of MDA (gray band) prepared at unknown pressure and shear
rates before recovering it at 0.1 MPa.”’

Hyperquenched glasses obtained at 250 to 300 MPa are in the
density range of the recently uncovered medium density
amorphous ice (MDA) made by ball-milling ice at 77 K and
recovered at 0.1 MPa* (Figure 5). However, the HQG with
density intermediate between those of LDA and HDA have
significant long-range structural correlations (Figure 1), while
there are no strong signatures in the low g region of $(g) of
MDA (if there are, they are hidden under strong Porod-law
dispersion).”” It is not yet known whether the shearing in-
volved in ball-milling enables the sampling of distinct states
not visited during hyperquenching protocols, or there are

equivalencies in the structure and thermodynamics of ball-
milled and hyperquenched water glasses.

Conclusions and outlook.

The existence of a liquid-liquid transition has been the focus
of the debate over the origin of water anomalies since it was
proposed from pioneering molecular simulations with the
ST2 model.! Intense research in the last years has established
that the most accurate all-atom models of water have a liquid-
liquid transition.'®**2* However, a LLT had not been found in
coarse-grained water models. In the present study, we demon-
strate that the monatomic machine-learned model ML-BOP
has a liquid-liquid transition that ends in a critical point at p.
=170+10 MPa and 7;= 181+3K. Significantly, the liquid-lig-
uid transition line and critical point of ML-BOP closely align
with predictions made for the all-atom TIP4P/2005 water

model,*>*” bolstering the likeness of the equations of state

(EOS) of these models.>>**

The expense of all-atom models has limited the modeling of
the competition between LLT and crystallization observed in
experiments.>® The coarse-grained nature of ML-BOP en-
dows it with 10* to 10° increase in efficiency of the sampling
of the free energy landscape compared to all-atom water mod-
els, uniquely positioning ML-BOP for the investigation of the
interplay between liquid-liquid transition and crystallization
in deeply supercooled water.

Our simulations with ML-BOP reveal that the coincidence of
the temperature of maximum crystallization rate 7 and max-
imum change in the structure and thermodynamics of super-
cooled liquid water® carry forward to the first-order liquid-
liquid line. Nevertheless, accurately identifying the locus of
the liquid-liquid transition of water, particularly its critical
pressure, remains a formidable challenge. This challenge per-
sists because the LLCP does not manifest a discernible signa-
ture during ice crystallization. Additionally, our findings indi-
cate that under rapid cooling rates sufficient to prevent crys-
tallization, the peak in long-range correlations in hyper-
quenched glasses emerges well beyond the critical pressure, at
the intersection of the glass transition line and the nonequilib-
rium liquid-liquid transformation during cooling. New ap-
proaches are needed to determine the LLT and LLCP in ex-
periments. The accessibility to the liquid-liquid transition and
competing ice crystallization in ML-BOP makes it a promis-
ing tool to complement these measurements and guide their
interpretation.

METHODS

Molecular dynamics simulations are performed with the ML-
BOP water model*® using LAMMPS®® in the NpZ7 ensemble
with a time step of S fs using periodic cubic simulation cells
with periodic boundary conditions in the three Cartesian di-
rections. The temperature and pressure are controlled with
the Nose-Hoover thermostat and barostat with time
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constants of 0.5 and 5 ps, respectively. The initial configura-
tions for all liquid simulation boxes are generated using Pack-
mol.*’

We calculate the zero wave number structure factor S(0) of
liquid and vitrified ML-BOP along isobaric cooling simula-
tions at 10 K ns™ from 298 K to 78 K at p=-100, 0.1, 100, 170,
180,200, 250, 300, 400, 600, and 1000 MPa following the pro-
cedure of ref. 3 (see Supp. Info. A). S(0) at each T and p is
averaged over 10 independent cooling simulations. We report
the standard deviation among these 10 simulations as the er-
ror bar. We use the CHILL+ algorithm® to compute the
amount of ice in the glasses.

To determine the liquid-liquid transition line 71.(p) we per-
form NpT simulations with cells containing 192 ML-BOP
molecules at the 7"and p listed Table 2. We evolve 1S5 inde-
pendent 500 ns long simulations at each thermodynamic con-
dition ( 7; p), each initialized with different sets of random ve-
locities consistent with the selected temperature. The small
size of the cell enables heterophasic oscillations as a function
of time®' between high- and low-density liquid, before crystal-
lization takes over. Figure SS shows that fluctuation in density
between LDL and HDL correlates with the fraction of 4-coor-
dinated water molecules in the liquid. We collect density p
and potential energy F of the system until 12 water molecules
(6% of the total) are classified as ice I using CHILL+. Smaller
ice crystallites are subcritical and do not lead to ice formation
in the whole cell.

Table 2: The range of temperatures at which we perform sim-
ulations to calculate the free energy diagrams.

P(MPa) Temperatures (K)

300 135, 136, 136.5, 137, 137.5, 139, 140, 142
250 156,157, 158,159, 160

200 170,173,174, 175,176,178, 183

180 177,178,179, 180, 184

170 179,180, 181, 182,183

160 183, 184, 185, 186, 188,190

50 198, 200, 202,203, 204, 206, 207,208,212

We build probability histograms of observing a particular
density and energy P(E, p) from this collection of trajecto-
ries, from which we compute the free energies: G (E, p) =
—In[P(E, p)], where = (K, 7). We calculate one-dimen-
sional probability and corresponding free energy profiles as a
function of density by integrating out energy () from the
two-dimensional free energy surfaces, G (E, p). The regions
with two minima in the free energy are further analyzed to
identify the 7"and p of equilibrium between the two liquids as
the loci for which the basins of LDL and HDL have approxi-
mately the same populations.

The temperature of maximum crystallization rate 7x(p) at p
=0, 50, 100, 150, 200, 250 and 300 MPa was determined in
ref. 3 as an average of the onset temperature of crystallization
over § independent cooling simulations at 0.2 Kns™ for each
pressure. Here we follow the same procedure to compute
T:(p) at 170, 180 and 190 MPa.

We calculate the glass transition temperature as a function of
pressure 73(p) considering the mobility criteria. The temper-
ature at which the mean displacement of the particles be-

comes less than 0.8 A at a certain pressure in the cooling sim-
ulations with a 10 K ns™ rate is estimated to be the glass tran-
sition temperature ( 7;). The mean displacement of the parti-
cle becomes insensitive to further lowering in temperature be-
low the estimated 7. Furthermore, we visualize the cooling
trajectory to ensure the dynamic freezing of the water mole-
cules.
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