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Abstract

We model the auto-ionization of water by determining the free energy of hydration of the major

intermediate species of water ions. We represent the smallest ions - the hydroxide ion OH- , the

hydronium ion H3O+, and the Zundel ion H5O2
+, - by bonded models; and the more extended

ionic structures by strong non-bonded interactions (e.g. the Eigen H9O4
+ = H3O+ +3(H2O) and

the Stoyanov H13O6
+ = H5O2

+ + 4(H2O)). Our models are faithful to the precise QM energies and

their components to within 1% or less. Using the calculated free energies and atomization

energies, we compute the pKa of pure water from first principles as a consistency check, and

arrive at a value within 1.3 log units of the experimental one. From these calculations we

conclude that the hydronium ion, and its hydrated state, the Eigen cation, are the dominant

species in the water auto-ionization process.

Introduction

Water auto-ionization is a fundamental chemical process that is enormously important in biology

because water ionic species (hydronium and hydroxide ions) are involved in many critical

reactions in the organism. For example, the pH of blood in humans needs to be maintained
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between 7.35 and 7.45 for metabolic processes to proceed normally 1, with deviations of more

than 0.4 pH units away from this range resulting in death. Correct determination of the

energetics of the intermediate and final states of water ionization and of other acid-base

processes by molecular simulations will provide critical insights into countless biochemical

systems.

A quantitative description of the water dissociation equilibrium ( 2 H2O ⇔ OH- + H3O+ ) is very

challenging, because the hydration free energies of the hydronium and hydroxide species that

enter the expression for the free energy of this reaction (Eq 1) are on the order of ~100 kcal/mol,

and, thus, should be accurate to within 1% to achieve chemical accuracy.

(eq 1)∆𝐺
2 𝐻

2
𝑂 −> 𝐻

3
𝑂++𝑂𝐻−(𝑎𝑞) = ∆𝐺

2 𝐻
2
𝑂 −> 𝐻

3
𝑂++𝑂𝐻−(𝑔) + ∆𝐺

ℎ𝑦𝑑𝑟
(𝐻

3
𝑂+) + ∆𝐺

ℎ𝑦𝑑𝑟
(𝑂𝐻−)  

There are also large uncertainties in the accepted measured values for and∆𝐺
ℎ𝑦𝑑𝑟

(𝐻+)

) on the experimental side2–6 . These translate into uncertainties of hydration free∆𝐺
ℎ𝑦𝑑𝑟

(𝑂𝐻−

energy values for other ionic species that are typically determined in experimental setups as

relative quantities vs .∆𝐺
ℎ𝑦𝑑𝑟

(𝐻+)

Researchers have deployed multiple theoretical methods to compute the pKa values for water.

One of the most direct approaches is the ab initio molecular dynamics (AIMD7,8) method. In

AIMD the potential energy surface of the system is modeled using computational quantum

chemical methods (i.e. density functional theory or DFT 9–11), and the atom coordinates are

propagated using either classical MD or path integral molecular dynamics (PIMD). Because a

system modeling bulk chemical processes such as water dissociation or ion solvation should

contain hundreds of atoms, linear scaling DFT methods are typically used 12. There are

consistent and ongoing efforts to improve DFT functionals, and while earlier calculations were

done in local density approximation (LDA) and generalized gradient approximation (GGA) 13 ,

more recent AIMD calculations have used meta-GGA functionals with dispersion corrections 14

which produce a more faithful representation of intermolecular interactions. Interaction energies

between ions and water are extremely strong, and consequently the accuracy provided by DFT

methods may be not sufficient to describe water accurately. Coupled cluster methods (CCM)
15,16 provide much more reliable estimates of intermolecular interaction energies than DFT, but

these scale very poorly with the size of the molecular system, making them unsuitable for bulk

AIMD simulations. The cluster continuum solvation (CCM) model 17,18 and a QM/MM approach
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19,20 reduce expensive quantum chemical calculations to a small cluster of water molecules

interacting with a proton, while bulk water molecules are considered in a continuum or a

molecular mechanics approximation. In 21 the authors computed proton water clusters on

CCSD(T)/CBS level containing up to 6 water molecules. Long-range solvation effects were

taken into account by a polarizable continuum approach, while enthalpy and entropy of solvation

were computed using the harmonic solvation model. Other groups have deployed less accurate

methods for cluster QM calculations that allowed them to consider larger proton-water

complexes and different approximations for long-range interactions and solvation free energy

estimates. Some of the methods also employ empirical adjustments (e.g. Newtonian energy and

force terms) to better reproduce various structural experimental data 22 such as the RDF. The

empirical adjustments are made to better reproduce structural information 22,23 and may not be

‘pressing the correct levels’ energetically. In summary, computed values for proton solvation

free energy vary substantially within +-5 kcal/mol, with the currently most widely accepted value

of ~-262 kcal/mol (see 24 or Table SI 4), and the experimental estimates vary in a similar range

as the underlying assumptions of the experimental techniques are still debated3,6.

Here we model this critical process by determining the free energy of hydration of the major

intermediate species of water ions. We represent the smallest ions - the hydroxide ion OH- , the

hydronium ion H3O+ and the Zundel ion H5O2
+ - by bonded models, and the more extended ionic

structures by strong non-bonded interactions (i.e. the Eigen H9O4
+ = H3O+ +3(H2O) and the

Stoyanov H13O6
+ = H2O2

+ + 4(H2O), and so on). Our models do not include the ultrafast

transitions between the ionic QM minima 22,25, but rather represent the process via the

energetics of a series of stable longer-lived intermediates. This is, admittedly, an approximation

and interconversion of various states will introduce a small entropic contribution to the final

answer. However, as seen from many investigations of the QM energies and interconversions of

the states (see detailed review of literature in Table SI 1), the major species we consider

correspond to the two main local energy minima with significant barriers between them in the

gas phase. It is likely that this separation is preserved in water at room temperature and

pressure, and we model it with conventional MD/PIMD where bonds are preserved. This

assumption is further supported by the preservation throughout all trajectories of the extended

Stoyanov and Eigen ions which are allowed to convert to, respectively, the Zundel and the

Hydronium ions in our methodology. Clearly this is a limitation of the current work, and the

techniques we use are not suitable for valuable investigations of proton diffusion and kinetics in

water.
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Our approach is based on the fitting of an atomic polarizable force field to accurate quantum

chemical calculations (‘silver standard’ 26) on small molecular fragments (monomers and dimers

of chemical functional groups) 27–30. Using ARROW, our ab-initio parameterized force field29, we

have been able to predict the free energy of solvation of neutral chemical species dissolved in

water and other neutral solvents to within 0.3 kcal/mol of experimental values.29 To further

increase the FF - QM correspondence for strong interactions, we have recently augmented the

ARROW force field with a neural network term31 at short range, which resulted in, among other

things, accurate energetics of ion solvation (within 1.5% or ~3 kcal/mol from the experimental

values, which themselves have a similar confidence interval ) 32. NN corrections to ARROW

also greatly improved the accuracy of calculations of relative binding free energies of ligands in

proteins for systems containing ionic interactions 32.

Our approach accurately describes inter- and intra-molecular interactions both at short and long

intermolecular distances (silver standard26) and computes the free energy of solvation directly

through bulk MD or PIMD simulations. As such, it may have advantages over existing

methodologies that compromise on the accuracy of the description of intermolecular

interactions’ and/or of the description of dynamics of the solvated ion system, and are also

hindered by assumptions and approximations involved in combining the various near and far

methods 21.

Models

The basic methodology of the ARROW-FF and ARROW-NN force-fields has been described in

several publications 28–30,32 and is provided in SI 1.1, 1.2, 1.3 and 1.4. The procedure for

extracting the dimers and monomers for the training/test sets of the ARROW-NN construction is

also provided in SI, sections: SI 3, SI 3.1-3.4. The augmentation of bonded energies by neural

networks is described in 32 and also in SI 3.6-3.7.

Bonded base states and intermolecular interactions
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We describe the widely known ionic species OH-, H3O+ and H5O2
+ via bonded intramolecular

interactions fitted to reproduce the QM distortion energies (See schematic in Figure 1). The

agreement between Force-Field and QM energies for each of these is shown in Table SI 2 and

Figures SI 3,4, and the MAE of the agreement is good ( 0.01, 0.144, 0.122 kcal/mol

respectively). Following this, the more extended states such as the Eigen and the Stoyanov

ions are formed by non-bonded interactions between water and the three ions above (see

Figure 1), with the interaction now being fitted to dimer intermolecular QM energies. The

intermolecular interaction correspondence between QM and FF energies is shown in Figure SI

2. The MAE for (H2O : OH-) (H2O : H3O+) and (H2O : H5O2
+) 2-body components of the total

energy are 0.056, 0.092, 0.092 kcal/mol, see Table SI 2. The many-body correspondence is

checked on trimers of the constituent ions with 2 water molecules in SI 4, and is within 1.2

kcal/mol. Conventional bonded terms were unable to properly describe the H5O2
+ ion which

prompted us to add a variation of our neural net term to achieve a good agreement with bonded

QM energies of the ion.

Figure 1: A diagram of the construction of the major anions and cations of water. The hydroxide OH-,

hydronium H3O+ and the Zundel cation H5O2
+ are modeled via intra-molecular or bonded potentials. The

more extended states - the Eigen cation H9O4
+ and the Stoyanov cation H13O6

+ - are modeled as H2O

molecules with strong bonds to the previous smaller ions.

Simulation and results

We first validated the inter/intramolecular classification of ionic intermediates and species.

During the course of the simulation (1 ns) the three waters flanking the hydronium ion remained
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attached and unpermuted, as did the four water molecules immediately surrounding the bonded

Zundel ion. This was expected as the dimerization energy for H3O+ : H2O is -51.79 kcal/mol and

for H5O2+ : H2O is -26.85 kcal/mol. This supports the validity of our decomposition of the more

extended ions as the base ions with H2O molecules attached via QM fitted strong non-bonded

interactions, (see Figure 3).

Figure 2. Thermodynamic cycle for the pKa of water via vacuum alchemical transformations of H3O+ and

OH- ions to water and solvation free energies of H3O+ and OH-.

The thermodynamic equilibrium for the pKa of water is [H2O](aq)<->[H+](aq) + [OH-](aq), where (aq)

stands for the process taking place in liquid water. The naked proton [H+], does not exist for

long in the presence of multiple surrounding water molecules in solution. The QM energy of

[H+] + [H2O] is -76.37804944 AU, while that of the [H3O+] complex is -76.65125267 AU, thus

favoring the bound proton over the naked [H+](aq) state by ~171 kcal/mol. Consequently, in

solution, by a vast predominance, the proton exists in the bound ground states of hydronium,

H3O+, the Zundel, H5O2+, and other more extended complexes involving these ground states.

By definition, the relation33

14 pKa units = 79.89 kJ/mol = 19.11 kcal/mol∆𝐺(𝑝𝐾𝑎,  𝐻2𝑂) =

can be expanded for hydronium as

(eq 2),∆𝐺(𝑝𝐾𝑎,  𝐻2𝑂) = 𝐺
𝑎𝑞

(𝑂𝐻−) + 𝐺
𝑎𝑞

(𝐻
3
𝑂+) − 2 · 𝐺

𝑎𝑞
(𝐻

2
𝑂)

where G is free energy of ionic species or water, including all electronic structure energy, in an

aqueous environment (see e.g. formulas 18,22 in 33).
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Representation of the QM potential surface by force-field energies requires extra care when

molecular formation is involved. While in intermolecular interactions the ground state is clearly

set to zero at infinite separation, setting the ground state for the intra-molecular energies

requires some additional care. These energies represent the electron-electron, electron-nuclei

and nuclei-nuclei interactions. Force fields typically set the ground state of molecules (in our

case those are H2O, H3O+, H5O2
+, OH-) to 0 or to a small value depending on how intramolecular

terms are constructed and parameterized. But in this case the various molecules we evaluate

are related through a chemical reaction and therefore their bonded ground states need to

match. To do this, for each ion or water (i.e. molecule) we synch up the force field and

electronic structure energy through recalibration of the FF ground state:

(eq 3),𝐺
𝑎𝑞

(𝑀𝑜𝑙𝑒𝑐𝑢𝑙𝑒) = 𝐺
𝑔𝑟
𝑞𝑚(𝑀𝑜𝑙𝑒𝑐𝑢𝑙𝑒) − 𝐺

𝑔𝑟
𝑓𝑓(𝑀𝑜𝑙𝑒𝑐𝑢𝑙𝑒) + 𝐺

𝑎𝑞
𝑓𝑓(𝑀𝑜𝑙𝑒𝑐𝑢𝑙𝑒) 

where is the quantum-mechanical energy in ground state of the respective𝐺
𝑔𝑟
𝑞𝑚(𝑀𝑜𝑙𝑒𝑐𝑢𝑙𝑒)

molecule, is force field model energy in ground state of the molecule, and𝐺
𝑔𝑟
𝑓𝑓(𝑀𝑜𝑙𝑒𝑐𝑢𝑙𝑒)

is the force-field energy of this molecule and its aqueous environment.𝐺
𝑎𝑞
𝑓𝑓(𝑀𝑜𝑙𝑒𝑐𝑢𝑙𝑒)

When force-field models determine hydration energies, the solute-solvent interactions are fully

decoupled29,30. This implicitly includes the alchemical transition to the gas phase,

. The pKa calculation here, however, takes place fully in solution, and∆𝐺
𝑎𝑞−𝑔𝑎𝑠
𝑓𝑓 = 𝐺

𝑎𝑞
𝑓𝑓 − 𝐺

𝑔𝑎𝑠
𝑓𝑓

consequently, if we are determining free energies through hydration calculations, mutations in

the gas phase need to be explicitly considered. The thermodynamic cycle is shown in Figure 2.

Explicitly, is decomposed into 4 different parts:∆𝐺(𝑝𝐾𝑎)

+∆𝐺(𝑝𝐾𝑎,  𝐻
2
𝑂) = ∆𝐺

𝑔𝑟
𝑞𝑚(𝑂𝐻− + 𝐻

3
𝑂+ − 2 · 𝐻

2
𝑂) −∆𝐺

𝑔𝑟
𝑓𝑓(𝑂𝐻− + 𝐻

3
𝑂+ − 2 · 𝐻

2
𝑂)

+ (eq 4),∆𝐺
𝑎𝑞−𝑔𝑎𝑠
𝑓𝑓 (𝑂𝐻− + 𝐻

3
𝑂+ − 2 · 𝐻

2
𝑂) ∆𝐺

𝑔𝑎𝑠
𝑓𝑓 (𝑂𝐻− + 𝐻

3
𝑂+ − 2 · 𝐻

2
𝑂)

where

(eq 5.1)∆𝐺
𝑔𝑟
𝑞𝑚(𝑂𝐻− + 𝐻

3
𝑂+ − 2 · 𝐻

2
𝑂) = 𝐺

𝑔𝑟
𝑞𝑚(𝑂𝐻−) + 𝐺

𝑔𝑟
𝑞𝑚(𝐻

3
𝑂+) − 2 · 𝐺

𝑔𝑟
𝑞𝑚(𝐻

2
𝑂)

(eq 5.2)∆𝐺
𝑔𝑟
𝑓𝑓(𝑂𝐻− + 𝐻

3
𝑂+ − 2 · 𝐻

2
𝑂) = 𝐺

𝑔𝑟
𝑓𝑓(𝑂𝐻−) + 𝐺

𝑔𝑟
𝑓𝑓(𝐻

3
𝑂+) − 2 · 𝐺

𝑔𝑟
𝑓𝑓(𝐻

2
𝑂)

∆𝐺
𝑎𝑞−𝑔𝑎𝑠
𝑓𝑓 (𝑂𝐻− + 𝐻

3
𝑂+ − 2 · 𝐻

2
𝑂) = ∆𝐺

𝑎𝑞−𝑔𝑎𝑠
𝑓𝑓 (𝑂𝐻−) + ∆𝐺

𝑎𝑞−𝑔𝑎𝑠
𝑓𝑓 (𝐻

3
𝑂+) − 2 · ∆𝐺

𝑎𝑞−𝑔𝑎𝑠
𝑓𝑓 (𝐻

2
𝑂)
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(eq 5.3)

(eq 5.4)∆𝐺
𝑔𝑎𝑠
𝑓𝑓 (𝑂𝐻− + 𝐻

3
𝑂+ − 2 · 𝐻

2
𝑂) = 𝐺

𝑔𝑎𝑠
𝑓𝑓 (𝑂𝐻−) + 𝐺

𝑔𝑎𝑠
𝑓𝑓 (𝐻

3
𝑂+) − 2 · 𝐺

𝑔𝑎𝑠
𝑓𝑓 (𝐻

2
𝑂)

The formulas for the H5O2
+ ion are analogous, except that the contributions for 3 and not 2 water

molecules need to be subtracted. Similarly, in the gas mutations, H5O2
+ is transformed into two

and not one water molecule. The values of all the above terms calculated with ARROW-NN are

summarized in Table 1.

Thermodynamic Free
energies or𝐺 ∆𝐺

(kcal/Mol)

𝐺
𝑔𝑟
𝑞𝑚 𝐺

𝑔𝑟
𝑓𝑓 ∆𝐺

𝑎𝑞−𝑔𝑎𝑠
𝑓𝑓 𝐺

𝑔𝑎𝑠
𝑓𝑓 (𝐼𝑜𝑛) −𝐺

𝑔𝑎𝑠
𝑓𝑓 (𝐻

2
𝑂) *𝐺(𝑝𝐾𝑎, 𝐻2𝑂)

OH- -75.74516478 0 -110.07 -2.37

H3O+ -76.65125267 7.52 -101.82 4.37

H5O2
+ -153.0819867 18.37 -80.62 24.26

H2O -76.37804944 0 -6.3** 0

OH- + H3O+ - 2H2O 225.70 7.52 -199.29 2.00
20.89

OH- + H5O2
+ - 3H2O 192.64 18.37 -171.79 21.89 24.37

* The experimental number is 19.11 kcal/mol.

** Here we are using experimental free energy of water desolvation instead of our model’s answer. The model

self-hydration of H2O29 (-6.15 kcal/mol) is very close to the experimental answer.

Table 1. Thermodynamic data for water and water ions used for estimation of water pKa values. All units

in kcal/mol, except which is shown in atomic units (AU) for molecules and kcal/mol for differences. 𝐺
𝑔𝑟
𝑞𝑚

The hydration energies of OH- , H3O+ and H5O2
+ via alchemical thermodynamic integration. Full

details of the simulation protocols are given in SI 4 and also in previous publications 29,30. The

last column in Table 1 lists the thermodynamic stability of the various states of water

auto-ionization. We see that hydronium, and/or its more complex relative, the Eigen cation, are

~5 kcal/mol more stable than the Zundel cation and/or its relative, the Stoyanov cation, further
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corroborated by a recent work in the gas phase performed on a similar QM level34. The H5O2
+ is

more rarely observed and is likely an important intermediate within the Grotthuss35 mechanism.

This observation is supported by recent spectroscopic studies36–38 and is a good complement to

the excellent theoretical investigation of the dynamics of the system 14,22,25.

It is always desirable to connect theoretical studies with a well established observable. In the

case of water, the obvious one is its pKa, 1433,39. The values of Table 1 taken together predict a

pKa of H3O+ ion of 15.32 for the PIMD simulations (with classical MD result of 14.98 is in Table

SI 3); a satisfyingly accurate result within 1.5 log-units (~1.8 kcal/mol) from the experimental

number. Figure 3 summarizes our results in a schematic manner. For context, various

theoretical estimates of the free energies of solvation for OH- and H3O+ throughout history have

a spread of ~10 kcal/mol (Table SI 4).
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Figure 3: A schematic representation of the levels for the two dominant species of water𝐺(𝑝𝐾𝑎, 𝐻2𝑂)

ions, hydroxide + hydronium and hydroxide + Zundel cation. Our calculations show that hydronium and

its extended complexes such as the Eigen cation are the dominant ionic species.

Estimates and sources of errors

Considering the magnitude of the constituent energies (~200 kcal/mol), and the complexity and

heterogeneity of the system, the fact that our theoretical estimate of pKa is only 1.8 kcal/mol

(~1%) off is satisfying. We also note that in our previous work31 the hydration of NaCl and LiCl

salts (also ~200 kcal/mol) was off by 3 kcal/mol. Some of the sources of error may come from

insufficiently precise description of many-body effects, both in our polarization model (i.e.

non-linearity of polarization with such high local electric potentials) as well as from the

fundamental many-body effects40,41 like field-induced dispersion, which our functional forms do

not describe. Another source of error may be the fact that we do not describe delocalization and

hopping of the proton between water molecules and ions.

Conclusion

Using the ARROW FF-NN approach we computed free energies of the dominant ionized water

species. The correctness of the FF-NN hybrid model is underscored by the accurate prediction

of water pKa and by the agreement with experimental results. The ARROW FF-NN methods are

a straightforward systematic procedure that does not require any empirical adjustments, and

that produces very accurate FF models for complex ionic species of great importance for

biocatalysis applications. The construction is computationally tractable as it requires benchmark

QM computations consisting of mostly molecular or ionic dimers. The same methodology can be

applied to chemical reaction intermediates, and will permit computation of free energies of

distinct intermediate catalytic states formed during enzymatic catalysis in regular MD

simulations. Our methods do not describe the important and intricate proton diffusion and

kinetics. However, as a reasonable approximation of quasi-stable dominant states, and one that

produces non-adjusted equilibrium prediction of observables, it has significant value.
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