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Abstract

Chemical bonds are fundamental in chemistry, serving as the foundation for understanding
molecular properties. Over time, various theories and descriptors have evolved to character-
ize these bonds since the inception of quantum mechanics. This report focuses on extending
overlap density and its topological descriptors (OP/TOP) using Multiconfigurational Self-
Consistent Field (MCSCF) wavefunctions, highlighting their importance. We present a com-
parative analysis of OP/TOP descriptors using CASSCF and DCD-CAS(2) wavefunctions for
a diverse range of molecular systems, including X—O bonds in X—OH (where X = H, Li,
Na, HoB, H3C, HaN, HO, F) and Li—X’ (where X’ = F, Cl, and Br) molecular test sys-
tems. CAS(10,16) and CAS(6,20) calculations challenge the MCSCF-based OP/TOP bond
descriptors, with comparisons to QTAIM and LVM descriptors. Additionally, we examine the
Li-F dissociation profile using OP/TOP descriptors. Our study reveals that chemical bonds
formed between atoms with varying electronegativities exhibit overlap density shifted towards
the more electronegative atom, as predicted by the OP/TOP descriptors. Quantitative assess-
ments using critical point overlap density and its Laplacian descriptors show reduced spreading
in bonds with increasing electronegativity differences. The sensitivity of OP/TOP descriptors
to ionic/neutral inversion during Li-F dissociation showcased their potential in elucidating
intricate bond phenomena. These insights into multiconfigurational wavefunctions, facilitated
by OP/TOP descriptors, open new avenues for understanding chemical bond dynamics across
multiconfigurational and multireference wavefunction classes, offering novel applications in the
field of chemistry.

Introduction

Chemical bonds represent a fundamental and
pervasive concept in chemistry, providing an
intrinsic foundation that assists chemists in
comprehending the properties and characteris-
tics of molecules and materials. Since the in-
ception of quantum mechanics,'™ a multitude
of theories have arisen to model and charac-
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terize the nature of chemical bonds, resulting
in the development of diverse chemical bond
descriptors from various perspectives. Some
of the most renowned approaches for analyz-
ing chemical bonds can be broadly categorized
into two groups. The first group includes
energy-based decomposition descriptors, such
as Bond Dissociation Energy (BDE), Energy
Decomposition Analysis (EDA),>7 the Acti-
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vation Strain Model (ASM),® and the Local
Vibrational Mode (LVM) theory.?? The sec-
ond group comprises methods based on wave-
function or electron density analysis, such as
the Quantum Theory of Atoms in Molecules
(QTAIM), ' the Electron Localization Function
(ELF) ' and the Electron Localizability Indica-
tor (ELI-D), as well as Natural Bond Orbitals
(NBOs) analysis.

A new set of density-based decomposition
chemical bond descriptors, as part of the Chem-
ical Bond Overlap (OP) model, was recently
introduced. ' The OP model builds upon over-
lap properties initially introduced by Malta and
colleagues,'” encompassing a range of chemical
bonding descriptors that have been expanded in
recent work. !® This extension includes topolog-
ical descriptors (TOP) derived from a numer-
ically obtained overlap density through local-
ized molecular orbitals. Originally devised for
the analysis of diatomic or diatomic-like sys-
tems,!” the OP model initially found utility in
describing Ln—L bonds within lanthanide com-
plexes. ' Subsequently, it has proven versatile
and has been successfully applied to a vari-
ety of systems, including diatomics,?*?! molec-
ular species, 19?2 coordination compounds,?* 2
and solid-state materials.?"?% An understand-
ing of overlap polarizability is crucial for com-
prehending the relationship between 4f-4f tran-
sition intensities and the covalent character
of Ln—L bonds.?>?" 2 Moreover, the OP ap-
proach has been effectively employed to de-
scribe chemical bonding in organic reaction sys-
tems.?? This application has yielded results in
excellent agreement with other chemical bond-
ing analysis models, such as Quantum Theory
of Atoms in Molecules (QTAIM)! and Local
Vibrational Mode (LVM).%!

All of the previously mentioned methods
(BDE, EDA, ASM, LVM, QTAIM, ELF, and
NBO) provide chemical bond descriptors that
are only as accurate as the model chemistry em-
ployed to describe the wavefunction or the elec-
tron density of the target molecular system. In
this context, the simplicity and computational
efficiency of Density Functional Theory (DFT)
methods and approximations, which implicitly
handle electron correlation, may falter when
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dealing with strong correlation effects, systems
featuring a significant mixing of configurations,
and other related topics. 3’

Wavefunction theory has long established
that not all chemical species can be ade-
quately represented by a single determinant
wavefunction. For cases where the electronic
state of a molecule cannot be reasonably de-
scribed by a single Slater determinant, the
Complete Active Space (CAS) Self-Consistent
Field (CASSCF) method?®! offers a means to
account for static electron correlation. The
most widely employed post-CASSCF meth-
ods for addressing dynamic electron correla-
tion include Complete Active Space Second-
Order Perturbation Theory (CASPT2)3%33 and
Second-Order N-Electron Valence State Per-
turbation Theory (NEVPT2).?* Given that
CASPT2 and NEVPT2 methods retain a frozen
Oth-order wavefunction, any chemical bond de-
scriptors employed for analyzing the electron
density derived from the wavefunction must
rely on the pure CASSCF wavefunction.

This scenario is common in numerous appli-
cations of QTAIM across various systems. Typ-
ically, QTAIM and other density-based descrip-
tors make use of the CASSCF wavefunction,
whereas energy-based descriptors rely on ener-
gies (and their first, and second derivatives) cor-
rected using CASPT2 and NEVPT2 methods.

Maléek and colleagues®® explored how
QTAIM describes electronic densities in M-M
bonds (M = Cu, Cr) within tetrakis complexes,
considering both single-determinant methods
and CASSCF. Additionally, Li and colleagues?®
provided QTAIM descriptors for M-M (M = B,
Al, and Ga) bonds in Mj clusters, utilizing the
CASSCF wavefunction. Their findings revealed
the presence of 3-center-2-electron bonds and
classified B-B and Al-Al bonds as covalent,
while Ga-Ga bonds exhibited metallic behav-
ior. Giricheva and co-authors®” investigated
the nature of the Co—O bond in Gaseous Ox-
opivalate Cobalt(II) using QTAIM topological
descriptors with the CASSCF wavefunction.

Peach and colleagues®® conducted an inves-
tigation into the effects of spin-orbital coupling
in astatine diatomic molecules and trihalide an-
ions. Their study revealed that spin-orbital
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coupling reduces the covalent nature of At—
X bonds, where X represents At, I, Br, CI,
or F. Reuther and colleagues® introduced a
QTAIM-based methodology for predicting the
composition of ionic or covalent bonds, employ-
ing Valence Bond or CASSCF wave functions.
Their study demonstrates the effectiveness of
this model on small, well-known molecules. Za-
banov and collaborators*’ employed QTAIM
to analyze CASSCF wavefunctions in order to
investigate chemical bonds in iron and cobalt
metal complexes of porphyrazines.

All the aforementioned studies are based on
the assumption that dynamic correlation cor-
rections to the wavefunction can be consid-
ered negligible, and they perform topological
QTAIM analyses using the CASSCF wavefunc-
tion. However, it’s important to note that
dynamic correlation effects can play a signifi-
cant role in some chemical systems. Address-
ing this issue, Pathak and colleagues*! pro-
vided a thoughtful discussion on the incorpora-
tion of dynamic correlation effects into the Oth-
order wavefunction. In their work, they intro-
duced the Dynamic Correlation Dressed Com-
plete Active Space with Second-Order Treat-
ment (DCD-CAS(2)) method.  They high-
lighted the cost-effectiveness and superior per-
formance of this approach when compared to
NEVPT?2 energies.

In light of the significance of Multiconfigu-
rational Self-Consistent Field (MCSCF) meth-
ods for providing a more accurate description
of chemical bond descriptors, this report elab-
orates on the extension of OP/TOP descrip-
tors using MCSCF wavefunctions. Initially, we
demonstrate that canonical molecular orbitals
yield a consistent representation of the over-
lap density comparable to that obtained using
their localized molecular orbitals counterparts.
The implementation is designed to be applica-
ble to any Configuration Interaction (CI) type
of wavefunction. However, to showcase this
new functionality, we will provide a compara-
tive analysis between OP/TOP descriptors us-
ing CASSCF and DCD-CAS(2) wavefunctions.
The HyO molecule serves as a test example for
evaluating basis set and active space size con-
vergence, while a set of test examples, as il-
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lustrated in Figure 1, are adopted to challenge
the MCSCF implementation of OP/TOP bond
descriptors reported in this work, and their
comparison with QTAIM and LVM descriptors.
The targeted bonds in polyatomic molecules
were selected from the report by Fugel and col-
leagues.?? The dissociation pattern of the Li-
F bond was selected to emphasize the differ-
ences in OP/TOP descriptors when using the
CASSCF and a second-order corrected wave-
function (DCD-CAS(2)).
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H H H
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\ YT
H H H H H
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H H
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Figure 1: Schematic representation of the studied
molecular systems. The examined chemical bonds
are highlighted in green.

Methodology

In the methodology section, we will begin
by demonstrating that canonical molecular or-
bitals (MOs) provide a consistent representa-
tion of the overlap density comparable to that
obtained using their localized Molecular Or-
bitals (LMOs) counterparts. Subsequently, we
will derive the overlap density from a Multicon-
figurational Self-Consistent Field wavefunction.
Finally, we will delve into the main OP/TOP
descriptors.
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Overlap density from canonical
and localized MOs

The expanded OP model introduced in 20204
decomposes a given LMO electron density into
atomic (one-center) and overlap (two-center)
components. Assuming that the LMO [ is as-
sociated with a chemical bond A—B in a given
molecule, the overlap density at a point 7 in
space can be calculated using LMOs with the
following expression:

m m
proe(F) =Y > cucydu(My () (1)
icA jeB
Here, ¢;; represents the primitive or con-
tracted functions, ¢; are the LMO expansion
coefficients, and m is the number of basis func-
tions or atomic orbitals. The overlap portion
is subsequently employed to compute various
chemical bond descriptors, including electron
density, Coulomb repulsion, and polarizabil-
ity, by applying the respective operator within
the LMO overlap region. Localization tech-
niques, such as the well-known Pipek-Mezey lo-
calization,** rely on atomic-charge based meth-
ods and may involve various types of charge
partitions, including Mulliken, Bader, Becke,
Lowdin, or Hirshfeld populations.®®
It’s worth emphasizing that these localization
procedures can introduce bias into the overlap
density. Therefore, in this study, we opt to di-
rectly compute the overlap density using MOs
rather than LMOs. To achieve this, for a sin-
gle Hartree-Fock (HF) or DFT |¢) determinant,
the total electron density at a point 7" in space
is computed as follows:

M m m
pmat(7) = (0 | 9) =D Y crictju()dy ()
! ) i

(2)

In this equation, [ ranges over all M MOs
(spatial components of spin-orbitals), n; repre-
sents the MO occupancy, m is the number of
atomic orbitals (AOs), ¢; denotes the AOs’ ex-
pansion coefficients from the Linear Combina-
tion of Atomic Orbitals (LCAQO), and ¢;; corre-
sponds to the primitive or contracted functions
describing the AOs.

4

Without losing any information, the summa-
tions involving ¢ and j in p,.(7) in Equa-
tion 2 can be decomposed into one-center and
two-center contributions. This decomposition
is applicable to an example molecule such as
—R—A—-B—R’—, where our primary interest
lies in the chemical bond A—B, while R and R’
represent general molecular fragments. Consid-
ering pyo, (7) = 227" 227" cucyjdui () dy; (), the
modified form of Equation 2 is expressed as fol-
lows:

Pmot(T) = (¢ | @)
M
= Z 1001044 (P) + 205104, () + (3)
1
PéwoBB (7) + PlMoAR(F) + PéwoBR (7))

In this equation, pho () and phe,  (7) rep-
resent the one-center terms (with ¢ € A and
j € A), and plp,  (7) is the two-center (over-
lap) term (with i € A and j € B) of the [-
th MO contribution to the total electron den-
sity. Terms plyo, . () and pl0 . (7) account for
the contributions of the remaining atoms in the
molecule, which include other one-center and
two-center terms. Since we are specifically in-
terested in the A—B bond, its overlap density
is expressed for a single determinant as:

por() =22 m > > cucygu(®)éry(F) (4)
l i€EA jJEB

In this equation, we only consider the two-
center terms (when ¢ € A and j € B). This
is referred to as the overlap density pop and is
treated numerically.'®

Overlap density from MCSCF
wavefunctions

To obtain OP/TOP descriptors from an MC-
SCF wavefunction, the first step involves con-
structing what is referred to in the OP model as
the overlap density, pop. To do this, we begin
by writing the configuration interaction (CI) ex-
pansion for the wavefunction:
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) =) Cp-leon) (5)
k

where Cy are the CI expansion coefficients, and
|ox) represents different determinants or config-
urational state functions (CSFs). Taking |¢o)
as the Hartree-Fock reference, the configuration
interaction with singles and doubles excitations
(CISD) wavefunction can be expressed as:

[4) = Co-lwo)+)_ Corleld+ D Cai-leli) (6)

ra a<br<c

Here, |¢7) is the CSF generated when spin-
orbital a is replaced by spin-orbital r, and |¢”?)
is the CSF generated when spin-orbitals a and b
are replaced by spin-orbitals  and s. The total
electron density for the wavefunction expressed
by Eq. 6 is written as follows:

ch

where a significant number of CSFs must be
considered. The matrix elements (p; | ;) in-
volve determinants that can be equal or may
differ by one, two, or more spin-orbitals. Us-
ing the rules of Slater-Condon“®47 for matrix
elements and considering the unit operator, the
evaluation of overlap between (y;| and |¢;) ar-
bitrary determinants formed from the same set
of spin-orbitals leads to the matrix elements
(@i | ¢j) = 9, being nonzero only for equal
determinants.

Assuming a set of orthogonal N-electron func-
tions known as Configuration State Functions

(W)= (i | @i) (7)

(CSFs), the total electron density at position 7

can be expressed as:

(W | y) = ZCQ (on | ) (8)

Here, (¢x | ¢x) encompasses all CSFs for
the MCSCF wavefunction, as described in Eq.
2, where Cj represents their expansion coeffi-
cients. It’s important to note that Eq. 8 sim-
plifies to Eq. 2 when considering only one de-
terminant (or CSF), with C; = 1.0.

Applying the same decomposition as in Eq. 3
and utilizing Eq. 4 for each determinant term

5

(pr | k), the overlap density takes the follow-
ing form:

CSFs

pop () =2 Z Ci an Z Z%%% 7) ¢ (7)

i€A jEB
9)

Here, C;, represents the CI expansion coefhi-
cients for the k-th CSF. The index [ ranges over
the M}, molecular orbitals (the spatial part of
the spin-orbital) that constitute the k-th CSF,
with n; denoting the occupancy of the [-th MO.
¢4(7) and ¢y (7) are atomic orbitals evaluated at
position 7, while ¢;; and ¢;; are their respective
coefficients. The factor 2 on the right side of Eq.
9 accounts for the possibilities of (i € A)(j € B)
and (i € B)(j € A). In a CASSCF procedure,
both C;, and ¢; are adjusted to obtain the total
electronic wavefunction with the lowest possible
energy.

It should be noted that, by definition, Eq. 9
can be used for any CI expansion, including any
multiconfigurational self-consistent field, mul-
tireference CI, or full-CI function. The only
difference lies in the amount and quality of in-
formation that will be passed to our Chem-
BOS software (www.chembos.website), which
already has the functionality to use MCSCF
wavefunctions. This functionality is available
in a development version that allows the read-
ing of wavefunctions generated in programs like
Gaussian and Orca.

The calculation of pop(7) involves numeri-
cally evaluating the expression given in Eq. 9
at various grid points 7 in space. This calcula-
tion selects only the positive (two-center) por-
tion, as explained in our recent report.'® Fur-
thermore, all numerical integration calculations
are conducted using our Adaptive Subspace by
Integral Importance (ASII) algorithm,*® which
is integrated into ChemBOS.

OP/TOP descriptors

The central idea of the OP/TOP model is to
use pop(T) to access descriptors related to the
chemical interaction between pairs of atoms.
Here, we discuss four OP/TOP descriptors
for the MCSCF wavefunction, namely: over-
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lap density pop, intra-overlap Coulomb repul-
sion J&a  and density (phep(7)) and Lapla-
cian (V2phep(7)) at the overlap critical point.
These descriptors have been introduced previ-
ously. 16:18

The overlap density pop is determined by
integrating Eq. 9 over the positive pop(7) val-
ues. In our OP model, pop specifically repre-
sents the electron density shared between the
atoms involved in a bond and is calculated as
follows:

—+oo
pop = / por () dv

—0o0

CSF's

Z Z (Ck Z n Z Z Clzclj¢lz le] ")

3D grid i€AjeB
(10)

This integral is solved using an adaptive sub-
space scheme*® to discretize the 3D grid and
perform the integration.

The intra-overlap Coulomb repulsion
Jatra within the context of the OP model, is
defined as follows:

Jmtra = /pOP(T_i)T121pOP(T_é)dT1dT2 (11)

Here, ri5 represents the distance between
points r; and ro where the overlap densities
pop(r1) and pop(r3) are examined. Typically,
pop is higher for electron-rich chemical bonds.
In the same vein, electron-rich chemical bonds
that exhibit concentrated OP density in small
regions tend to have higher J2® values.
Topological analysis of overlap density.
Further insights into the shape of pop(7) can be
gained through a topological analysis of the OP
density, similar to the QTAIM approach. This
analysis aims to identify what are referred to as
overlap critical points (OCP).'® In this context,
two TOP descriptors have been recently intro-
duced: the density in a chemical bond OCP,
denoted as pocp, and its Laplacian, VZpocp.
OCPs in chemical bonds exhibit all negative
curvatures, which are calculated using the Hes-
sian of the density at the OCP, represented as:

6

d?*pocp  *poce  *pocp
Oz2 anay 26308,2
OocCP ?pocp  ?poce  *poce
HPOP - Oyox By Oydz (12)
?pocp  ?poce  *poce
0z0x 020y 022
Subsequently, HSOF is diagonalized to obtain
the eigenvectors collected in A°CT as follows:
HOCP — PAOCPP—l (13)

In this equation, P is a square 3x3 matrix,
with its ¢-th column representing the eigenvec-
tor of HOCP, and A°CF is a diagonal matrix,
with its diagonal elements as the corresponding
eigenvalues, A9“Y = \;. The Laplacian of the
overlap density at the OCP is then defined as:

v2pocp = )\1 + )\2 + )\3 (14)

The TOP descriptors provide insights into
the shape of pop. Generally, a more local-
ized overlap density pop leads to more negative
V2pocp(T) values and larger pocp(7).'®

Quantum theory of atoms in

molecules

QTAIM bond critical point (BCP) descrip-
tors'® are employed here for comparison pur-
poses. These descriptors include the total elec-
tronic density (p,uep) and Laplacian (VZp,pep )
at a specific BCP, which provide insights into
the charge concentration (higher p,... values
and V?p,,.. < 0) or depletion (lower p,., val-
ues and V?p,,., > 0) in the inter-atomic re-
gion. 3

In addition to these descriptors, the local en-
ergy density H(rgcp) at a BCP, following the
Cremer-Kraka criterion,*” is widely adopted as
a measure of covalence. H(rggp) is defined as
the sum of kinetic and potential energy den-
Sity at the BCP: H(TBCP):G(TBCP) + V(’T’Bcp).
The potential energy contribution is stabiliz-
ing (V(rgep) < 0), while the kinetic energy
is destabilizing (G(rgcp) > 0). Therefore,
BCPs with H(rgcp) < 0 are expected to ex-
hibit a covalent character, whereas those with
H(rgcp) > 0 are indicative of ionic character or
long-range interactions.*” It’s important to note
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that although exceptions have been discovered
regarding the characterization of ionicity and
covalency based solely on the sign of H(rgcp),
these findings do not diminish the significance
of assessing this bond descriptor.*?°°53 Analyz-
ing the behavior of both V?p,. .. and H(rpcp)
has proven to be a useful approach for describ-
ing the topology of chemical bonds within the
framework of QTAIM.*?

Local Vibrational Mode Theory

Normal vibrational modes within polyatomic
systems are typically delocalized.?®®> This
presents a significant challenge when one at-
tempts to determine the intrinsic bond strength
directly using normal mode frequencies and
normal mode force constants. This is where
the Localized Vibrational Mode (LVM) theory
becomes invaluable. LVM was originally in-
troduced by Konkoli and Cremer®%5" and has
undergone further development. For a more
comprehensive understanding of LVM, includ-
ing its theoretical foundation and its wide-
ranging applications in chemistry and beyond,
readers are encouraged to explore two recent
review articles and the references therein.”°®

The normal vibrational modes, denoted as d,,
and expressed in internal coordinates ¢, (where
n =1,---,Nyp and Ny, is equal to 3N — 6
for non-linear N-atomic complexes and 3N — 5
for linear N-atomic complexes), as well as the
diagonal normal mode force constant matrix K
given in normal coordinates @),, can be trans-
formed into their local mode counterparts. This
transformation results in local mode vectors a,,
that are associated with internal coordinates ¢,
through the following expression:

K-d!
- d,K-d}
The calculation of the corresponding local

mode force constant k% can be performed us-
ing the following expression:

(15)

ap

ke = al Ka,,. (16)

Local mode force constants k* have proven to
be a reliable tool for quantifying the strength

7

of a wide range of chemical interactions.?"8

Computational Procedure

All geometry optimization and frequency calcu-
lations were conducted using the Domain Based
Local Pair Natural Orbital Coupled Cluster
(DLPNO-CCSD(T)) method,? %! utilizing the
def2-QZVPPD basis set%%%% and the corre-
sponding def2-QZVPPD/C auxiliary basis.%
Numerical gradients were applied in all calcu-
lations.

The selection of the CAS active space was
based on the Natural Orbital Occupation Num-
bers (NOON), which are the eigenvalues ob-
tained from the diagonalization of the first-
order density matrix.®® To determine the ac-
tive space, an NBO analysis was conducted
at the RI-MP2/SVP level of theory. NBOs
with NOON values between 1.98 and 0.02 were
adopted as active space, while the NBOs served
as the initial guesses for all CAS calculations.

A wavefunction convergence test was per-
formed for the H,O molecule by increasing the
active space from CAS(6,6) to CAS(6,30), using
various basis sets including def2-TZVP, def2-
TZVPPD, def2-QZVP, and def2-QZVPPD.
DCD-CAS(6,6), DCD-CAS(6,8), and DCD-
CAS(6,10) were also applied. These conver-
gence tests were carried out based on the total
dipole moment value and the overlap density
descriptor. It should be noted that the ge-
ometry of the HyO molecule optimized at the
DLPNO-CCSD(T)/def2-QZVPPD level of the-
ory was adopted for all CAS and DCD-CAS(2)
convergence test calculations.

The X—0O bond in X—OH (where X = H,
Li, Na, HyB, H3;C, HyN, HO, F) and Li—X’
(where X’ = F, Cl, and Br) molecular test sys-
tems underwent analysis using CAS(10,16) (for
H;B—OH, H3C—OH, H,N—OH, HO—OH, and
F—OH) and CAS(6,20) (for H—OH, Li—OH,
Na—OH, Li—F, Li—Cl, and Li—Br). The disso-
ciation profile of the Li-F bond was investigated
using the CAS(2,6) method, along with its cor-
rection at the DCD-CAS(2) level of theory.
The calculation of OP/TOP descriptors uti-
lized CAS and DCD-CAS(2) (For Li-F) wave-
functions, whereas QTAIM counterparts were
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determined through CAS calculations for the
molecules in equilibrion geometries. Since the
equilibrium geometries of the test systems were
determined using the DLPNO-CCSD(T)/def2-
QZVPPD level of theory, the LVM analysis was
also performed at the same level.

All geometry optimization, frequency cal-
culations, CAS, and DCD-CAS(2) single-
point calculations were conducted using Orca
5.0.96 OP/TOP descriptors were obtained
using our ChemBOS software, available at
www.chembos.website, '%*® while QTAIM de-
scriptors were computed using Molden2aim %7
and MultiWFN® software. LVM analyses
were performed using the LModeA package.®”
Details regarding the Orca(output) — (in-
put)ChemBOS conversion tools can be found
in Figure S20 in Support Information.

Results and Discussion

The introduction of OP/TOP descriptors re-
lied on the computation of Localized Molecular
Orbitals (LMOs). However, localization tech-
niques depend on atomic charge based meth-
ods and may involve various charge partitions,
which can influence the LMOs and, conse-
quently, the OP/TOP descriptors. On the
other hand, applying Equation 9 necessitates
an MCSCF procedure in which both the coef-
ficients ¢;; of the molecular orbitals (MOs) and
the coefficients C, of the configuration state
functions (CSFs) are optimized. This implies
the need to use canonical MOs instead of lo-
calized MOs due to the potential loss of the
locality of LMOs after an MCSCEF' calculation.
Therefore, demonstrating that the overlap den-
sity can be obtained from a canonical MO ba-
sis is crucial for extending OP/TOP descrip-
tors from an MCSCF wavefunction. To ad-
dress this, Figure 2 illustrates the equivalence
between the overlap density obtained through a
single-determinant (HF) wave function (Equa-
tion 4), using localized MOs (Figure 2a), and
canonical MOs (Figure 2b).

It is noticeable that both pop and J3E™ are
higher when localized MOs are employed. Ad-
ditionally, pocp exhibits similar behavior. On
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a) HF — LMO:

Pop = 0.76 e
JER=13.18 E;,
Pocp = 0.17 ea53

V2pocp = —1.26 eay®

b) HF — CMO:
por= 0.66¢e
J&Y=10.20 E,

pocp = 0.16 eay®

Vzpocp =-1.13 eaas

Figure 2: OP/TOP descriptors for the C-O bond
in H3C—OH obtained using localized MOs (a) and
canonical MOs (b). pop(7) maps ranging from 0
to 0.16 e/a} in a red-green-blue color scheme. Cal-
culations at the HF /def2-TZVP level of theory.

the other hand, VZpocp(7) assumes more neg-
ative values. This indicates a slightly higher
charge concentration in the overlap density
when localized MOs are utilized, possibly as
a result of LMOs being designed to maximize
electron density locality. Interestingly, it is ob-
served that the localized nature of the overlap
density is preserved even when canonical MOs
are adopted. This equivalence leads to highly
similar OP/TOP descriptors, allowing for the
use of canonical MOs as a suitable basis for ob-
taining the overlap density and its OP/TOP
descriptors.

Active Space size convergence

As a consequence of the variational theorem,
the closer the CASSCF energy is to the exact
energy, the more the approximate wavefunction
approaches the exact one. The convergence of
CASSCF wavefunctions has been a subject of
study for some time, and it’s well-known that
properties other than energy converge with the
active space size in a different manner than en-
ergy. Moreover, it has been established™ that
certain properties, such as molecular dipole and
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polarizability, exhibit weak dependence on the
size of the active space. This behavior can be
seen as an indication of convergence with re-
spect to the active space size or as a sign of
very slow convergence of the dynamic correla-
tion contribution to the properties under study.
It’s important to note that even with a large ac-
tive space in CASSCF, it may not fully account
for a significant portion of dynamic correlation.
However, in cases where this type of correla-
tion is not dominant, demonstrating CASSCF
convergence with the active space size remains
crucial.

Figure 3 shows the molecular dipole moment
(Figure 3a) and overlap density integral pop
(Figure 3b) for different active spaces sizes and
different basis sets.

It is observed that the inclusion of extra po-
larization and diffuse function at basis sets def2-
TZVPPD and def2-QZVPPD lead to equivalent
values of both dipole (CAS(6,22) and higher)
and pop (CAS(6,16) and higher). Interstingly,
from CAS(6,16) to CAS(6,22), even with dif-
ferent molecular dipole moments, the overlap
density integral for O-H bonds assume the
same values for both def2-TZVPPD and def2-
QZVPPD basis.

The dipole moment is observed to be weakly
dependent on basis set and for active space
size for CASSCF(6,22) and higher. It is wor-
thy noting that the CASSCF(6,22-30) value
for H,O dipole moment reported here is close
to 1.846 Debye, in line with the reference
CCSD=FULL/daug-cc-pVTZ value of 1.864
Debye from the NIST Computational Chem-
istry Comparision and Benchmark Database. ™

These results, despite being obtained for the
small H,O molecule, clearly demonstrate that
when we treat the wavefunction as exact (or
in practice, a converged wavefunction for the
chosen finite basis set), all properties, includ-
ing overlap density descriptors, can be com-
puted accurately. Moreover, since the con-
verged wavefunction is not influenced by in-
creases in the finite basis set or the inclusion of
CASSCF, we can conclude that overlap descrip-
tors are also not dependent on these factors.
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Figure 3: Variations in molecular dipole moment
(a) and O-H overlap density pop (b) with active
space size in HoO for different basis sets. The
calculations were conducted using CASSCF active
space sizes ranging from 6 to 30 and the DCD-CAS
active space sizes from 6 to 10.
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QTAIM and LVM trends in test
systems

The chosen test systems accurately repre-
sent various changes in the bonding situations
arising from different chemical environments.
Molecules numbered from 1 to 8 in Figure 1
encompass X-OH bonds with a diverse range
of interaction classifications, encompassing po-
lar covalent, charge-shift bonds, and ionic bond
types. Fugel and collaborators*? conducted a
comprehensive analysis primarily using DFT
methodologies. Their bond analysis encom-
passes a wide range of bond descriptors, al-
though it does not include OP/TOP and LVM
descriptors. Additionally, it’s worth noting that
our test systems 1, and 9-11 were not consid-
ered in Fugel’s report.

Table 1 provides a comprehensive summary
of the obtained results for each chemical bond
descriptor across all test systems. Notably, all
QTAIM results are consistent with those previ-
ously reported by Fugel and collaborators.*?

In general, for test systems ranging from 1
to 3, it is observed that the H-O bond is the
sole covalent bond, exhibiting both Hgcp and
V2pocp with negative values. These negative
values indicate a shared interaction (Hgcp < 0)
and a bond charge concentration (VZpocp < 0).
In test systems 2 and 3, the bond distance grad-
ually increases, followed by a slight decrease in
the already low values of p,,... From Li-OH
to Na—OH bonds, there are low positive val-
ues for Hgep and relatively high positive val-
ues for V2pocp, that decrease from Li to Na.
This suggests that these bonds are primarily
determined by electrostatic interactions and are
characterized as ionic in nature. The local force
constants of X—OH in test systems 1-3 qualita-
tively agree with bond distance, with k, val-
ues decreasing as the bond distance increases,
following the order k,(H-OH) > k,(Li-OH) >
k,(Na—OH).

Test systems 4-8 demonstrate variations in
the bond situations for X-OH with X ranging
from B to F. The results are generally consis-
tent with those reported by Fugel and collabo-
rators,*? with some slight differences, likely at-
tributable to the different computational meth-
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ods (single- vs. multi-determinant) employed.
As expected, B-O exhibits a positive VZpocp
and a negative Hpcp, characterizing it as a
highly polarized covalent bond. In contrast, C—
O and N-O are classified as polarized covalent
bonds due to both V2pocp and Hgcp being neg-
ative. The O-O bond shows a negative Hgcp
and a positive, nearly zero VZpocp, which in-
creases in the case of the F-O bond.

It’s worth noting that both O-O (in HOOH)
and F-O (in FOH) bonds are characterized as
being stabilized by the resonance of ionic forms
rather than the covalent sharing of electrons,
known as charge-shift bonds (CSBs).™ A char-
acteristic of CSBs is that the electron density
between the bonded atoms is predicted to be
low, which is not entirely reflected in the high
values of p,,., for O-O and F-O bonds ob-
tained from QTAIM.

From the perspective of LVM theory, the local
force constants decrease in the series from B
to F, with the exception of the HO-OH case,
which exhibits an increased k, value. In this
sense, the O-0O bond is stronger than the C-O
and N-O bonds in test systems 5 and 6.

Test systems 9-11 (Li-F, Li-Cl, and Li-Br)
exhibit small and positive pgcp and HBCP,
both decreasing along the series. Additionally,
the high and positive V2prgcp value also de-
creases along this series. These values indicate
charge depletion in these bonds (V2p,y., > 0)
and major electrostatic interactions (Hpcp >
0). The local force constants for test systems
9-11 agree with the normal mode force con-
stants, but their behavior does not follow either
the bond distances or the QTAIM descriptors.

OP/TOP descriptors for studied
molecules

Firstly, it’s important to consider the perfor-
mance and computational demands of CASSCF
calculations in the context of OP/TOP de-
scriptors. CASSCF calculations are well-known
for their time-consuming nature, and the com-
putational resources required increase signifi-
cantly with the size of the basis set and the
active space.”™ For the sake of comparison, a
CAS(6,6) calculation generates a total of 141
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Table 1: Results for test examples 1-11 (see Figure 1): bond distance r (in A), overlap density pop (in e),
intra-overlap repulsion JI%? (in E},), overlap critical point density pocp (in e/a3), Laplacian of pocp at
OCP VZpocp (in e/a}), electron density at BCP pryep (in e/ad), local energy density Hpcp (in Ey/ad),
Laplacian of p.,.p (in e/ag), and local bond stretching force constant k, (in mDyn/A)

# | Bond r pop ISR poce  V2poce | Prece  HeeP Vprges | Ka

1 H-OH 0.96 | 0.654 9.926 0.188 -1.796 | 0.370 -0.810 -2.860 | 8.400
2 Li—OH 1.59 | 0.878 11.526 0.108 -1.262 | 0.072 0.014 0.667 2.604
3 Na—OH 1.94 | 0.229 0.649 0.017 -0.174 | 0.051 0.011 0.430 1.877
4 H,B—OH | 1.35 | 0.749 12.000 0.165 -1.531 | 0.215 -0.195 1.029 6.479
5 | HC—OH | 1.42 | 0.577 7.749 0.137 -1.064 | 0.265 -0.426 -0.692 | 4.689
6 H.N—-OH | 1.44 | 0.369 3.837 0.116 -0.865 | 0.294 -0.268 -0.372 | 4.294
7 | HO—-OH | 145 | 0280 2.369 0.101 -0.777 | 0.283 -0.204 0.020 5.595
8 F—-OH 1.43 1 0.244 1.856 0.098 -0.899 | 0.280 -0.190 0.230 4.096
9 Li—F 1.57 | 0.554 6.391 0.166 -3.440 | 0.077 0.014 0.718 3.891
10 | Li—Cl1 2.031]0.644 5934 0.045 -0.216 | 0.044 0.005 0.276 1.401
11 | Li—Br 2.18 1 0.657 5.641 0.033 -0.125 | 0.038 0.003 0.208 2.103

CSFs, whereas a CAS(6,30) calculation gen-
erates an impressive number of approximately
1.4x10%° CSFs. This significant increase in
the number of CSFs highlights the computa-
tional challenge when using larger active spaces
(see Figure S1 in Support Information). How-
ever, once the CASSCF calculation has con-
verged, the number of configuration state func-
tions (CSFs) needed to generate both the to-
tal electron density and the overlap density de-
pends on the specific system. Generally, fewer
than 50 CSF's are required for an accurate wave-
function description. Our implementation in
ChemBOS efficiently handles CSFs determi-
nants and demonstrates good parallel perfor-
mance. To provide a reference, when running
a CASSCF(6,6)/def2-QZVPPD calculation for
the test system H;O, ChemBOS achieves an
impressive speedup of approximately 105 when
executed with 128 threads on an AMD EPYC
7763 with 512 GB of RAM (details can be found
in Figure S16 in the Support Information).
The increase in bond polarization, as cap-
tured by QTAIM through V?p,... and Hpcp
descriptors, is interpreted as a decrease in co-
valent character. This aligns with the well-
established Bent’s rule,” which posits that
bonds between elements of varying electroneg-
ativities tend to be polar, causing the electron
density in such bonds to shift towards the more
electronegative element. Recently, Alabugin
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and colleagues™ used a polarization percentage
(Pol%) calculated as the square of natural hy-
brid orbital (NHO) coefficients in the bonding
NBOs from MP2/6-3114++G(d,p) level of the-
ory and reported results consistent with Bent’s
rule, showing that polarization towards X (in
H,,X-OH) bonds increases from B-O to F-O.

In a similar vein, other chemical bond de-
scriptors are anticipated to yield chemically
meaningful values that align with these trends.
According to the OP model, chemical bonds
formed between atoms with different elec-
tronegativities are likely to exhibit overlap den-
sity (pop(7)) shifted towards the more elec-
tronegative atom. Profiles of pop(7) along the
bond axis for test systems 1-11 are presented
in Figure 4.

It is evident that pop(7) tends to be more con-
centrated around the most electronegative atom
and less dispersed in the bonding region, consis-
tent with the expected behavior. pop represents
the two-center contribution of a specific bond
to the total electron density and generally has
higher values for electron-rich chemical bonds.
This trend is also evident in Table 1 and Figure
4. Across all subgroups (test systems 1-3, 4—
8, and 9-11), the overlap critical point density
(pocp) decreases as one transitions from H to
Na in O-X bonds for test systems 1-3, from B
to F in test systems 4-8, and from F to Br in
Li—X bonds for test systems 9-11.
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Figure 4: Profiles of pop(7) along the bond axis for
test systems 1-11. In plots (a) and (b), the oxygen
atoms are depicted on the left side, while in plot
(c), it is the lithium atom. Calculations were per-
formed at the CASSCF /def2-QZVPPD level of the-
ory (details in Computational Procedure section).
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In the series of alkali (and hydrogen) hydrox-
ides (test systems 1-3), the H-O bond stands
out with the highest pocp and V2pocp values,
even though it doesn’t have the highest pop
and J3® values when compared to the Li-OH
bond. This distinction arises from the inher-
ently polar covalent nature of the H-O bond, as
revealed by the QTAIM analysis. Additionally,
hydrogen (H) lacks core electron shells, which
further contributes to these differences. Con-
sequently, the overlap density in H-O bond is
distributed throughout the entire bond region
but predominantly concentrates along the bond
axis (as depicted in the gray plot in Figure 4a).
As we progress down the Periodic Table, mov-
ing from Li to Na, a significant decrease in over-
lap density becomes evident, primarily due to
the heightened ionic character of these bonds.
2D color maps of the overlap density for test
systems 1-3 are available in the Support Infor-
mation.

In test systems 4-8, the B-O bond, which
has the highest pocp in the series and is less
spread (exhibiting the most negative V?pocp),
also exhibits the largest J3&. The qualitative
scenario of overlap charge spreading across the
chemical bond is quantified by the pocp and
V2pocp descriptors, indicating less spread (i.e.,
less negative V2pocp) bonds from C-O to F-O,
as illustrated in Figure 4b and Figure 5.

Figure 5 is equipped with lines that pass
through the middle of the bonds, aiding the vi-
sualization of bond overlap density polarization
toward the more electronegative atom. An ob-
servable trend is the gradual decrease in the
values of pop, pocp, and JEE* as we progress
from B-O to F-O. Notably, V2pocp becomes
less negative up to O—O, but then increases for
the F-O bond. Local bond stretching (ka) in-
versely follows the trend of V2pocp, decreasing
along the series but inverting the behavior for
HO-OH. It’s interesting to note that QTAIM
does not align with the trends observed in both
OP/TOP and LVM analyses.

It’s interesting to note that QTAIM indi-
cates that the B-O bond is associated with a
relatively high negative value of Hgcp, which
Fugel*? attributed to the additional orbital
overlap arising from the B-O 7 bond. The pop
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Figure 5: OP/TOP descriptors and pop(7) maps
for O—X bonds, where X = BHy, CH3, NH,, OH,
and F. The vertical lines indicate the midpoint
of the bonds in the pop(¥) maps, ranging from
0 to 0.16 e/a3 in a red-green-blue color scheme.
Calculations were performed at the CASSCF /def2-
QZVPPD level of theory.
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values in Table 1 take into account the overlaps
between all MOs of different shapes in a mul-
ticonfigurational fashion, and indeed, the B-O
bond exhibits a high pop value, which can be at-
tributed to the extra stabilization of this bond.
This extra stabilization is also supported by
LVM analysis, which identifies the B-O bond
as the strongest in the series of test systems
from B-O to F-O.

In test systems 9-11, which include Li-F, Li-
Cl, and Li—Br bonds, we observe the same trend
as in the other test system groups, where pop
increases with increasing covalency or decreas-
ing ionicity. However, there is an interesting
difference between these two groups of systems.
In test systems 1-8, higher values of pop are
generally followed by high values of J&&=. In
test systems 9-11, on the other hand, we no-
tice that as pop increases, nglgfa decreases.

A more detailed analysis of TOP descriptors
reveals that in the Li—X series, where X ranges
from F to Br, the variation in VZpgcp is much
more pronounced. For example, it is-3.440 e/a;
for Li-F and -0.125 e/aj for Li-Br. Essentially,
as we move from Li-F to Li-Br, the overlap
density becomes significantly more spread along
the bond region, as measured by VZpocp (as
seen in Figure 4c). This leads to a drop in J3t
even though there is an increase in the overlap
density integral.

OP/TOP descriptors Li-F bond
dissociation

We selected the dissociation pattern of the Li-
F bond to highlight the differences in OP/TOP
descriptors when utilizing CASSCF and a
second-order corrected wavefunction, specifi-
cally the Orca implementation DCD-CAS(2).
In this example, we utilized a state-averaged
CAS(2,6) wavefunction, giving equal weights to
the ground and first excited states. This ac-
tive space includes the molecular orbital mainly
composed of a p, orbital located on the F atom,
with small contributions from Li s-type atomic
orbitals (illustrated in Figure 6a and referred
to as MO-A), and a o-type orbital primarily
composed of Li s-type orbitals with small con-
tributions from F s- and p.-type atomic orbitals
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(depicted in Figure 6b and referred to as MO-
B), among others.

At the equilibrium geometry, which is close
to 1.5 A, the ground state is primarily char-
acterized by the CSF involving MO-A, with a
doubly occupied status. The CSF composed of
MO-B at a Li-F distance of 1.5 A has negligible
weight. However, as the dissociation of the Li—F
molecule proceeds, both the weights (CASSCF
coefficients) and MO shapes undergo significant
changes.

MO-A gradually loses its Li s-type charac-
ter, while the weight of the CSF involving both
MO-A and MO-B as single occupied orbitals
increases. As depicted in Figure 6, at approx-
imately 4.1 A, an inversion in weights occurs,
with the CSF where both MO-A and MO-B are
singly occupied having the larger coefficient. At
greater distances (6.5 A in Figure 6), MO-A is
characterized by a pure 2p, orbital at the F
atom, while MO-B exhibits a pure 2s orbital at
the Li atom. At this point, it can be considered
that two neutral species are formed, with each
MO having one electron.

It’s important to mention that CASSCF cal-
culations usually predict an avoided crossing
point (between ground and excited states en-
ergies) at a distance of approximately 4.1 A, as
reported in previous studies.*"% In contrast, a
Full CI reference indicates an avoided crossing
occurring at roughly 6.6 A,” and DCD-CAS(2)
calculations with a CAS(2,2) active space result
in a crossing point at 5.65 An

While the CASSCF (or other more accu-
rate) wavefunction coefficients provide valuable
insights into the ionic/neutral nature of the
chemical species, it is equally important to
evaluate how chemical bond descriptors cap-
ture the changes in the wavefunction as a
bond is broken. In this context, Figure 7
presents OP /TOP descriptors along the dissoci-
ation profile of the Li—F ground state using the
CAS(2,6) wavefunction, as well as its correc-
tion at the DCD-CAS(2) level of theory. These
curves focus on the range of 3.0 to 6.5 A, cov-
ering the crossing points for both CASSCF and
DCD-CAS(2) wavefunctions. Generally, for a
given distance, the DCD-CAS(2) wavefunction
yields higher values of pop, pocp, and JaLre

14

- F dissociation profile — CAS(2,6)/def2-QZVPPD

a)

Active space

Distance

1.5

0.98
0.01

200000 |
101000

2.9
0.92
0.05

3.1
0.90
0.06

3.3
0.86
0.08

3.5

0.78
0.13

3.7

0.66
0.22

3.9

0.52
0.35
4.1

0.49
0.39

200000
101000

200000 )

101000

200000 |
101000

200000 |
101000

200000
101000

200000 |
101000

101000
200000

J

¢ Jw
©)®
@) ®
6.5 Q -

d@
> W
Jo
.y
Sy
Sy
30
Qo

101000 Q
200000

® -
Figure 6: Visualization of the two primary molecu-
lar orbitals (MOs) constituting the CAS(2,6) wave-
function during the Li—F dissociation process. La-
bel 1 refers to Li and 2 to F atom. MO (a) is pre-
dominantly composed of F p,-type atomic orbitals,
while MO (b) is mainly derived from Li s-type
atomic orbitals. Each box corresponds to a spe-
cific distance along the Li—F dissociation, display-
ing CASSCF coefficients and information about
the compositions CSFs. The numbers within each
CSF denote the occupation of the respective MO,
with blue representing (a) and red representing (b).
MOs are depicted with isosurfaces set at 0.05 e/aj
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compared to the CASSCF counterpart. Ad-
ditionally, VZpocp is more negative with the
DCD-CAS(2) wavefunction.

It is worth noting that OP/TOP descriptors
sensitively reflect the ionic/neutral inversion in
each type of wavefunction along the Li—F disso-
ciation profile. Figure 7c shows that pocp drops
to nearly zero precisely at the Li—F distance of
4.1 A, the point at which the CSFs inversion
occurs. JEF* and VZpocp approach zero for
distances above 4.1 A. The overlap density in-
tegral exhibits an interesting behavior. It ex-
periences a significant decrease near 4.1 A, but
then pop gradually decreases, becoming similar
to the DCD-CAS(2) counterpart at a Li-F dis-
tance of 5.5 A. This indicates that even when
the neutral determinant dominates (with neu-
tral Li having one electron in the 2s orbital and
neutral F with a hole in the 2pz orbital), there
is still some orbital overlapping occurring.

Both CASSCF and DCD-CAS(2) yield pop
values that approach zero at approximately 6.5
A. Specifically, for the CAS(2,6) wavefunction,
pop vanishes close to 4.1 A, whereas for the
DCD-CAS(2) counterpart, this occurs near 6.1
A. The disparity in the zero points of pop and
pocp suggests a widely distributed overlap den-
sity, with its maximum critical point close to
zero but still maintaining integrated overlap
density. These insightful details about the MC-
SCF wavefunction, as provided by OP/TOP,
can pave the way for novel applications in
understanding chemical bond dynamics across
various multiconfigurational and multireference
classes of wavefunctions.

Conclusions

In conclusion, this study delved into the realm
of chemical bond descriptors, focusing on the
extension of OP/TOP descriptors using MC-
SCF wavefunctions. Through a comparative
analysis of CASSCF wavefunctions for vari-
ous molecular systems, including the X—0O and
Li—X’ test systems, we gained valuable in-
sights into the behavior of these descriptors.
The equivalence demonstrated between canon-
ical and localized molecular orbitals offers a
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Figure 7: OP/TOP descriptors: (a) pop, (b) J&&e,
(¢) pocp, and (d) V2pocp (d) for Li-F bond
dissociation profile using CASSCF(2,6) and DCD-
CASSCF(2,6) wavefunctions.
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practical approach to compute overlap densities
and OP/TOP descriptors accurately. Further-
more, the results highlighted the importance
of converged wavefunctions in achieving precise
property calculations.

Our investigation encompassed a broad spec-
trum of molecular systems, including X—0O
bonds in X—OH and Li—X’ interactions, each
subjected to CAS(10,16) and CAS(6,20) calcu-
lations. These analyses challenged the MCSCF-
based OP/TOP bond descriptors, offering valu-
able insights and allowing for comparisons with
QTAIM and LVM descriptors.

While QTAIM and LVM descriptors aligned
with existing literature, they fell short in ex-
plaining certain trends observed in our study.
In contrast, OP/TOP descriptors, guided by
the OP model, demonstrated that chemical
bonds formed between atoms with differing
electronegativities tend to exhibit overlap den-
sity shifted towards the more electronegative
atom. This effect was quantified using pocp and
V2pocp descriptors, which indicated reduced
spreading (i.e., less negative VZpocp) in bonds
with increasing electronegativity differences.

Additionally, our analysis of the Li—F disso-
ciation profile revealed that OP/TOP descrip-
tors sensitively reflected the ionic/neutral in-
version along the Li-F dissociation pathway.
The overlap density integral exhibited a dis-
tinctive behavior, experiencing a significant de-
crease near 4.1 A, followed by a gradual de-
crease in pop, aligning with the DCD-CAS(2)
counterpart at a Li-F distance of 5.5 A. The
analysis of pocp and V2pocp along the disso-
ciation pathway suggests a widely distributed
overlap density near the ionic/neutral inversion.
This intriguing observation suggests that even
when the neutral determinant dominates, with
neutral Li possessing one electron in the 2s or-
bital and neutral F exhibiting a hole in the 2pz
orbital, some degree of orbital overlap persists.

Notably, OP/TOP descriptors provided
unique perspectives on chemical bond dy-
namics, particularly in the context of multi-
configurational and multireference wavefunc-
tions. The sensitivity of OP/TOP descriptors
to ionic/neutral inversion during Li-F dissoci-
ation showcased their potential in elucidating
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intricate bond phenomena. These findings open
the door to novel applications in understanding
chemical bond dynamics across diverse wave-
function classes, further advancing our compre-
hension of molecular properties and chemical
interactions.
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