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Abstract
Unilamellar liposomes are spherical vesicles that can transport and deliver drugs. Here, we present a straightforward

mathematical model that describes the features of small-angle X-ray scattering (SAXS) from unilamellar liposomes.

The COVID pandemic has taught us many lessons, and we might face other rapidly spreading infectious diseases in the
future,!3 owing to increasing population, worldwide commerce, globetrotting, sedentary lifestyle, massive consumption of
meat, microplastics in the environment, and waterborne diseases resulting from global warming. Consequently,
pharmaceutical R&D must be even faster in responding to unforeseen scenarios. These days, nearly 600 liposomal
formulations are in ongoing clinical trials,* and ensuting quality in production scalability> and characterization® are
significant bottlenecks. Differently speaking, developing a successful formulation requires synthetic excellence and
efficient characterization and purification.”

Liposomes ate the first generation of lipid nanoparticles (LNP). Since their discovery in 1965, liposomes (i.e.,

phosphatidylcholine lipid vesicles) have been used to deliver drugs, such as small molecules and nucleic acids,’ as
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biocompatible formulations.!® They comprise an aqueous core and one or more hydrophobic shells composed of a head-
tail-tail-head phospholipid bilayer. This structural arrangement can encapsulate hydrophilic and lipophilic drugs and drugs
at the interface between the aqueous core and the bilayer.!! Their popularity arises from the ability to protect the drug
from degradation and effectively deliver it exactly where needed, thus reducing side effects.!> Over the years, much
progress has been made in developing liposomal formulations. Many targets have been made reachable, addressing
different pathologies—such as cancet, pain, and infections—by tailoring the composition and functionalizing the surface
of the liposomes.!3 For instance, ionizable cationic lipids can be enrolled to interact with labile solutes like mRNA and
then actively trigger their release inside the cell.'* This formulation strategy saved many lives during the COVID pandemic,
where the mRNA coding for the coronavirus spike protein was entrapped into lipid-based colloidal patticles to produce
vaccines.!® Like most colloidal soft matter, liposomes are dynamic systems'>1¢ sensitive to external stimuli.!® Accordingly,
liposomes must be characterized in their native state, under ambient or physiological conditions, in situ, and in a
noninvasive / non-destructive manner. Patticle size and size distribution may be readily characterized via, e.g., dynamic
and static light scattering.!” Characterizing the structural features of the membrane-like lipid bilayer, however, requires
sub-nanometer resolution and high statistical power,'® and small-angle X-ray scattering (SAXS) is the first-choice
experimental technique.!®

SAXS is a conceptually simple technique:® the dispersion of the lipid particles is irradiated with a narrow and
collimated beam of quasi-monochromatic soft X-rays—photon wavelength is roughly between 0.1-10 nm—which
interacts quasi-elastically with the dispersion. The X-rays scattered off the particles are detected with a position-sensitive
area detector. The intensity of scattering as a function of the scattering angle (referred to as scattering pattern) is a function
of the volumetric distribution of the electrons (refetred to as electron density) within the atomic/molecular bricks making
up the lipid formulation. Thus, the scatteting pattern is characteristic of the atomic/moleculat arrangement of matter on
the nanoscale and carries information about the orientation, shape, and size of domains. From a mathematical perspective,
the recorded scattering pattern is proportional to the square of the three-dimensional Fourier transform of the electron
density distribution p(F) in the material, I(q) o |FT p(F)|?, and thus, by analyzing the SAXS profile, information on the
nanoscale structure and morphology of the sample studied may be quantified. In case of liposomes, |FT p(F)|* may be
referred to as the form factor: S(@) = |FT p(F)|%.2! The angular dependence is defined through the so-called scattering
vector, whose amplitude is q = 41m/Asin 8/2, where 0 is the scattering angle and A the wavelength. Thus, SAXS provides

information on the nanoscale structure and morphology of the sample studied, typically on the 100 nm-1nm length scale.
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Figure 1. a) Illustration of the cross-sectional structure of spherical and symmetric lipid membranes. Such spherical and uni-lamellar
assembly exhibits two main symmetries: one in the radial direction, and the other in the tangential direction, as indicated by the arrows.

The tangential profile represents circular/spherical stacking of lipids, which is usually omitted in SAXS analysis of membrane thickness.
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This works, as most works, addresses the radial profile. The solid line—drawn as the sum of three Gaussian functions—&(r) =
3 . 8i(r), two for the heads and one for tails of the lipids—shows a plausible mathematical model of the radial profile of the bilayer
electron density. b) Scattering profile: The square of the Foutier transform of the radial profile (8(r), Eq 1) contains quantitative

information about the membrane structure, and is directly measurable via SAXS.

The Fourier transform is essentially an integral over the scattering volume FT p(F) = [ p(F) e'4TdF. By using
spherical coordinates, where the electron density is expressed as a function of the radial distance (r), azimuthal angle d@
and polar angle de, this integral is written as

1) FTp() = fozn fon fom p(r,8,¢) 1% - sin 0 - eI Odr dg dep.

Figure 1 shows an idealized structural sketch of a spherical lipid membrane. Phospholipids are a class of lipids made of
three main structural components: a polar head group, a nonpolar tail, and a glycerol backbone. The polar head is
hydrophilic, while the nonpolar tail is hydrophobic. The backbone connects the head and the tail. The electron densities
of these components are different, and therefore SAXS may be used to study how lipids are assembled. In an aqueous
environment, liposomes exhibit a relatively well-defined membrane-like shell: The head groups face towards the aqueous
environment, both inside and outside, and the tails are oriented inwards. According to this view, one may define a
tangential and a radial electron density profile. Given that the interest lays mostly in characterizing the radial bilayer profile,
most of the time it is implicitly assumed that the systematic head-to head variation in the tangential profile is negligible,
and thus, quasi constant, which may be an adequate approximation, because the spherical assembly of the lipids (as discrete
units) shows a high-degtee of rotational symmetry with respect to 8 and ¢. Accordingly, it may be approximated as being
isotropic, i.e., p(r, 0, @) is not a function of 0 and ¢: (F) = p(r, 6, @) = p(r). This assumption greatly simplifies the
evaluation of Equation 1, because two integrals, the one in @ and the one in 0, simply becomes 21 and 2 sinc(q ' r),
respectively. Accordingly, in the case of spherical symmetry (isotropy), the three-dimensional Fourier transform may be
expressed by one single integral

2) FTp(F) = 4m [ p(r) - sinc(q - r) ridr,
where p(r) is an isotropic radial function that embodies the electron density profile of the structure across the bilayer.
Seminal works—using X-rays and showing for the first time that lipid membranes feature a bilayer that may interact with,
e.g., proteins—were catried out eatly in the 70s.2>?7 The nano-scale radial structure was found to exhibit a systematic
vatiation in the electron density profile across the membrane, which consist of two peaks separated by a broad dip. The
first feature is attributed to the head groups of high-electron density and the latter to the fatty chains of low-electron-
density. This structural view still defines the current mainstream in the analysis of SAXS spectra,228 and, p(r) is most
frequently modeled by the sum of at least three gaussian functions (Figure 1a), two for the polar heads, and one for the
tails and backbone

3 p() =XLipi()
where p,(r) stands for a regular Gaussian function with a mean p;, variance o?, and amplitude a;

r-np?

202

e i
9 p(0) =a Vawo;
Integration in Equation 2 is a linear operation, therefore Equation 3 may be evaluated as

5 FT XL, p() = XL FTpi(r).
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Evaluating the Fourier transform of a Gaussian function yields a closed-form expression

6) FTp(r) = A (i +8g)

14262 . i
where Aj = 41 a;-e 29 % f; = sin(y; - q) % ,8i = cos(l; - q) - 67. One now can express the structure factor:

7) FT8() = XL, FT§() = LA (fi + 8)
and

8 8@ = [z (f +g)l"
Equation 8 operates only on real-valued numbers, and by using the properties of the absolute value function (|x| = \/X_Z),
one may rewrite Equation 8

9 S(@) = L Ai (fi +8))%
What remains is accounting for the fact that liposomes exhibit size polydispersity, which necessitates an integration of
Equation 9 over the distribution of liposome radius:

10) S(q) = [ p(r) S(q,r)dr.
Equation 10 does not yield a solution in closed form but may be evaluated numerically. Describing the size distribution
p(r) involves at least two additional parameters: mean radius and standard deviation of the radius. Accordingly, if the
bilayer is not symmetric, one has 11 parameters in total. Nonetheless, this parametric model is conceptually very elegant,
and the so-called forward problem, that is, predicting the SAXS spectrum from a known electron-density radial function
of liposomes, is straightforward via Equation 1-10. Figure 2 shows a representative set of simulated scattering spectra of
two symmetric bilayers with systematically varied radius. The liposome radius is defined at the global minimum of the
radial profile (Figure 1a). One may identify two dominant features in the SAXS spectra: the first, is a rapid oscillatory
function that is modulated by a second and slowly varying envelope function. The rapid oscillations relate to particle radius
and vanish upon size polydispersity. With polydispersity, the scattering spectra approaches the envelope of the structure

factor.
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Figure 2. Scattering spectra computed via Equation 1-10. a) Simulation of two arbitrary symmetric radial profiles of liposomes, and b)
the corresponding scattering spectra with different radii. While the spectra are seemingly complex, one may identify two dominant
features: 1) a rapid oscillatory function that is modulated by 2) a slowly varying envelope function. ¢) The rapid oscillations, which are
related to particle radius, vanish upon increasing polydispersity in the radius, and the scattering spectra approaches the envelope of the
structure factor. CV, the coefficient of variation, is defined as the ratio of the standard deviation and the mean. d) Corresponding

lognormal distributions of the radius modelling polydispersity.

Doing this transformation backward, which is referred to as the inverse problem, is much more difficult, and a
solution usually requires deep domain-specific knowledge. Given that the model may be amenable to parametric analysis,
most of the time, p(r) is modeled explicitly, and the model evaluated and regressed against experimental SAXS spectra.
In this way, one can infer the model's parameters, and thus charactetize the structure of the studied bilayer. However, even
the simplest gaussian model comes with nine parameters, three amplitudes, three centers, and three widths. In the case of

symmetric membranes, nine reduces to six. If size polydispersity is considered, the number of regression parameters
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increases according to the complexity of the size distribution. Commercial and free computational tool dedicated to the
analysis of small-angle scattering spectra have been made available,?>-33 yet the mathematical apparatus, both analytical and
numerical, might be well beyond the expertise of most scientist concerned with the development of novel lipid
formulations. Indeed, in our experience, obtaining a physically meaningful and converging solution of the inverse problem
has been proven to be highly uncertain, and by using freely available computational tools, we failed to analyze even well-
defined idealized synthetic spectra.

Here we set out to develop a simple yet useful alternative in SAXS analysis on lipid bilayer membranes. We focus
on two aspects: 1) we aim at an approach that considerably decreases the complexity of the analysis, yet 2) it infers the
features of the parametric model of the membrane electron-density profile with a good statistical accuracy. For this, we
will focus on deriving and utilizing the envelope function. The envelop function is not an exact solution, but it is a very
good approximation considering the practical limitations—such as noise, dynamic range (q-range), and resolution—of
most SAXS data recorded on lab-scale instruments. The fact that SAXS spectra are rather insensitive to the size and
polydispersity of liposomes, and the structural information about the bilayer profile is carried only by the envelope of the
spectra (Figure 2b and ¢) was pointed-out already in 1975,3 yet, to the best of our knowledge, the relevance in the SAXS
analysis of liposomes has never been recognized nor deployed. We show here that this approach is both straightforward
and beneficial.

Equation 4 describes the gaussian models of the radial profile, and Equation 9 describes the structure factor. The
radius and the thickness of the membrane of the application-relevant liposomes are such that p;/q > 6%, over the g-range
of the SAXS spectra.?! As a consequence, f; > g;, and thus one can truncate the expression: f; + g; = f;. Thus, Equation
6 and 9 simplify: FT §;(r) = A; f; and

11) S(q) = T Ai )2
A simple computational series (similarly to Figure 2) can prove that omitting the term g; will not change the observable
spectra, as the difference resulting from having or not having the term g; in the structure factor is well below the noise-
level of experimental spectra.

The truncated version given by Equation 11 encourages us to look at the structure factor from another angle and
consider it as the amplitude of the linear superstition of three harmonic waves. After all, SAXS essentially relies on a well-

known wave phenomenon: interference of coherent waves. An important aspect to recognize is the fact that the
membranes of such liposomes are thin, that is, |Ui - Hj| & . In other words, the frequencies of the harmonic waves are

very close to one another. This proximity of spatial frequencies, and the superposition of harmonic waves having slightly

different frequencies results in a special wave phenomenon: beating waves (Figure 3).3°
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Figure 3. Beating of two superposing harmonic waves. a) The frequency and amplitudes of two harmonic waves, and b) their waveform:
y; = A;* sin(w; * x). (The waveforms are shifted vertically for the sake of visibility.) The linear superposition of the waves with slightly
different frequencies form beats, which appear as a slow harmonic modulation of the amplitude of the rapid oscillations. The frequency
of this modulation (the beat frequency) is solely defined by the difference of the two frequencies: wg = |w; — w,|. ¢) The intensity of
the superposing waves is covered by an envelope function: fg(X) = A2+ A2+ 2A.A, - cos(wg - X).

In fact, what we can observe in Figure 2b is the same wave phenomena resulting from the superposition of three
waves: Y.o_1 A; fi, and the envelope function is the intensity beats of the three superposing waves. It is easy to show that
for N harmonic waves with amplitudes A; and frequency wj, the envelope function is given by:

12) fg(x) = X, A% + 2 XN TR AjA; - cos(wj - x)
where the respective beat frequencies are wy; = |(1)i — W | In our case, we can now apply Equation 12 to describe SAXS
spectra if liposome membranes, where according to the gaussian model, each wave is composed of an amplitude and a

harmonic term with frequency p;:

1202 .
13) 4m-a;-e72® % /g x sin(y; - q)
Using Equation 13 and 14, Equation 12 is easily evaluated and provides a closed form for describing the SAXS spectra of
unilamellar liposomes:

1 _a2q2 1 12,2, 2
1) FXiaf i eT el + ;(Zalazuluze 2D cos(quy — ) +
1

1
2a,azpqpize 2

cos(q(us — u1)) + 2a,a3p3uze "2

q*(07+03) q*(05+0%)

cos(q(us — ua))).
We believe that Equation 14 may be a basis of a simple yet useful alternative in SAXS analysis on lipid bilayer membranes,

and thus, advance the characterization of liposomal drug delivery systems.
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