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Abstract

A vitrimer has covalent cross-links that preserve network connectivity but permit topology
fluctuations through dynamic exchange reactions. In this work, we investigate the linear rheology
of polybutadiene (PB) vitrimers bearing cross-links that exchange via dioxaborolane metathesis.
PB vitrimers are cross-linked in solution using photoinitiated thiol-ene click chemistry. As the
targeted cross-link density is increased, both the insoluble fraction and glass transition temperature
increase. Linear viscoelasticity is studied using a combination of small amplitude oscillatory shear
(SAOS), creep, and stress relaxation measurements. In SAOQOS, the elastic modulus is
approximately constant while the viscous modulus increases as angular frequency decreases. In
creep, the compliance displays power law behavior that persists for at least 8 hrs. In stress
relaxation, the modulus transitions from a rubbery plateau into a power law regime. Both SAOS
and creep data are visually superposed into master curves using horizontal shift factors that exhibit
Arrhenius behavior. However, the activation energies of the SAOS shift factors (E5495) are smaller
than those of the creep shift factors (E; -°7). ES49S matches the effective Williams-Landel-Ferry
activation energy for PB homopolymer, indicating that the short time dynamics correspond to
network strand segment relaxations. In contrast, E; -7 is significantly larger than the activation
energies predicted by established theoretical models for transient networks. We speculate that the
discrepancy between experiment and theory is due to the temperature dependence of the cross-
linker mobility within the vitrimer matrix, which is not fully captured by established theoretical
models.
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Introduction

Dynamic covalent polymer networks — also known as transient networks, reversible
networks, or covalent adaptable networks — contain cross-links between chains that exchange
through a chemical reaction.!>3*> From a theoretical perspective, such networks were first
modeled by Green and Tobolsky to rationalize the stress relaxation behavior of vulcanized rubbers.
In their theory, stress decays exponentially and follows an Arrhenius-like relationship with
temperature.® Flory, and later Fricker, considered similar systems in which cross-links within a
network ruptured and reformed simultaneously, thereby preserving network connectivity but
enabling network topology fluctuations. Based on both intuitive and mathematically rigorous
arguments, they predicted that at long times stress relaxation exhibits a power law decay governed
by the lifetime of a cross-link (ty;).”%° Baxandall and Leibler et al. separately developed
reversible network theories that accounted for the primitive Rouse and reptation relaxations of
network strands. According to these sticky Rouse and sticky reptation models, three distinct time
regimes occur in stress relaxation: (I) an initial decay representative of Rouse motions, (II) a
rubbery plateau whose modulus is proportional to the sum of the cross-link and entanglement
densities, and (III) a terminal relaxation directly controlled by ty,.!%!1!2 In this work, we study
the different time regimes during relaxation of polybutadiene vitrimers, a class of dynamic
covalent polymer networks that engage in associative exchange reactions.

Vitrimer cross-links exchange through an addition/elimination pathway, i.e., a new
covalent linkage between two chains is formed before an existing bond is fragmented. As a
consequence, the network maintains connectivity and constant cross-link density, thereby
preventing dissolution of polymer in good solvent at all temperatures below backbone degradation
conditions. At the same time, however, cross-link exchange enables the network topology to
fluctuate and the material to flow.>3*> This combination of solvent resistance and processability
makes vitrimers not only appealing for improving plastic sustainability and high-performance
applications, |14 1516.17.18,19.20.21,22.23.24.25,26,27,28,29.30313233 bt also as a platform for investigating
how dynamic cross-links impact the physics of the underlying polymer chains.

In particular, understanding vitrimer rheology has garnered significant interest, as their
viscoelasticity regulates the efficiency of their processing and recycling. In the seminal works of
Montarnal, Tournilhac, Leibler, and coworkers, epoxy vitrimers whose cross-links exchanged via
a metal catalyzed transesterification had stress relaxation behavior that could be described by a
monomodal exponential decay. The relaxation rate obeyed an Arrhenius relationship with
temperature, with the apparent activation energy from rheology (EZ") being comparable to the
activation energy for transesterification in small molecule analogues of the epoxy network
(ES™).343536 Ag the vitrimer concept was translated to different backbone and cross-link
chemistries, however, deviations from these simple trends were seen. EL" values are usually much
larger than the ES™ .15:2037:38.3940 Broad non-exponential decays are commonly observed in stress
relaxation,4142:43:44.45.4647.4849.50 The temperature dependence over a wide range cannot be
described by a single activation energy.*®31-5233.54

Responding to these observations, experimental, computational, and theoretical efforts
over the past five years have focused on illuminating the relationship between vitrimer
viscoelasticity and temperature. Generally, the relaxation rate expresses two different temperature
regimes, where the estimated activation energy of the low temperature regime is less than that of
the high temperature regime.*-1:53:49:35,36.57 1 202 1, Ricarte and Shanbhag used a generalized form
of the sticky Rouse model to evaluate the role of backbone and cross-link chemistry on vitrimer
viscoelasticity. At temperatures well above the glass transition, they observed that the short time



dynamics represented monomer friction. The activation energy associated with this time regime
corresponded to an effective activation energy that could be calculated using the Williams-Landel-
Ferry (WLF) parameters for the vitrimer backbone (EXLF). Conversely, the intermediate and
terminal dynamics portrayed a combination of network strand relaxation and cross-link exchange.

The resulting activation energy of this long time regime (E;mky ) was estimated by the simple
formula

ESHCRY — EWLF | psm (1)
Due to the different activation energies of each regime, time-temperature superposition of the
entire relaxation spectrum could not be achieved. However, the short and long time relaxation
regimes were superposed using different sets of horizontal shift factors.>®

Using our previous sticky Rouse modeling as a guide, in this work we investigate the
thermorheological behavior of polybutadiene (PB) vitrimers bearing dioxaborolane cross-links
(Scheme 1). The combination of a flexible polymer backbone and relatively slow cross-link
exchange kinetics allows us to separate the short and long time relaxation dynamics. Furthermore,
the ES™ for small molecule dioxaborolane metathesis has already been measured,!” facilitating
comparison of the activation energies from rheology. We probe the linear viscoelasticity of PB
vitrimers with varying cross-link density using a combination of small-amplitude oscillatory shear
(SAOS), creep, and stress relaxation measurements. At temperatures over 100 °C above the glass
transition, PB vitrimers achieve power law behavior that persists for at least 8 hrs. SAOS and creep
data are collapsed using different sets of horizontal shift factors (as40s and acyep ) that each follow
Arrhenius temperature dependences. The activation energies associated with ag,os match the
expected EWLF values for PB homopolymer, suggesting that the short time dynamics correspond
to PB segment relaxations. In contrast, the activation energies associated with ..., are larger

than the E;“Cky values expected from Eqn. 1, especially at higher cross-link densities. We
speculate that this discrepancy stems from the temperature dependence of the cross-link mobility
within the PB matrix (o). Attempts to describe the o temperature dependence using established
microscopic models are discussed.

Scheme 1. Synthetic scheme for polybutadiene (PB) vitrimers.
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Materials and Methods

Materials. Polybutadiene (My = 6800 g/mol, b = 1.41, 1,2-addition = 12 mol%), benzyl
mercaptan, 1,4-benzenedimethanethiol, 2,2-dimethoxy-2-phenylacetophenone, 1,2-octanediol,
chloroform, and tetrahydrofuran were obtained from Sigma-Aldrich. Benzene-1,4-diboronic acid
was obtained from Apollo Scientific. 2-methyl-4,6-bis[(n-octylthio)methyl]phenol (Irganox 1520)
was obtained from TCI Chemicals. Magnesium sulfate was obtained from VWR.

Size exclusion chromatography (SEC) of precursor polybutadiene (PB). SEC of the precursor
PB was performed using an Agilent-Wyatt combination triple detection SEC instrument equipped
with three successive Agilent PL-gel Mixed C columns (25 °C THF mobile phase). The instrument
also featured an Agilent 1260 infinity series pump, degasser, autosampler, and thermostatted
column chamber. The triple detection unit consisted of a MiniDawn TREOS 3-angle light
scattering detector, Optilab TrEX refractive index detector, and a Viscostart II differential
viscometer. For determination of the absolute molar masses, a refractive index increment of 0.134
was used.>

Synthesis of 2,2'-(1,4-Phenylene)-bis[4-thioethyl-1,3,2-dioxaborolane] (dioxaborolane cross-
linker). The synthesis of the dioxaborolane cross-linker was conducted based on the scheme
reported in Breuillac er al.® Benzene-1,4-diboronic acid (10 g), 3-mercapto-1,2-propanediol
(13.38 g), and tetrahydrofuran (100 mL) were combined in a roundbottom flask and stirred for five
minutes. Magnesium sulfate (16.66 g) was added, and the mixture was stirred at room temperature
for 48 hrs, filtered, and concentrated under reduced pressure. The remaining precipitate was dried
under reduced pressure at 100 °C for 18 hrs to yield 16.9 g of a white powder (81% yield). Figure
S5 is the 'TH NMR spectrum (600 MHz, CDCls): 6 7.81 (s, 4H), 4.74 (q, J = 6.2 Hz, 2H), 4.50 (m,
2H), 4.17 (m, 2H), 2.81 (m, 4H), 1.48 (t, J = 8.6 HZ, 2H). Figure S6 is the 3C NMR spectrum
(600 MHz, CDCIs): 6 134.3,77.7, 70.0, 29.8. The carbon adjacent to the boron was not detected.

PB vitrimer synthesis. PB vitrimers were prepared using photoinitiated thiol-ene click chemistry.
The polymer backbone was functionalized using a mixture of dioxaborolane cross-linker and
benzyl mercaptan. Varying the ratio of dioxaborolane cross-linker to benzyl mercaptan allowed
the cross-link density to be tuned while maintaining a constant amount of sulfide and aromatic
groups within the sample. Table 1 lists the sample names, and targeted number of dioxaborolane
cross-links and benzyl mercaptan groups. Samples are named as PB-v-Ny;, where Ny; is the
targeted number of dioxaborolane cross-links per polybutadiene chain.

Table 1. PB vitrimer targeted number of cross-links (Ny; ) and benzyl mercaptan groups (Ngy,) per
PB chain. For all samples, the targeted number of sulfides per PB chain N riqe = Ny, + Ngy =
15.

Sample ID Nyp Ngu
PB-v-1 1 14
PB-v-4 4 11
PB-v-8 8 7
PB-v-15 15 0




Scheme 1 outlines the synthetic procedure for PB vitrimers. To prepare PB-v-4,
polybutadiene (1.00 g, 2.2 mmol of vinyl groups), dioxaborolane cross-linker (0.09516 g, 0.275
mmol), benzyl mercaptan (0.2049 g, 1.65 g), 2,2-dimethoxy-2-phenylacetophenone (0.0575 g,
0.22 mmol), and dry chloroform (4.8 mL) were mixed in a scintillation vial, transferred into a 10
mL cylindrical single neck Schlenk flask, and degassed through three freeze-pump-thaw cycles.
Cross-linking was performed by exposing the reaction mixture to UV light (MelodySusie Model
DR-301Z, 2 = 365 nm, Flux = 800 uW/cm?) for 1 hr. After UV exposure, the resulting gel was
doped with 0.1 mL of a solution containing 0.002 g of Irganox 1520 dissolved in dry chloroform,
and then stored in the dark at ambient temperature for 24 hrs. The gel was then transferred to a
scintillation vial and dried under reduced pressure at 75 °C for 18 hrs to yield 1.13 g of a translucent
solid.

Thermal characterization. Differential scanning calorimetry was performed using a TA
Instruments DSC Q2000. 4 — 5 mg of sample were placed inside an aluminum pan with a standard
lid. Under a nitrogen gas flow of 50 mL/min, PB vitrimers samples were first cooled from 0 to —
80 °C, heated to 180 °C, cooled to — 80 °C, and finally reheated to 180 °C. All heating and cooling
rates had a magnitude of 10 °C/min. The glass transition temperature (T,;) was measured from the

inflection point in the second heating trace. All samples were examined by DSC in triplicate.

Insoluble fraction measurement. The insoluble content of PB vitrimer samples was quantified
using the method of Rottger ef al.'> 0.1 g of sample was placed inside a stainless steel fine wire
cage and submerged in 40 g of dried chloroform. After 24 h, the cage was removed from the solvent
and dried under reduced pressure at 75 °C for at least 18 hr. The mass of the remaining insoluble
portion of the vitrimer was measured to determine the insoluble fraction. The sample remaining in
the cage was then resubmerged in a chloroform solution containing an excess of 1,2-octanediol.
The addition of the diol caused each of the vitrimer samples to fully dissolve, confirming the
absence of nondynamic static cross-links in the PB vitrimer networks.

Rheology measurements. Linear viscoelasticity of PB vitrimers was evaluated using an Anton
Paar MCR 302e rotational rheometer equipped with parallel plate geometry. The upper geometry
was an 8 mm aluminum disposable plate, while the lower geometry was a 25 mm stainless steel
plate with Peltier temperature control. To minimize sample slip, both upper and lower plates had
profiled surfaces. To minimize thermal degradation, the plate geometry was encased in a hood
under a 200 L/hr nitrogen flow. The geometry achieved a temperature control accuracy of + 0.1
°C. During measurements, a normal force between 0.1 to 1 N was applied to maintain contact
between the sample and upper plate. PB vitrimer samples were molded into disc shapes (8 mm
diameter and 1.5 mm thickness) using stainless steel frames, which were subjected to an applied
load of 3 tons at 150 °C for 8 min.

Strain amplitude sweeps, small-amplitude oscillatory shear (SAOS), stress relaxation, and
creep compliance and recovery measurements were conducted. From the strain amplitude sweeps
(Figure S12), a linear viscoelastic regime was identified at temperatures of 100 and 180 °C. For
SAOS and stress relaxation, measurements on fresh samples at all temperatures were performed
at an imposed strain value that was within both the linear viscoelastic regimes identified at 100
and 180 °C (see Table S2). To improve reproducibility of results, samples were subjected to a pre-
conditioning routine prior to SAOS, stress relaxation, and creep measurements. The pre-



conditioning routine is detailed in the Supporting Information. SAOS measurements were run at
angular frequencies (w) ranging from 100 to 0.01 rad/s. Stress relaxation measurements were run
for 8 hrs. Creep compliance and recovery measurements were run for 8 and 2 hrs, respectively.

Time-temperature superposition was performed on SAOS, creep compliance, and stress
relaxation data using a reference temperature T, = 120 °C. Vertical shift factors for SAOS (bs40s)
were calculated by

Gy(To)
Gy (T)

bsaos(T) = 2)

where G, (T) and G, (Tg) are the magnitude of the elastic modulus plateau at temperature T and
Ty, respectively. After applying bs,s, horizontal shift factors for SAOS measurements (agyos)
were determined by manually superposing the tan § data. Vertical shift factors for creep and stress
relaxation measurements (Dcyeep and Dgtress) Were determined by

G, (T
bstress (T) = Gp((;)) (3)
p
AW
bereep(T) = 3" (4)

where G, (T) and G, (Tg) are the stress relaxation plateau moduli at T and Tx, while J,(T) and
J,(Tg) are the instantaneous compliances at T and Tg.%! Plateau moduli from stress relaxation and
instantaneous compliances from creep were calculated by averaging the data between 0.1 to 10 s.
After applying b yep, horizontal shift factors for creep measurements (Qcpeep) Were determined
by manually superposing the compliance data.

Portions of PB vitrimer samples used for rheology were subject to extraction in chloroform
in the presence of excess 1,2-octanediol. All samples completely dissolved, suggesting that the
material did not form a static cross-linked network during the rheological measurements.

Results

PB vitrimer characterization. PB vitrimers bearing dioxaborolane cross-links were prepared using
photoinitiated thiol-ene click chemistry. The cross-links engage in a dioxaborolane metathesis
exchange reaction, which has an activation energy E;™ = 15.1 kJ/mol. These cross-links are able
to exchange without the need of an external catalyst.>!> The synthesis and rheology of a static
cross-link PB thermoset control sample are described in the Supporting Information.

Table 1 details the targeted number of dioxaborolane cross-links and pendant benzyl
mercaptan groups per PB chain (Ny; and Ng,,, respectively) of the vitrimer samples. While both
Ny, and Ng,, are varied, their sum — corresponding to the targeted number of sulfide bonds per PB
chain (Ng) — is kept constant. The samples featured in this work are labeled as PB-v-Ny; . Infrared
spectroscopy, thermal gravimetric analysis, differential scanning calorimetry, and small-angle X-
ray scattering (SAXS) are detailed in the Supporting Information.

Figure 1A illustrates the SEC trace of the precursor PB. The peak at 16 min is attributed to
the presence of branched chains. Additional characterization of the precursor PB is featured in the
Supporting Information.
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Figure 1. (A) Precursor PB SEC trace. (B) PB vitrimer insoluble fraction vs. targeted number
of cross-links per PB chain (Ny;). Error bars represent the standard deviation of triplicate
measurements.

Figure 1B depicts the insoluble fraction of the PB vitrimers as a function of Ny;. The
measured insoluble fractions, which increase as Ny; increases, are compared to the expected
values. The dashed red curve is the estimated weight fraction of chains bearing at least 1
dioxaborolane cross-link, as calculated using Eqn. S3. This line essentially represents the
maximum possible insoluble fraction for a system with statistically distributed nondynamic cross-
links and the same molar mass distribution as the precursor PB. The measured insoluble fractions
match this limit. Along with the featureless scattering patterns observed by SAXS (Figure S11),
the agreement between the measured and expected insoluble fractions suggest that the PB vitrimers
are not macro- or microphase separated.

Figure 2A plots the glass transition temperature (T;) vs. Ny, . During differential scanning
calorimetry measurements, only a single Ty is observed between —80 to 180 °C (Figure S10). The
measured T, which increases as Ny, increases, can be described using

1 1/ N
— == (1 _ ﬂ) 5)
T, «a N,

where @ = 211 £ 2 K is an empirical constant determined from using a linear regression. Figure
2B fits Eqn. 5 to the measured T, values.
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Figure 2. (A) Glass transition temperature Ty vs. Ny, . Error bars represent standard deviation
of triplicate measurements. (B) Eqn. 5 fit to T, data. Error bars represent propagated error.

Linear viscoelasticity. Figures 3A, S14A, S15A, and S16A depict SAOS measurements. For all
samples, the elastic modulus (G") is approximately constant over the range of angular frequencies
(w) from 0.01 to 100 rad/s. The magnitude of G’ increases with Ny, (Figure S21). In contrast, the
viscous modulus (G"") increases as w decreases. The magnitude of the G rise increases as
temperature increases. tan § curves, featured in Figure S17, depict similar trends.
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Figure 3. Linear viscoelastic measurements of PB-v-4. (A) SAOS as measured and (B) with
asaos horizontal shift factors applied. (C) Creep as measured and (D) with @y, horizontal
shift factors applied. Reference temperature for both ag,os and acpeep is 120 °C.

Figures 3C, S14C, S15C, and S16C detail creep measurements. Prior to 100 s, the creep
compliance (J) exhibits a dampening sinusoidal response, typical of elastic materials.®>%3 After 100
s, J increases and adopts a power law relationship with time. | rises more significantly as
temperature is increased. The power law scaling exponent for J, however, is much lower than the
characteristic steady state flow scaling of 1, even after a period of 24 hrs (Figure S26). Similarly,
the creep recovery compliance (/... ) increases over time but does not reach a plateau over a period
of 2 hrs (Figure S19). The magnitude of /.. increases as both temperature and Ny; increase.

Figures 3B and 3D are SAOS and creep master curves for PB-v-4. Master curves for the
other samples are listed in the Supporting Information. Superposition of the data was performed



by applying both vertical and horizontal shift factors. The horizontal shift factors for SAOS and
creep are labeled as agyps and ayeep, respectively. For SAOS, G" and G" data below agq05 @ =

= 10° s superpose into a

10 rad/s collapse into a single curve. Likewise, the | data after

Acreep

single curve.
Figures 4 and S20 plot ag4ps and acyeep versus inverse temperature. Although both ag, s

and Qgreep show an approximate Arrhenius dependence, dgreep has a stronger temperature
sensitivity. Activation energies ES495 and E; ““? are calculated by fitting the following equations
to the horizontal shift factors

E&S'AOS 1

ln(aSAos) = T <T — ﬂ) + intercept (6)
Ecreep 1 1 .

ln(acreep) = aR (T — T_R> + intercept (7)

where T is temperature, Ty is the reference temperature of 393.15 K, and R is the gas constant.
For all samples, E °°P > ES405 > ES™ = 15.1 kJ/mol."®
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Figure 4. Arrhenius fits of aggps and dcreep
horizontal shift factors for PB-v-4. Reference
temperature for both ag,ps and apeep 18 393.15
K.

Figures 5, S23, S24, and S25 illustrate stress relaxation measurements. At early times, the
stress relaxation modulus (&) sits on a plateau. The magnitude of this plateau modulus increases
with Ny; (Figure S21). After = 100 s, G exhibits a relaxation whose rate increases with
temperature. Eventually, G displays apparent power law behavior at longer times. Although the

10



low signal-to-noise ratio of the long time data inhibit determination of horizontal shift factors from
stress relaxation experiments, application of agyos and @ reep shift factors demonstrate that the G
data do not obey time temperature superposition over the entire time range. Application of agyps
causes G to overlap at

" < 10° s. Application of @, causes the apparent power law portion
SAOS

of the G curves to superpose. For PB-v-1 and PB-v-4, power law exponents of approximately —1/2
are identified. For PB-v-8 and PB-v-15, the low signal-to-noise ratio of the 160 °C data prevents
precise determination of a power law scaling.
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Figure 5. Stress relaxation of PB-v-4 (A) as measured, (B) with ag4¢s, and (C) a,yeep horizontal
shift factors applied. In (B), dashed line represents cross-link lifetime (7y; ) estimated from the
Prony series analysis. Reference temperature for both agsps and a ey 1s 120 °C.
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Activation Energies. Figure 6 plots E;4%S and E; “” versus T,;. The E5#%% data are compared to
the following EX'F model

2.303C,C,T?
(C,+ Ty =T, —55K)"

WLF _
Ej™ =

(8)

where Ty is the glass transition temperature measured from DSC, Ty = 393.15 K is the reference
temperature, and C; and C, are the WLF parameters for PB homopolymer (see Supporting
Information for derivation). Not only are the measured E54%5 consistent with the rheological
activation energy of the precursor PB (Figure S4C), they also quantitatively match the expected
EWLF values estimated using Eqn. 8. E; ““” data are compared to the overall activation energy
predicted by the sticky Rouse and sticky reptation theories (EZtiCky , Eqn. 1). At low Ny; and T,

creep . stick . . cree
EZT®°P is comparable to E; . As Ny, and T, increase, however, the discrepancy between E, P

sticky
and E, grows larger.
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Figure 6. Comparison of measured activation
energies from SAOS and creep vs. WLF, sticky
Rouse and sticky reptation  (Sticky),
renormalized bond lifetime (RBLM), and Ghosh-
Schweizer (GS) models. Reference temperature
for all activation energies is 393.15 K. Error bars
represent the standard error from the Arrhenius
fits.

Summary of linear viscoelasticity results. SAOS, creep, and stress relaxation measurements were

performed on PB vitrimers with varying cross-link density. Both SAOS and creep data exhibit
approximate Arrhenius relationships with temperature, but the resulting horizontal shift factors
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have different activation energies. E5405

is consistent with predictions from the WLF theory, while
E."®*P grows to be much larger than the predictions from sticky Rouse and sticky reptation

theories.

Discussion

In the linear viscoelastic regime, PB vitrimers exhibit relaxations that are not observed for
the static cross-link PB thermoset control sample (Figure S27). For many vitrimer systems, time-
temperature superposition is successful at collapsing viscoelastic data that occur during the initial
transition from the rubbery plateau regime to longer time relaxations. In SAOS, for instance, this
corresponds to the region surrounding the G'- G"' crossover frequency (wey g5 ). For measurements
collected over wide time or frequency ranges, however, the short and long time dynamics do not
superpose into a single master curve.’1°33% As evidenced by the different shift factors for SAOS
and creep experiments in this study, the thermorheological behavior of PB vitrimers agrees with
these trends.

The PB vitrimer G'and G"only capture the dynamic response of the rubbery plateau
regime. According to the framework of the sticky Rouse and sticky reptation models, this describes

the time period between the Rouse decay of the glassy modes and the first instance of cross-link
1

exchange (Ty, = ).!! The agreement between the measured ES4%5 and predicted EXLF

Wcross

strongly suggests that the observed upturn in G'' represents segmental motions of the PB network
strands. As this behavior occurs at frequencies above w55, We propose that subdiffusive
segmental motions facilitate cross-link exchange events. This concept is consistent with previous
theoretical arguments regarding reactive polymer systems,6465.66.67.68,69.70,71,72.73

For the long time dynamics, the interpretation is much more complex. The beginning of
this regime is signaled by 7y, (or, equivalently, w.,oss). Although, we do not directly capture the
G'- G" crossover in our SAOS data, we can roughly approximate it by fitting the stress relaxation
modulus to an empirical Prony series, and then using the fitting parameters to extrapolate G’ and
G'' to lower angular frequencies (see Supporting Information). As an example, for PB-v-4 at 120
°C we estimate 7y; =~ 4000 s, which coincides with the time point in which time-temperature
superposition begins to fail in the stress relaxation master curve depicted in Figure 5B. The origin
of the lengthy power law regime is less clear. For stress relaxation, the sticky Rouse model

1
anticipates an intermediate relaxation regime in which G~t~2,!112:38.7475.76.77.78 Hybrid Monte
Carlo-molecular dynamics simulations by Perego and Khabaz also detected intermediate regimes

1 1
of G~t" 2 in stress relaxation and J~tz in creep.>® This intermediate regime is expected to last until
a terminal relaxation time (t;) is reached. While sticky Rouse theory expects that T, ~Ty; N7,
we do not observe any indication of terminal relaxation in our rheological measurements, even for
PB-v-1. Moreover, the transient network model of Fricker actually associates terminal relaxation
1

with a G~t~ 2 scaling.®? Without directly observing 7;, we cannot precisely assign the measured
long time dynamics to a particular relaxation regime.

For the temperature dependence of the long time dynamics, the measured E; °P and
predicted EZtiCky diverge as Ny, and, consequently, T, increase. This relationship is similar to the
trend Hajj et al. observed for the activation energy of vitrimer networks bearing imine cross-
links.** We suspect that the discrepancy between ES™°%P and ES"%Y

assumption in our previous work.’® There, we described Ty, using

potentially arises from an
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Ty, = 0T €X

XL o €Xp ( RT
where R is the gas constant, T is temperature, and t is the elementary Rouse timescale. o is a
parameter that portrays the mobility of the associative cross-links within the vitrimer matrix.

sticky .
E;" is defined as

Zuckyza(%)lnrn=a(%)lna+a(%)lnl'o+ @# (10)
gt =a(%)1na+EZ”F+E5’” (11)
EWLF = - (i)lnTO (12)

RT

In our prior work, we assumed that o was independent of temperature, causing the first derivative

term in Eqn. 11 to cancel and resulting in the form of E;tiCky described in Eqn. 1. Relaxing that
sticky

assumption creates an additional contribution to E,

B = —=<Ing + EYM + E§™ = B + EXYF + g™ (13)
2 (zr)
For this reason, we speculate that the larger than expected values for E. °°? originate from the

temperature dependence of a.

Although we introduced the ¢ parameter in our previous work,® the relationship between
cross-link mobility and 7y; has already been studied through the lens of microscopic theories,
albeit mostly for networks with dissociative cross-links that rearrange via an elimination/addition
pathway.>$%73 For the Renormalized Bond Lifetime Model (RBLM) of Rubinstein and Semenov,
Ty accounts for both the subdiffusive motions of backbone repeat units and cross-link re-
associations that do not contribute to stress relaxation.®®’> We derive explicit expressions for the
cross-link mobility and long time dynamics activation energy (aRB*M and ERBIM  respectively)
using the RBLM framework and assuming the cross-links undergo Rouse-like subdiffusive motion

sm

O'RBLM=Z(1+Z3eXp<— I;T)) (14)
Esm
B = B + - -E;™ (15)
1+ Z3exp (R_%>
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where Z is the number of times a cross-linkable group reassociates with an old partner (see
Supporting Information for derivation). Another transient network theory is the model of Ghosh
and Schweizer (GS), in which local frictional resistance of the backbone segments attenuates the
overall temperature dependence of the network relaxation.’*” Combining the RBLM and GS
models, we can develop alternative forms of the cross-link mobility and long time dynamics
activation energy (¢ and ES%)

or(( v renl )
o —Z((T) +(1+ 2% exp (- — (16)
EGS — FWLF 4 T B + (v — DES
a a 3
1+ 1+Z _ (17)

vy lexp (% )

where v is a decoupling exponent and 7 is the elementary attempt time for activated relaxation.”

While Eqns. 15 and 17 provide elegantly simple forms for the activation energies, they do
not accurately describe our experimental data. The second terms in each expression essentially
diminish the influence of E;™, leading to weaker temperature dependences relative to E;twky .
Consequently, both ERBLM and ESS also severely underestimate the measured Ej, ©°7. Thus, the
discrepancy between the expected and measured values of E. °°7 becomes larger after
incorporating the temperature dependence of cross-link mobility as modeled in established
theories.

Conclusion

The linear viscoelasticity of PB vitrimers with varying dioxaborolane cross-link density was
evaluated using a combination of SAOS, creep, and stress relaxation. The short and long time
dynamics exhibit different temperature dependences, preventing complete superposition of the
stress relaxation curves at varying temperatures well above T;. The activation energy of the short
time dynamics is consistent with monomer friction of the PB backbone, suggesting that segmental
motions precipitate the initial cross-link exchange events. The long time dynamics, characterized
by prolonged power law regimes in stress relaxation and creep measurements, express an
activation energy that is larger than the predicted values of the sticky Rouse and sticky reptation

models.

reep Esticky
a

We speculate that the discrepancy between the measured Ej and predicted
values originates from the temperature dependance of the cross-link mobility within the PB
backbone matrix, o. Theories that describe cross-linker subdiffusion, such as the RBLM and GS
models, have been successfully used to describe the dynamics of polymer networks with
dissociative cross-links. For PB vitrimers with associative cross-links, however, we find that they

are unable to resolve the discrepancy between ES P and ES““Y . In fact, modeling cross-linker
subdiffusion using these theories exacerbates the disagreement between the measured and
theoretical activation energy estimates.

Our findings identify a knowledge gap in understanding the mechanism of associative
cross-link exchange within a vitrimer system. To resolve this open question, we propose
investigating vitrimer rheology using a framework centered around the role of the cross-link

15



mobility . Developing a molecular description of ¢ for vitrimers will not only clarify the features
of the linear viscoelastic response, but also the dynamics under larger strains and stresses.
Knowledge of the latter regime is of particular importance for optimizing the flow behavior during
extrusion, injection, 3D printing, and other standard forms of polymer processing.?*%38 Moving
forward, the combination of experiment, computations, and theory will be needed to illuminate the
impact of molecular structure on vitrimer dynamics.
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Characterization of precursor polybutadiene
"H nuclear magnetic resonance (NMR) spectroscopy was conducted using a Bruker
Advance III 600 MHz NMR spectrometer.
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Figure S1. Precursor polybutadiene 'H NMR spectrum in CDCls.

PB attenuated total reflectance infrared spectroscopy (ATR-IR) spectra were collected
using a Nicolet iS50 Fourier Transform Infrared Spectrometer equipped with a Smart iTR
Attenuated Total Reflectance Sampling Accessory. The PB backbone displays signals at 1440
(CHz bending), 1650 (C=C stretching), 2849 and 2917 (CH> stretching), and 3050 cm™ (=C-H
stretching).5!
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Figure S2. Precursor polybutadiene ATR-IR spectrum.
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Differential scanning calorimetry (DSC) on the precursor PB was performed using a TA
Instruments DSC Q2000. 4 — 5 mg of sample were placed inside an aluminum pan with a standard
lid. Under a nitrogen gas flow of 50 mL/min, precursor PB samples were first cooled from 0 to —
80 °C, heated to 65 °C, cooled to — 80 °C, and finally reheated to 65 °C. All heating and cooling
rates had a magnitude of 10 °C/min. All samples were examined by DSC in triplicate. No glass
transition feature was observed for the precursor PB, suggesting the glass transition temperature
(Ty) was outside the range of the instrument.
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Figure S3. Precursor polybutadiene DSC trace.
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Small amplitude oscillatory shear (SAOS) on the precursor PB was performed using a TA
Instruments ARES-G2 rheometer equipped with 25 mm stainless steel parallel plate geometry and
an air cooling system. To achieve sub-ambient temperatures, the plate geometry was enclosed in
a convection oven. The polymer was loaded directly onto the lower plate, which was pre-heated
to 45 °C. The upper plate was slowly lowered onto the sample to form a plate gap of ® 1 mm. The
sample was then annealed for 30 min, and SAOS was subsequently performed. The sample was
then cooled by an increment of 15 °C at a rate of 1 °C/min. This process was repeated for
temperatures of 30, 15, 0, and —15 °C. Time-temperature superposition of the precursor PB SAOS
data was performed by horizontally shifting the data. The shift factors were fit to an Arrhenius
model to extract an activation energy E5495.
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'H and 3C nuclear magnetic resonance spectroscopy of dioxaborolane cross-linker
'H and '*C NMR spectroscopy were conducted using a Bruker Advance 111 600 MHz NMR
spectrometer.
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Figure S5. '"H NMR spectrum of dioxaborolane cross-linker in CDCls.
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Figure S6. 3°C NMR spectrum of dioxaborolane cross-linker in CDCls.
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PB vitrimer attenuated total reflectance infrared spectroscopy

PB vitrimer ATR-IR spectra were collected using a Nicolet iS50 Fourier Transform Infrared
Spectrometer equipped with a Smart iTR Attenuated Total Reflectance Sampling Accessory. The
PB backbone displays signals at 1440 (CH» bending), 1650 (C=C stretching), 2849 and 2917 (CH>
stretching), and 3050 cm™ (=C-H stretching).>! Dioxaborolane cross-linker displays signals at
1478, 1518, and 1600 cm™! (aromatic C=C stretching). Benzyl mercaptan displays signals at 1495
and 1600 cm™! (aromatic C=C stretching).5?
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Figure S7. PB-v-4 ATR-IR spectrum.
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Figure S8. ATR-IR spectra of dioxaborolane cross-link (XL) and benzyl mercaptan (BM)
aromatic C=C stretching region for PB vitrimers.
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PB vitrimer thermal characterization

Thermal gravimetric analysis was performed using a TA Instruments TGA Q50. 7 — 8 mg of
sample were placed inside an aluminum pan. Under a nitrogen gas flow of 60 mL/min, samples
were heated from 25 to 595 °C at a heating rate of 10 °C/min.
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Figure S9. TGA traces for PB vitrimers.
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Figure S10. DSC traces for PB vitrimers. Orange triangle marks the glass transition

temperature.
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PB vitrimer small-angle X-ray scattering

PB vitrimer samples for small-angle X-ray scattering (SAXS) measurements were prepared using
aluminum washers (outer diameter 10 mm, inner diameter 5.3 mm, and thickness 1 mm). 50 mg
of PB vitrimer sample were placed inside the washer opening and compression molded at 120 °C.
Excess sample was removed using a razor blade.

Lab-scale SAXS was conducted at room temperature using a Bruker Nanostar
diffractometer with an Incoatec microfocus X-ray source (A = 1.5418 A). 2D SAXS patterns were
collected by a HiStar 2D Multiwire SAXS detector. The data were azimuthally integrated to
produce one-dimensional intensity vs. scattering vector (I vs. q) plots using the Bruker SAXS
software. Synchrotron-sourced SAXS was conducted at room temperature at DND-CAT beamline
5-ID-D at the Advanced Photon Source in Argonne National Laboratory (Argonne, 1 = 0.7293 A,
IL; g-range: 0.02—-1.8 nm!). 2D SAXS patterns were collected by a Rayonix MX170-HS detector
with a 3840 x 3840 resolution of 86.6 x 86.6 um pixels over an area of 170 x 170 mm?. The data
were azimuthally integrated to produce one-dimensional I vs. q plots using custom-made software
at the beamline.

Figure S11 features both lab-scale and synchrotron sourced scattering patterns for PB
vitrimers. The upturn at low g represents background scattering, while the plateau at high q depicts
incoherent scattering.
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Figure S11. Small angle X-ray scattering patterns. (A) Lab-scale and (B) synchrotron-sourced.
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Estimated insoluble fraction for networks with a statistical cross-link distribution

To estimate the expected insoluble fraction possible for PB vitrimers, a statistical model was used.?
In this model, which assumes that the dioxaborolane cross-linker adds to the PB backbone in a
statistical manner, N is the degree of polymerization of the backbone chain and Ns is the number
of cross-links on the backbone. The number fraction of chains with N segments and N cross-links
is described as the product of two separate distributions

N!

(N, N5) = B(N) X p(N, Ns) = 6Ny 5P

Ns(1 = )N (S1)

where 6 is the molar mass distribution of the precursor PB chains (as determined from SEC
analysis, see Figure 1A), and v is the N distribution for chains with length N. v is assumed to
follow a binomial distribution, where p is the targeted mole fraction of cross-link bearing repeat
units per backbone chain; i.e.,

p = Nxi/Ny (S2)

where Ny, is the targeted number of cross-links per chain and N,, is the number average molar
mass of the precursor PB. Because all chains encompassed by 8(N) at a particular N value have
identical degrees of polymerization, the number and weight fractions of chains of PB chains with
different Ny are equivalent.* Consequently, the expected insoluble fraction corresponds to

insoluble fraction = z ¢(N,Ng #0) =1 — z ¢(N,Ng = 0) (S3)
N=1 N=1
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PB vitrimer strain amplitude sweeps

For strain amplitude sweep measurements, a sample disc was placed onto the lower plate,
preheated to either 180 °C or 100 °C. The upper plate and hood were slowly lowered onto the
sample to form a gap of = 1.5 mm. After a 60 min annealing, small amplitude oscillatory shear
measurements were performed at an angular frequency w = 1 rad/s. The strain amplitude was
increased from 0.01 to 100%.
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Figure S12. Strain amplitude sweeps at w = 1 rad/s. (A) PB-v-1, (B) PB-v-4, (C) PB-v-8, and

(D) PB-v-15.
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Parameters for rheological measurements

Table S1. Parameters for rheological measurements

Sample Yo for SAOS and stress &p for creep
ID relaxation [%] [Pa]
PB-v-1 3 900
PB-v-4 1 900
PB-v-8 0.8 1000
PB-v-15 0.4 1100

Preconditioning procedure for rheological measurements

To improve the reproducibility of SAOS and stress relaxation measurements, the following
experiment protocol was used. A sample disc was placed onto the lower plate, preheated to 180
°C. The upper plate and hood were slowly lowered onto the sample to form a gap of = 1.5 mm.
After a 60 min annealing, a preconditioning stress relaxation cycle was performed. During a single
cycle, a step strain with magnitude y, was applied for 15 minutes (see Table S1). After 15 minutes
the strain was released, and the sample was allowed to anneal in the absence of an applied strain
for 15 minutes. A total of 5 preconditioning cycles were performed at 180 °C. Afterwards, the
sample was cooled to 160 °C at a rate of 1 °C/min, annealed at 160 °C for 60 min, and exposed to
5 preconditioning cycles. After preconditioning, SAOS was performed. Following the SAOS
measurement, 5 more preconditioning stress relaxation cycles were performed. Subsequently,
stress relaxation was performed for 8 hrs. The same procedure was repeated for temperatures of
140, 120, 100, and 80 °C. Figure S13 depicts the stress relaxation modulus G during the
preconditioning cycles and final stress relaxation measurement (i.e., Cycle 6) for PB-v-4. For creep
compliance and recovery measurements, a similar preconditioning procedure was used.
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Figure S13. Representative pre-conditioning cycle for PB-v-4 at 160 °C. Data for Cycle 6 are
the same data presented in Figure 5 in the main manuscript.
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SAOS and creep data for PB-v-1, PB-v-8, and PB-v-15
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Figure S14. Linear viscoelastic measurements of PB-v-1. (A) SAOS as measured and (B) with
asaos horizontal shift factors applied. (C) Creep as measured and (D) with acyeep, horizontal

shift factors applied. Reference temperature for both ag40s and dcreep is 120 °C.
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Figure S15. Linear viscoelastic measurements of PB-v-8. (A) SAOS as measured and (B) with
asaos horizontal shift factors applied. (C) Creep as measured and (D) with acyeep, horizontal
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Figure S16. Linear viscoelastic measurements of PB-v-15. (A) SAOS as measured and (B) with
asaos horizontal shift factors applied. (C) Creep as measured and (D) with acyeep, horizontal

shift factors applied. Reference temperature for both ag40s and dcreep is 120 °C.
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Figure S17. Raw tan § data for (A) PB-v-1, (B) PB-v-4, (C) PB-v-8, and (D) PB-v-15.
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Figure S18. tan § master curves for (A) PB-v-1, (B) PB-v-4, (C) PB-v-8, and (D) PB-v-15. For
all panels, the reference temperature is 120 °C.
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Creep Recovery Compliance Data

The creep recovery compliance (J,...) was determined by

.]T'EC -

Y=V

(S4)

where y is the strain, o is the applied stress during creep, and yy is the value of the strain when o

was removed.
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Figure S19. Creep recovery compliance (J,..) for (A) PB-v-1, (B) PB-v-4, (C) PB-v-8, and (D)

PB-v-15.
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Asq0s and A ey shift factors for PB-v-1, PB-»-8, and PB-v-15
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Figure S20. ag,0s and @ ¢ep data and Arrhenius fits for (A) PB-v-1, (B) PB-v-8, and (C) PB-
v-15. For all panels, the reference temperature is 393.15 K.
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Plateau moduli and vertical shift factors

Plateau Modulus [MPa]

Figure S21. SAOS and stress relaxation plateau moduli at 120 °C vs. Ny;.
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Figure S22. SAOS, creep, and stress relaxation vertical shift factors for (A) PB-v-1, (B) PB-v-
4, and (C) PB-v-8, and (D) PB-v-15. For all panels, the reference temperature is 120 °C.
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Stress relaxation for PB-v-1, PB-v-8, and PB-v-15
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Figure S23. Stress relaxation of PB-v-1 (A) as measured, (B) with agsps, and (C) aereep
horizontal shift factors applied. Reference temperature for both ag,os and a yeep is 120 °C.
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Figure S24. Stress relaxation of PB-v-8 (A) as measured, (B) with agsps, and (C) acreep
horizontal shift factors applied. Reference temperature for both ag,os and a yeep is 120 °C.
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Figure S25. Stress relaxation of PB-v-15 (A) as measured, (B) with agps, and (C) dcreep
horizontal shift factors applied. Reference temperature for both ag,os and a yeep is 120 °C.
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24 hr creep of PB-v-15
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Figure S26. 24 hr creep for PB-v-15 at 160 °C.

Static cross-link PB thermoset synthesis and SAOS, creep, and stress relaxation

Scheme S1 depicts the chemical structure of the static cross-link PB thermoset control sample. To
prepare the PB thermoset with static cross-links, polybutadiene (2.00 g, 4.4 mmol of vinyl groups),
1,4-benzenedimethanethiol (0.378 g, 2.2 mmol), 2,2-dimethoxy-2-phenylacetophenone (0.1128 g,
0.44 mmol), and dry chloroform (9.6 mL) were mixed in a scintillation vial, transferred into a 50
mL roundbottom single neck Schlenk flask, and degassed through three freeze-pump-thaw cycles.
Cross-linking was performed by exposing the reaction mixture to UV light (MelodySusie Model
DR-301Z, 2 = 365 nm, Flux = 800 uW/cm?) for 1 hr. After UV exposure, the resulting gel was
doped with 0.1 mL of a solution containing 0.002 g of Irganox 1520 dissolved in dry chloroform,
and then stored in the dark at ambient temperature for 24 hrs. The gel was then transferred to a
scintillation vial and dried under reduced pressure at 75 °C for 18 hrs to yield 1.70 g of a yellow-
green solid.

Scheme S1. Static cross-link PB thermoset

chemical structure.
= _
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Figure S27. Linear viscoelastic measurements at 160 °C for static XL PB thermoset: (A) SAOS,
(B) creep, and (C) stress relaxation.

S27



Prony series analysis for PB-v-4

The frequency range of SAOS data can be extended using a Prony series analysis. In this empirical
method, a series of Maxwell exponential decays are fit to stress relaxation data collected at the
same temperature as the SAOS measurement

G = z G, exp (;—t) (S3)
i=1

where t is time, and G; and 1; are the plateau modulus and relaxation time, respectively, of the ith
mode. The elastic and viscous moduli (G" and G"') are then estimated by

n

o - Gt?w?
£ 1+ t2w?) (S6)
n
gr = e (S7)
. - 1+ t2w?)
1=
$5,56,57

where w is the angular frequency.

Figure S28A is the stress relaxation modulus of PB-v-4 at 160 °C fit to a Prony series with
3 modes. The six fitting parameters are listed in Table S2. Figure S28B compares the estimated G’
and G'' to the measured SAOS data. The Prony series analysis estimates a G'-G'’ crossover to occur
at Wepss(160°C) = 0.0012 rad/s. The dioxaborolane cross-link lifetime at 120 °C (tx,) is then
calculated by

Ty = ! = 4000 s (S8)

as405(160 °C)wcross(160 °C)

where ag405(160 °C) is the 160 °C horizontal shift factor estimated from the SAOS data.
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Figure S28. Prony series analysis for PB-v-4 at 160 °C. (A) Stress relaxation and (B) SAOS.

Table S2. Prony series fitting parameters for PB-v-4 at 160 °C.

i G; [Pa] T [s]
1 300000 340
2 103000 1700
3 18000 23000

Derivation of EWLF, gRBLM ERBLM 5GS and ESS models

Carella et al. reported WLF parameters for various PBs with varying 1,2-addition content. Tj
increased with increasing 1,2-addition content from —97 to 85 °C. From linear rheology
measurements, they determined that the horizontal shift factors for PB (a;) followed a modified
form of the WLF equation

-C,(T - T, —55K)
C,+ (T —T,—55K)

log,par(T) = (S9)

where C; = 5.78 and C, = 94.8 K are the WLF parameters for PB homopolymer.>® At any
temperature, the “instantaneous” E)Y-¥ may be obtained by taking the derivative of Eqn. S9%°

dlog,oar _ 2.303C,C,RT?
or (C, +T —T, - 55K)°

EWVLF = —2 303RT? (S10)

Evaluating Eqn. S9 at T = T, = 391.15 K produces Eqn. 8 in the main manuscript.
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The Renormalized Bond Lifetime Model (RBLM) describes 7y, as

TxL = ZTb + Topen (Sll)

Esm)
a

- (S12)

Tp = Ty exp(

where 7}, is the Arrhenius model for the bare bond lifetime, 7, is the elementary Rouse timescale,
Z is the number of times a cross-linkable group reassociates with an old partner, and 7, is the
time it takes for a cross-linkable group to traverse to a new partner. Assuming Rouse subdiffusive
motion for cross-links, Z and 7, are estimated by

rx
Z == S13
b (S13)
"
Topen =70 (7) = T0Z* (S14)
] Ny, \ 77
= ()3 = (b3Nn) (S15)
where 7;, is the average distance between cross-linkable groups, ¢, is the number density of cross-
links within the network, and b = 0.96 nm is the PB statistical segment length.3!0311 gRBLM may
be expressed by
Esm
Txy = ZTp + Topen = ZTg €XP (Ra_T) + 19Z% (S16)
Esm Esm ESm
_ 3 _Cta a_\_ _RBLM a
= (2 (14 220 (- 50) Jraemn (i) = oo (i) o1
Egm
RBLM _ 7 (1 4 73 (_ )) S18
o ( + 27 exp RT (S18)
ERBLM may be derived by
Zt, T Ax
Inty, =1nro+1n(—”+ﬂ) =Int, +1In (—”+z4) (S19)
To To To
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a 6 ZTb
RBLM _ 4
Ea _a(i)lnro-l_a(i)ln(‘[o +Z) (820)
RT RT
RBLM WLF a Edgm 4
Ea =Ea + 1 In (Zexp(RT)-i-Z ) (821)

o (w7

sm

Z exp (EI'?aT ) am
sm
a

ERBLM — pWLE 4 £ (S22)
4
Z exp ( RT ) +7Z
ES™
RBLM _ pWLF
Eq =E;" + e “Em (S23)
+ Z° exp ( RT )
where Eqn. 12 from the main manuscript is used to go from Eqn. S20 to S21.
In the theory of Ghosh and Schweizer, 7, is described as
T, To To\Y AF )
204 (2 — S24
T T * ( T) exp (RT (524)

where v is a decoupling exponent, AF is the effective association free energy barrier, and 7 is the
elementary attempt time for activated relaxation.5'> Replacing AF with ES™, we derive 6% by
substituting Eqn. 24 into the following relationship

(74 E;™ . s E;™
Tx, = ZTp + Topen = Z | To + -1 exp ( RT) + 19Z% = 07Ty exp ( RT) (S24)

(0

T R
- ESm =2 ((_)
exp ()

ESS may be derived by

+(1+2%) exp (— b;;;n)) (S25)
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Za(l)(%)

0 Zt RT
ESS = Int, + In (=2 +2¢) = Eyr 4 —p L (S26)
9 (L) P (L To AT
RT RT To
sm
Z 61 (1 + 717Vt exp (% ))
g6s  gwir 4 O (z7) (827)
a a ESm
A (1 + vyt exp ( BT )) + Z*

sm sm

ZtiV | ¥ texp (]:;QLT) ES™ + exp (EI'?aT ) (v —1)ry2
(7)) (s28)

ESS = EWIF +

1-v,-v—1 Egm 4
Z\1+1i7vVTy " exp =T ) 2

sm
Zt17Vty Lexp (%T ) Ty ES™ + (v — 1)EYLE)
EZS = EJ/'F + R (529)
Z (1 + 717vgy texp ( BT )) + Z*

T TES™ 4 (v — 1EYLF
3
=ved~texp ( }g )

ESS = WL 4

where, once again, Eqn. 12 from the main manuscript is invoked in Eqns. S26 and S29.

To produce ERBIM and ESS predictions in Figure 6 of the main manuscript, Ny, as a
function of T, was estimated using Eqn. 5 of the main manuscript. For ESS, T = 1 x 102 s and
v =0.66 were used.>!3
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