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Abstract

An equilibrium statistical mechanical theory for the formation of reversible networks

in two-component solutions of associative polymers is presented to account for the

phase behavior due to hydrogen bonding, metal–ligand, electrostatic, or other pairwise

heterotypic associative interactions. We derive explicit analytical expressions for the

binding statistics, gelation condition, and free energy, in which we consider polymers

of types A and B with many associating groups per chain and consider only A − B

association between the groups. The free energy is approximated at the mean-field

level, considering overlapping polymer chains with an ideal gas of "stickers" capable of

intermolecular association. It is shown that the number of associations is maximized

at stoichiometric conditions between A and B associative groups. Accordingly, ho-

mogeneous networks are most easily formed near stoichiometric conditions between A

and B associative groups, resulting in a re-entrant sol–gel–sol transition as the overall

composition is altered. Association and reversible network formation are found to be

accompanied by a tendency for phase separation. These results demonstrate that re-

versibly associating polymers have a large parameter space in terms of molecular design,

binding energy, and mixture compositions. Our predictions are expected to be useful

in the rational design of interacting polymer mixtures and the formation of reversible

networks.
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1 Introduction

Polymer networks are complex systems of components connected by physical and chemical

associations, presenting an opportunity to exert molecular-level control of the network con-

nectivity and macroscopic material properties.1–3 In particular, polymers linked by reversible

associations are an evolving class of materials exhibiting promising properties attributed to

their dynamic nature. The transient cross-linking enables self-healing or remendability, with

the materials able to re-develop their structure and properties after failure or re-processing.4–8

The dynamic bonding further enables stimuli-responsiveness, permitting modulation of the

composition, morphology, and viscoelastic properties through control of the associations by

temperature, pH, salt, mechanical force, etc.8,9 Such responsive, transient associations form

the basis of many synthetic and biological systems, such as rheological modifiers, thermo-

plastic elastomers, chromatin transcription, and subcellular compartmentalization.1,10–20

The reversible cross-links between different chains are a result of specific associations

between associating groups, also denoted as "stickers". These stickers can exist as free, open

to potential association, or closed, already associated with another sticker. The associations

can be saturable, in that only a specified number of stickers can participate, typically two, or

be non-saturable, with many stickers associating per aggregate. While the latter can include

block copolymers, which form micellar or other self-assembled structures, most associating

polymers contain a low fraction of sticky sites distributed along the chain, separated by

"spacers" of non-associating monomers. Multifunctional associative polymers, with multiple

stickers per chain, result in the formation of supramolecular structures ranging from loopy

single-chain nanoparticles to network gels.21–26

Most reversible cross-links are formed by attractive short-ranged physical interactions.

A variety of different supramolecular (or non-covalent) interactions exist in nature and have

been explored for the development of novel materials. Importantly, these associations can be

homotypic, in which one type of sticker can self-associate both intra- and intermolecularly,

or heterotypic, in which stickers of different types associate (Figure 1). Homo-associative
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interactions include generalized hydrophobic interactions, occurring from weak van der Waals

forces (and from effective repulsion between nonpolar groups and polar solvent molecules),

π − π stacking of aromatic moieties, and dipolar interactions. The best studied examples of

networks formed from such A − A-type interactions are ionomers, polymers with a sparse

number of charged monomers. In the melt state, the overall dielectric constant of the material

is low, causing the charge-compensating counterions to condense and bind to the opposite

charges on the chain, resulting in dipoles that then effectively cross-link the material by

ionic clustering.27–30 Notably, these systems motivated the development of the first reversible

network theories for their static and dynamic properties,6,31–40 expanding beyond the classical

gelation models of Flory and Stockmayer.41–44
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Figure 1: Schematic illustration of (a) free energy profile of reversible association of depth
ϵ kBT , (b) homotypic (A − A) interactions, such as dipolar, π − π, and hydrophobic, and
(c) heterotypic (A−B) interactions, such as hydrogen bonding, metal–ligand, cation–π, and
charge–charge (ionic bonds).

However, in many systems, the stickers hetero-associate, forming A− B linkages, either

between different sections of a heteropolymer, or between different chains in a mixture of as-

sociating polymers. Examples of hetero-complementary associations include hydrogen bond-

ing,45,46 ionic bonds between charges of opposite sign,47,48 metal–ligand coordination,49–53

host–guest interactions,54,55 cation–π stacking,56 or Lewis acid–base pairs.57 The diversity of

heterotypic associations provides a wide range of association strengths (or affinities), which

broadens the design space for new reversible networks.58–60

In general, these sticker associations are weaker than permanent covalent bonds; the
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lifetime of their bonds is finite and on realizable time scales. However, the strength of

associations and resulting bond lifetimes can vary by many orders of magnitude (Figure 2).

Depending on the nature of the associative interactions relative to the thermal energy, kBT ,

the cross-links can be effectively irreversible, with pseudo-permanent bonds, or so short-lived

that the system is nearly indistinguishable from a non-bonding solution or melt. Intermediate

to those limits, the lifetime of the associations is observable, and cross-links readily break

and re-form.

0.1 1 10 100
Binding Energy,  ε kBT

54321
Binding Lifetime, τ [s]

Metal–Ligand

Hydrogen bonding

Hydrophobic

van der Waals

Ionic

effectively
irreversible

10-9 103410710-510-8

Figure 2: Typical binding strengths ϵ kBT and lifetimes τ of non-covalent associative inter-
actions. Binding lifetimes are estimated by τ = τ0 exp (ϵ), where τ0 ≈ 10−9 s for caging in
liquids. Interactions with binding energies above ∼ 40 kBT correspond to binding lifetimes
longer than 5 years and are considered effectively irreversible.

While the quantum chemical mechanisms of how each of these attractive interactions

cause chain segments to stick and un-stick are vastly different, each can be considered as a

"sticky" interaction imparting additional monomeric friction and connectivity constraints in

the material. There exists a need to understand how the hetero-complementary character

of such interactions affects the overall material properties. Painter and Coleman first recog-

nized the unique interplay of entropy and enthalpy in hydrogen bonding,61 arguing simple

modifications to Flory–Huggins theory were inadequate.62–64 Since then, various theories

have been developed to describe different case studies of associating polymer mixtures, fo-

cusing on specific interaction regimes, polymeric structure, or other solution conditions.65–76
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Recently, the complexation of oppositely charged polyelectrolytes, in particular, has been

widely studied, providing a wealth of predictions for binary associative polymer solutions

with long-range electrostatic interactions.77–87

Here, we extend an equilibrium statistical mechanical theory for the thermodynamics

and gelation of associative polymers32 to the case of heterotypic A− B interactions. Tran-

sient binding between hetero-complementary associating groups compatibilizes the mixture,

resulting in effective branched block copolymers and ultimately the formation of multi-

component copolymer networks. Since homogeneous networks are most easily stabilized near

stoichiometric conditions between A and B associative groups, altering the overall composi-

tion results in a re-entrant sol–gel–sol transition. It is shown that association and formation

of a reversible network are always accompanied by a tendency for phase separation, albeit

suppressed (to higher association strengths) in relation to self-associative polymers. We ex-

pect that this theoretical framework and resulting predictions will be useful for describing

the behavior of polymers containing hydrogen bonding, metal–ligand, electrostatic, or other

heterotypic pairwise associative interactions, as well as designing new molecularly optimized

reversible networks.

2 Model

As a minimal model system, consider a solution of linear chains with associating groups

(stickers) of type i = A,B (Figure 3). Each chain of length Ni contains fi stickers (2 ≪ fi ≪

Ni), separated by spacers with si = Ni/(fi−1) which is asymptotically si ≃ Ni/fi for fi ≫ 1

monomers. Since we consider sticky associations at the mean-field level without correlations,

the specific distribution of stickers along the chain does not affect the thermodynamics.

Stickers can associate in saturable A−B pairs with the energy of association equal to ϵ kBT ,

where kBT is the thermal energy. Assuming monomers of type i = A,B have the same size

a, the monomer concentration of type i in solution is ci, the number density of polymer
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chains is ci/Ni, and the number density of stickers is fici/Ni ≃ ci/si. The number of stickers

in volume V is

Nst,i = fi
ci
Ni

V ≃ ci
si
V (2.1)

Let pi be the fraction (probability) of stickers of type i that are associated in a bound A−B

pair (i.e., the degree of conversion of type i). The number of such pairs of associated stickers

in volume V is,

Np = piNst,i (2.2)

Thus, the number density of temporary bonds (pairs of stickers) is

ρ =
Np

V
= pi

fici
Ni

≃ pi
ci
si

(2.3)

While we will stray away from this nomenclature, we should note that in the context of

biological applications of such a sticker–spacer model, the number of stickers per molecule

is commonly referred to as the "valency" or "multivalency".88–90

sA spacer

sB spacer

ϵkBT

fA stickers
NA monomers

fB stickers
NB monomers

cA monomer 
concentration

cB monomer 
concentration

Polymer with ”A” stickers

Polymer with ”B” stickers

Figure 3: Model system of A−B associative polymers.

The free energy density of this system can be written:

F

kBT
=

cA
NA

ln
(
cAa

3
)
+

cB
NB

ln
(
cBa

3
)
+

v

2
(cA + cB)

2 +
w

6
(cA + cB)

3 + χABa
3cAcB

+ ρ+
cA
sA

ln (1− pA) +
cB
sB

ln (1− pB) (2.4)

where v is the excluded volume parameter describing the solvent quality, w is the three-

body interaction parameter, χAB is the Flory–Huggins interaction parameter between A
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and B segments, and a3 is the monomeric volume. The first two terms of eq. 2.4 are

the ideal-gas translational entropy of the polymer chains, and the next three terms are the

interaction energy from two- and three-body interactions and chemical contacts. Collectively,

these terms are the traditional expression of the free energy for a non-associating mixture of

polymers A and B in solution.91–94 The last three terms in eq. 2.4 account for the association

of stickers. The combinatorial entropy of the sticker bonds is expressed as ρ kBT , which is

kBT per bound sticker pair. The entropy of the unpaired A and B stickers is described by

(cA/sA) ln (1− pA) and (cB/sB) ln (1− pB), respectively. The sticker association enthalpy

(and its dependence on the binding strength ϵ kBT ) is incorporated implicitly through the

degrees of conversion (pA, pB), a consequence of the free energy minimization. Note that pA

and pB are related to the number density of temporary bonds ρ, pA = ρsA/cA, pB = ρsB/cB,

while ρ is related to ϵ by virtue of a mass action law (eqs. 3.14, A.13, A.14). For clarity and

conciseness, the remaining details and derivation of the model thermodynamics are relegated

to the Appendix.

The results presented in this work correspond to a mean-field theory, in which we have

neglected correlations between sticker positions. Accordingly, the theory is not applicable

in the dilute regime, rather we must demand that the coils are strongly overlapping, i.e., a

semidilute or concentrated solution. More precisely, our mean-field approach is valid if there

are typically many stickers in a sphere of radius as
1/2
i equal to the size of a spacer si:

(ci/si)(as
1/2)3 = cia

3s
1/2
i ≫ 1 (2.5)

In other words, we assume that the spacers are overlapping.

The free energy of association depends on the concentration of A and B stickers ci/si

and their degrees of conversion only and does not explicitly depend on either the numbers

of stickers per chain fi, nor on the degrees of polymerization Ni. In mean-field, this free

energy is approximated as that of a mixture of stickers. This approximation is valid when
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concentration blobs are not swollen by excluded-volume monomer interactions, i.e., in the

semidilute Θ and concentrated regimes:95,96

v/a6 ≪ cA + cB (2.6)

where the conformational statistics of polymer chains are nearly Gaussian. Accordingly, we

will initially set v = 0 and w = a6 to describe Θ solutions: va3 ≪ w/
√
si. We will relax

this constraint to arbitrary v to describe good and athermal solvents in a subsequent paper.

Following de Gennes,97 we further assert that the parameters v, w, and χAB are not directly

affected by the presence of cross-links, which should be true for long overlapping strands

between stickers, si ≫ 1.

3 Bound Sticker Pair Formation

The fraction of paired stickers is the primary parameter governing the static and dynamic

properties of associating polymers. The fractional degree of conversion can be obtained using

eq. A.13,

pA =
pB
r

=
1

2

1 + r−1 +
1− r−1

√(
r + (1 + r) cA

sA
λ
)2

− r
(
2 cA
sA
λ
)2

cA
sA
λ

 (3.1)

and is a function of two parameters: the attractive volume fraction of the stickers, λcA/sA,

and the stoichiometric ratio of the sticker concentrations,

r =
cA/sA
cB/sB

=
pB
pA

. (3.2)

In eq. 3.1 we have defined an association strength,

λ ≡ vb exp (ϵ) (3.3)
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with the volume of a bond vb and energy of association ϵ kBT . This can be described as the

attractive volume of a bond, an effective capture volume around a sticker. Eq. 3.1 highlights

the two manners for controlling the association behavior: either by increasing the sticker

concentrations ci/si and their association strength, λ, or by balancing the availability of

their complementary stickers. While the degrees of conversion of A and B can be maximized

by either approach, the total number density of reversible bonds ρ = pAcA/sA = pBcB/sB is

only maximized by increasing the product of the degrees of conversion and number densities

of stickers.

3.1 Stoichiometric Mixtures

To understand the effects of pairwise hetero-association on the degree of conversion, it is

then useful to compare the degree of conversion of sticker A,

pA =
1

2

1 + cB/sB
cA/sA

+
1−

√(
1 +

(
cA
sA

+ cB
sB

)
λ
)2

− 4 cA
sA

cB
sB
λ2

cA
sA
λ

 (3.4)

equivalent to eq. 3.1, with the homo-binding (A− A) case:32

pA = 1 +
1−

√
4 cA
sA
λ+ 1

2 cA
sA
λ

for A− A homo-association (3.5)

For sticker-stoichiometric mixtures, with equal number densities of A and B stickers (i.e.,

cA/sA = cB/sB and r = 1, eq. 3.2), the degree of conversion for the A − B system is

quantitatively identical to that for A − A (Figure 4a); the probability of closed pairs of

A−B stickers is equal to that for closed pairs of A−A stickers at the same concentrations

of A stickers. Importantly, however, while λcA/sA and thus, pA, are the same, in the A−B

case, there are twice as many stickers (cA/sA + cB/sB) and therefore twice as many bonds

(i.e., ρA−B = 2ρA−A). Accordingly, for equivalent total concentration of stickers, at the same
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association strength, the need for A stickers to have B stickers for hetero-bonding limits the

accessible number of bound sticker pairs and degree of conversion due to self-dilution.
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Small Attractive 
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Figure 4: (a) Degree of conversion of A stickers, pA, for a Θ-solution of associating polymers
of type A − A (with cA/sA) and A − B (with cA/sA = cB/sB) as a function of increasing
attractive volume fraction of stickers λcA/sA. Schematic illustrations of A−B system at (b)
low and (c) high attractive volume fraction of stickers λcA/sA. A stickers are denoted by blue
major sectors and B stickers are denoted by orange minor sectors, as in Figure 3. Closed
sticker pairs are indicated by the union of these blue and orange sectors. The attractive
volumes of a bond (around unpaired A stickers) are marked by dashed circles.

Considering heterotypic associations in a mixture of A and B polymers under stoichio-

metric conditions (r = 1, or correspondingly cA/sA = cB/sB), the degree of conversion

pA = pB has two limiting behaviors. Below the overlap of attractive volumes of stickers,

λcA/sA = λcB/sB ≪ 1, the probability that stickers of A and B will find each other is low,

and the degree of conversion is small (Figure 4b). For low fraction of bonds, the degree

of conversion pi increases linearly with and approximately equal to the attractive volume

fraction of stickers (λci/si):

pA = pB ≃ λ
cA
sA

≃ λ
cB
sB

for λ
cA
sA

= λ
cB
sB

≪ 1 (3.6)
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This limit corresponds to non-overlapping attractive volumes of stickers, in which the degree

of conversion of A, pA, is the probability of an A sticker being within the attractive volume

of a B sticker.

In the opposite limit, above the overlap of attractive volumes of stickers, λcA/sA =

λcB/sB ≫ 1, most stickers of A and B easily find complementary stickers with which to

bond, as nearly all stickers are within the attractive volumes of potential sticker partners

(Figure 4c). Accordingly, most stickers are bound,

pA = pB ≃ 1−
√

sA
λcA

≃ 1−
√

sB
λcB

for λ
cA
sA

= λ
cB
sB

≫ 1 (3.7)

and the fractional degrees of conversion approach unity, i.e., full conversion in which all

stickers are paired.

3.2 Non-Stoichiometric Mixtures

Importantly, because a heterotypic reversible bond requires both an A sticker and a B sticker,

the degrees of conversion are sensitive to the sticker stoichiometry or the ratio of densities

of stickers of A and B, r = (cA/sA)/(cB/sB) (eq. A.16), highlighting that control over

reversible bond formation can be achieved by adjusting the composition of the polymer mix-

ture. A well-studied experimental example is how the degree of complexation of poly(vinyl

alcohol) with molecular dye, Congo Red, can be tuned dependent on composition.98,99 There

is emerging evidence that the liquid–liquid phase separation of nucleic acids and proteins to

form membraneless organelles in vivo is similarly sticker-stoichiometry controlled.19,20

Consider, more generally, the conversion degrees for any sticker stoichiometry, below the

overlap of attractive volumes of stickers,

pA ≃ λ
cB
sB

for λ
cA
sA

≪ 1 (3.8)
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and

pB ≃ λ
cA
sA

for λ
cB
sB

≪ 1 (3.9)

This again highlights that the fractional conversion of A, pA, is the probability of an A sticker

to be within the attractive volume of a B sticker, and vice versa.

Note that in this regime, the last three terms in the free energy density (eq. 2.4)

related to sticker associations take the form of a pairwise attraction between stickers

−λcAcB/(sAsB) kBT . This pairwise attraction reduces the χAB parameter for A − B in-

teractions by the attractive volume per monomer, (λ/a3)/(sAsB),

χeff
AB = χAB − λ/a3

sAsB
(3.10)

where λ is the attractive volume of a bond (λ = vb exp (ϵ)) and si = Ni/(fi−1) is the number

of monomers between the neighboring stickers on chain type i. To determine the stability

of the single phase in this low conversion regime (for pA, pB ≪ 1) we can use the results

for polymer mixtures by replacing χAB by χeff
AB (eq. 3.10). This implies that the physical

associations between different species improve their mutual miscibility, a remarkable differ-

ence from A − A homotypic associative polymers, where the physical associations reduced

the stability of the single-phase solution by reducing the effective second virial coefficient:

veff = v−λ/s2A.32 Importantly, this A−B attraction stabilizes A−B mixing, but also leads

to A−B gels separating from solution, as will be discussed in Section 5.

Above the overlap of attractive volumes of one (or both) sticker types, λcA/sA ≫ 1 or

λcB/sB ≫ 1, the degrees of conversion depend on asymmetries in the number of stickers.

For r ≪ 1, A stickers are scarce and surrounded by an excess of available B stickers; pA

tends to unity as the attractive volumes of A approach overlap and nearly all the available

A stickers are bound. On the contrary, for r ≫ 1, A stickers are overabundant and there are

not enough available B stickers with which to pair (all B stickers are paired, pB ≈ 1), and
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the degree of conversion of A is reduced by a factor of the ratio of the number of stickers:

pA ≃

 1 r ≤ 1

r−1 r > 1
for λ

cA
sA

≫ 1 (3.11)

Correspondingly,

pB = rpA ≃

 r r < 1

1 r ≥ 1
for λ

cB
sB

≫ 1 (3.12)

This has the remarkable consequence that even for infinitely strong association strengths,

not all stickers will undergo cross-linking if there is an overabundance of those stickers (or

deficiency of available sticker partners). Sticker number density asymmetries (cA/sA ̸=

cB/sB), arising from mismatched monomer concentrations for chains with the same number

of monomers between stickers (sA = sB), or different densities of stickers per chain (sA ̸= sB)

at the same monomeric concentrations, significantly alter the degree of conversion (Figure

5).

This is perhaps most evident in the probability of paired stickers pA relative to this

probability pA(r = 1) for a sticker stoichiometric mixture (Figure 5b). For mixtures in which

the A stickers are in short supply relative to the B stickers (r ≪ 1), the enhancement at

low binding (λcA/sA ≪ 1) is inversely proportional to their deficiency (pA/pA(r = 1) ∼ r−1,

eq. 3.8). For a large attractive volume fraction of stickers, λcA/sA ≫ 1, the enhancement

disappears as almost all A stickers become paired for r ≤ 1. For mixtures in which the A

stickers are in excess (r ≫ 1), the degree of conversion pA is nearly uniformly suppressed

by a factor of r relative to the sticker stoichiometric mixture: pA/pA(r = 1) ∼ r−1. This

is because the A stickers are overabundant relative to potential B sticker partners; their

conversion is dominated across the range of attractive volume fraction of A stickers, λcA/sA,

by the stoichiometry of B.

However, a keen observer will notice the non-monotonicity of pA/pA(r = 1) with r >

1 (Figure 5b). This melioration of the relative fractional degree of conversion occurs for
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Figure 5: (a) Degree of conversion of A stickers, pA, and (b) degree of conversion of A
stickers relative to the degrees of conversion of the stoichiometric sticker mixture (r =
(cA/sA)/(cB/sB) = 1) for a Θ-solution of associating polymers of type A − B for vari-
ous ratios r of A and B sticker concentrations as a function of increasing attractive volume
fraction of A stickers λcA/sA. (c-e) Schematic illustration of mixtures of A− B associating
polymers at different sticker stoichiometries, showing the effects of sticker stoichiometry on
sticker degrees of conversion at high attractive volume fraction of A stickers λcA/sA ≫ 1.
A stickers are denoted by blue major sectors and B stickers are denoted by orange minor
sectors, as in Figure 3. Closed sticker pairs are indicated by the union of these blue and
orange sectors.

intermediate attractive volume fraction of stickers (i.e., λcA/sA is of the order of unity)

and is maximized at r = 2. It can be explained as follows: (1) at low λcA/sA, below the

overlap of attractive sticker volumes, most stickers are unpaired independent of the sticker

stoichiometry asymmetry, but pA increases for all r as λcA/sA; (2) upon further increasing

λcA/sA, the attractive volumes of stickers overlap, most available B partners become paired,

and this effect diminishes.

Ultimately, these effects are a consequence of the heterotypic nature of the reversible

sticker association,

A+B ⇌ AB (3.13)

which characterizes the ratio of bound to unbound stickers according to a mass action law,

Keq =
ka
kd

=
ρ

cA
sA
(1− pA)

cB
sB
(1− pB)

=
pA

cB
sB
(1− pA)(1− pB)

=
pB

cA
sA
(1− pA)(1− pB)

= λ

(3.14)
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with an equilibrium constant Keq and rate constants for association ka and dissociation

kd. Accordingly, when A stickers are dilute in B (i.e., r ≪ 1), the probability that A is

paired increases with increasing availability of B (Figure 5a-c). Conversely, for r ≫ 1, pA is

suppressed as the availability of free B stickers decreases (as cB/sB = r−1cA/sA decreases in

Figure 5a,b,e). Most importantly, the equilibrium constant is simply what we have termed

the attractive volume of a bond: Keq = λ, and scales exponentially with the energy of

association ϵ kBT .

In our mean-field theory, the probability of bound pair formation is unaffected by other

interactions; it is purely statistical and is only weighted by the energy of the bond. The basic

simplifying assumptions used in the description of condensation polymerization41,42,44,100–104

and homotypic reversible associating polymers32 are also adopted, namely: (a) all unreacted

stickers of the same type are equally reactive and (b) all functional groups react indepen-

dently. Consequently, our results depend on the sticker association being saturable (only

two stickers can bind) with no local segregation of A and B, independent of the strength of

associative interactions between stickers. Additionally, while on a monomeric level, sticker

interactions are directional, we have assumed that this is averaged out on the scale of polymer

chain segments relative to the size of the spacer, and there are no correlations or cooperativity

between stickers, nor are the local chain conformations (e.g., persistence length) affected by

the reversible bonds. Taking scaling corrections into account, we will see how the bound pair

formation is affected by swelling in good solvents in a subsequent paper. Similar approaches

could also be envisaged to consider sticker cooperativity and correlations.

4 Gelation

Our description of the sticker binding thus far has focused on the probability of an isolated

sticker in mean-field forming a reversible bond. However, the stickers are distributed along

polymer chains, so when a pair of stickers associates, a reversible cross-link is formed between
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two polymers. In multifunctional polymers, i.e., polymers with many stickers, fi > 2, the

result of these associations is the formation of large, cross-linked clusters and ultimately

percolation and formation of a connected network.

4.1 Gel Point

A convenient presentation of the mean-field model is to place the polymers on the vertices of

an infinite Bethe lattice (Figure 6). Each vertex is connected with a functionality according

to the number of stickers, fi, and the bonds are formed with a probability, pi. In such a bond

percolation model, the probability of forming a bond is assumed to be independent of any

other bonds in the system. Note that another assumption of the bond percolation model—the

absence of intramolecular cross-linking, which had large implications for A−A associations,32

is less of a limitation for A − B systems where all the associations are interchain. Since

associations are only allowed between distinct species, the gels are alternately cross-linked

networks between A chains and B chains. In a sense, these networks are branched and

percolated block copolymers, in which the "block" size is the distance between cross-links

(equal to the spacer length between stickers si for complete binding). In principle, each

component could further have different monomeric sizes, solvent quality, etc.

pA

pB

pA pA1-pA

pA

A

BB BB BB B BB

AAA A

BB B

pB 1-pB pB

pA 1-pA pA pA1-pA pA 1-pA

Figure 6: Gel point calculation on a Bethe lattice, visualized for fA = 4 and fB = 3. Filled
circles correspond to stickers attached to the Cayley tree; unfilled circles are not attached.
Solid grey lines indicate formed bonds with probabilities pA and pB; dashed lines indicate
bonds not formed with probabilities 1− pA and 1− pB. The fractional degrees of conversion
are related according to the stoichiometry of stickers: pB = rpA.
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As was shown for A−A associating polymers in Ref. 32, the gelation conditions can be

obtained according to the Bethe lattice description as in Figure 6. The gelation condition

corresponds to the product of the degrees of conversion of both A and B:44,66,71,76,101,103,104

pgelA pgelB = r
(
pgelA

)2

=
1

fA − 1

1

fB − 1
(4.1)

which corresponds to a critical degree of conversion of A:

pgelA =
1√

r (fA − 1) (fB − 1)
. (4.2)

The result is consistent with the classical gelation theory of Flory and Stockmayer in the

pre-gel regime.41–44 In the post-gel regime, the present theory is compatible with the Flory

model,44 implying that finite clusters and the reversible gel are not restricted to tree-like

structures but should contain cycles.

It follows that the attractive volume of a bond for the critical gel (i.e., the equilibrium

constant for reversible heteroleptic association, eq. 3.14) results from evaluating eq. A.13 at

the critical degrees of conversion:

λgel =
pgelA

cB
sB

(
1− pgelA

)(
1− pgelB

) =
pgelB

cA
sA

(
1− pgelA

)(
1− pgelB

) (4.3)

which can be simply approximated in the limit of many stickers per chain:

λgel ≃ 1
cB
sB

√
r
√
fAfB

=

√
r

cA
sA

√
fAfB

for fA, fB ≫ 1 (4.4)

The critical gelation concentration of stickers A and B, i.e., cA
sA

+ cB
sB

= cB
sB
(1 + r), can be

analogously determined from eq. A.13 at pgelA (eq. 4.2):

(
cA
sA

+
cB
sB

)gel

=
pgelA (1 + r)

(1− pgelA )(1− rpgelA )λ
(4.5)
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which also simplifies in the limit of many stickers per chain:

(
cA
sA

+
cB
sB

)gel

≃ 1 + r

λ
√
r
√
fAfB

for fA, fB ≫ 1 (4.6)

In the symmetric case ( cA
sA

= cB
sB

, fA = fB), the pairwise associative nature results in a

total gelation concentration that is twice the gelation concentration for A − A associative

polymers at the same λ and fA. This doubling of the gelation concentration is due to the

alternating nature of the cross-links and the need for both A and B to participate in the

gelation. However, more importantly, the gel condition of eq. 4.6, considered as an equation

for r has two roots corresponding to r < 1 and r > 1. Thus, there exist two critical gelation

composition asymmetries for a specified overall concentration of stickers.

4.2 Re-entrant Sol–Gel–Sol Transition

The gelation conditions (either eq. 4.3 or eq. 4.5) in reversible networks of A−B associating

polymers result from the hetero-complementary nature of bond formation, with an important

implication—a sol–gel–sol or re-entrant gelation transition. Gelation can only proceed in a

region of composition space with adequate number densities of both A and B stickers to

maintain bond percolation; if either species is present in high enough excess (r ≪ 1,≫ 1),

infinite networks will not be formed (Figure 7), even at strong binding conditions with all

the minority sticker bonded.

Figure 7 shows this re-entrant gelation transition as embodied by the λ necessary for

gelation as a function of sticker stoichiometry r at different total concentrations. Concep-

tually, this emphasizes that the critical energy of association for gelation increases at fixed

cA + cB as the ratio of sticker concentrations deviate from stoichiometry. At r = 1, the
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Figure 7: Gel conditions highlighting the re-entrant sol–gel–sol transition at fixed total
volume fractions ((cA + cB)a

3 = 0.01, 0.1, 1) as a function of sticker stoichiometry, r, for
polymers with spacers containing sA = sB = 1000 monomers, fA = fB = 1000 stickers, and
degrees of polymerization NA = NB = 106.

minimum association strength for gelation is reciprocally proportional to cA/sA + cB/sB:

λgel(r = 1) =
2
√
fA − 1

√
fB − 1

(
√
fA − 1

√
fB − 1− 1)2

(
cA
sA

+ cB
sB

) (4.7)

≃ 2
√
fAfB

(
cA
sA

+ cB
sB

) for fA, fB ≫ 1 (4.8)

For arbitrary sticker composition, the factor of 2 in eq. 4.8 must be replaced with
√
r+1/

√
r:

λgel ≃
√
r + 1/

√
r

√
fAfB

(
cA
sA

+ cB
sB

) for fA, fB ≫ 1 (4.9)

At sticker concentrations away from stoichiometry, λgel increases proportionally to
√
r with

increasing r for r ≫ 1 and proportional to 1/
√
r with decreasing r for r ≪ 1. At a constant

λ (i.e., a constant temperature), the system is a sol, gels, and then returns to a sol phase

as the ratio r of the number of A to B stickers increases. Accordingly, this sol–gel–sol re-

entrant phases can be described as a mixture of hetero-associating polymers with an excess
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of B stickers for small r and few bound A − B pairs which transform (as r increases) to

a fully percolated network with many associations, and, ultimately to a mixture of hetero-

associating polymers with an excess of A stickers and few bound A−B pairs for large r. This

reiterates the importance of the sticker stoichiometry in determining the binding statistics,

as shown schematically in Figure 5c-e.

Signatures of this re-entrant sol–gel–sol transition have been observed in solutions or

blends of hetero-associating polymers through a peak in shear modulus or viscosity at near-

stoichiometric mixing conditions. For example, a gelatin solution exhibited a non-monotonic

increase then decrease in the storage modulus upon addition of sodium polystyrene sulfonate

(NaPSS).105 Light scattering of dilute NaPSS–gelatin mixtures correlated the maxima in the

apparent molecular weight with the same composition ratio as the peak in shear modulus,

confirming that the re-entrant gelation transition corresponded to the 1:1 stoichiometry

of the ionic binding sites between NaPSS and gelatin.105,106 The viscosity of mixtures of

polysaccharides have also been shown to vary non-monotonically with composition.107 At

concentrations with similar viscosities in pure solutions of dextran and κ-carrageenan, binary

mixtures show a pronounced viscosity increase (by a factor of 3) at intermediate mixing

ratios.107 While the reported relative viscosity increases are statistically above expectations

from a logarithmic mixing rule, they are perhaps lower than the orders of magnitude increase

that might be possible due to the re-entrant sol–gel–sol transition.

A significant challenge is that many experimental systems are complicated by numer-

ous other factors and do not necessarily provide an appropriate means to test the pre-

dictions. For example, gelatin alone reversibly cross-links by triple helix formation and

polysaccharide solutions interact by multiple associative interactions that are composition

and solvent-dependent, convoluting the experimental observations. More idealized systems

of binary hetero-complementary associative polymers based on cyclodextrin inclusion com-

pounds have since been reported to show a significant viscosity increase at stoichiometric

binding conditions.54 If the self-associative interactions are suppressed, this system exhibits
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a sol–gel–sol transition as the stoichiometry of stickers is altered, with a reported several

orders of magnitude increase in the shear modulus at stoichiometric (r = 1) mixing.55,108,109

Another complication in the quantitative analysis of sol–gel–sol re-entrant transitions

is the propensity for phase separation at equal mixing conditions into a dense phase with

high viscosity/modulus and a more dilute phase,109 as discussed in more detail in Section 5.

This is often discussed in the context of coacervation, particularly the complexation of two

oppositely charged polyelectrolytes.77,110,111

4.3 Stimuli-Responsive Associations

There is another emerging area where these sol–gel–sol re-entrant transitions commonly oc-

cur—polymers with stimuli-responsive associations. In this case, the number of stickers of A

and B can be altered by external stimuli, without changing the overall polymer concentra-

tions. This has the remarkable consequence, that the re-entrant gelation transition described

above should also be accessible in a single solution (or blend) of hetero-associative polymers

if the binding propensity of the stickers can be controllably varied.

Consider a simple example of a mixture of weak polycations and weak polyanions in

aqueous solution. If, for simplicity, the oppositely charged polyelectrolytes have a common

pK = pKa and an equal number of ionizable moieties per chain, then the total numbers

of stickers is constant, fA + fB = constant. At the pH corresponding to their pK, both

polyelectrolytes have the same number of charges and thus the same number of stickers, fA =

fB. Farther away from their pK, at either low or high pH, only one of the polyelectrolytes is

highly charged (has many stickers), while the other becomes depleted in charges (stickers). In

this example, at high or low pH, the stickers of the two chains are strongly non-stoichiometric

but are in stoichiometric proportions when the pH of the solution is at the common pK. This

leads to a similar sol–gel–sol transition to that described in Section 4.2. Here, the sol–gel–sol

transition is ascribed to the continuous transition from non-percolating clusters to a fully

percolated network back to non-percolating clusters as the sticker stoichiometry is altered
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from low to high pH across the common pK (Figure 8).
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Figure 8: The stimuli-responsive sol–gel–sol re-entrant transition as a function of the number
of A-stickers, fA, for NA = NB = 1000, cAa3 = cBa

3 = 0.1, and fA + fB = 100. This regime
can be realized, for example, by adjusting pH in the vicinity of the common pK = pKa
of both polyelectrolytes, for λ/a3 > 5. A stickers are denoted by blue major sectors and
B stickers are denoted by orange minor sectors, as in Figure 3. Closed sticker pairs are
indicated by the union of these blue and orange sectors.

Subsequently, such a stimuli-responsive sol–gel–sol transformation would result in a non-

monotonic, bell-shaped variation of viscoelasticity versus pH (or another stimulus). This

would impart the ability to selectively thicken an aqueous solution within a narrow pH re-

sponse range, providing the potential for tunable drug release or delivery rates.112 This is

commonly used as a method of encapsulation in the food and pharmaceutical industries,

and as the basis for many forms of biomolecular condensates in the cell.113–118 Associat-

ing biomacromolecules can also be tuned by addition and removal of a target biomolecule

stimulus, such as a biotinylated polymer in the presence of avidin.119

Other more complicated examples exist of stimuli-responsive sol–gel–sol re-entrant tran-

sitions, such as that of multiblock poloxamer solutions, wherein the polymer solubility and

degree of ionization are altered with pH.120 Furthermore, as the pH (or other stimulus) is
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changed, the relationship between fA and fB does not need to be inversely correlated as

shown in Figure 8. More complicated relationships can be envisaged and would result in

different shapes of the re-entrant gelation transition boundary with respect to stimulus or

composition.

The described connectivity transition occurring at the gel point is incredibly important

in the dynamics of associative polymers. Yet, importantly, gelation is not a thermodynamic

transition, the free energy density and all derivatives are perfectly analytical at the gel point,

as we will see in the next section.

5 Phase Behavior

The associative interactions that drive gelation can also cause phase separation. The phase

behavior of the system can be analyzed in a standard way through thermodynamic operators

derived from the free energy (Appendix A), ensuring mechanical (ΠI = ΠII) and chemical

(µI
i = µII

i ) equilibrium.

5.1 Sticker-Stoichiometric Mixtures

Consider the phase behavior of sticker-stoichiometric mixtures of hetero-complementary asso-

ciating polymers, with cA/sA = cB/sB, and compare their phase diagram with a comparable

homotypic associating system. Figure 9 shows the phase diagrams of solutions of homo- and

hetero-associating polymers in a common Θ solvent in the plane of total polymer concentra-

tion–attractive volume of a bond λ. For a direct comparison, we show a spacer-symmetric

(sA = sB), sticker-stoichiometric A−B mixture (r = 1, cA/sA = cB/sB).

The phase-coexistence boundary at stoichiometric conditions (cA/sA = cB/sB) has the

same functional form as for A−A associative polymers, with only an increase in the critical

attractive volume of a bond (Figure 9). For A−A associating polymers, this critical attractive

volume of a bond is λcr ≃ s2A

(
v + 2

√
w/NA

)
.32 In the sticker-stoichiometric case of A− B
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Figure 9: Phase diagram of a Θ-solution of associating polymers of type A − B for fA =
fB = 20, sA = sB = 50, NA = NB = 1000 and v = 0, w = a6, χAB = 0 for stoichiometric
cA = cB presented against comparable A−A system with f = 20, s = 50, N = 1000, v = 0,
and w = a6. Light grey shaded region is outside the applicability of the mean-field theories,
c < c∗.

associating polymer mixtures with r = 1, this critical point is increased to higher association

strengths by a factor of two (or, more generally, of approximately
√
r + 1/

√
r for any r),

corresponding to identical degrees of conversion at the critical transition (pA(A − A) =

pA(A−B) at λcr and ccr = (cA + cB)cr.

If λ is small, such that λ < λcr, then the solution is stable; the system does not phase

separate. For higher association strengths, λ > λcr, the solution can phase separate into

dilute and concentrated phases. While outside the applicability of the described mean-

field theory, the concentration of the dilute phase should rapidly decrease with increasing

λ, becoming exponentially low. In the dilute phase, the polymers are isolated coils at low

λ < λcr, but with higher bond energies (λ > λcr), strong attraction between stickers would

promote complexes with aggregation number depending on the asymmetry in the number

of stickers-per-chain fA/fB. The density inside these complexes is higher than the mean

density inside unperturbed chains and is dictated by the balance of three-body repulsion

and entropy associated with different bridging combinations. Unlike globule formation in
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solutions of homo-associating A chains, hetero-associating mixtures of A and B chains require

a minimum of two chains (one each of A and B for a symmetric mixture with fA = fB) to

form a well-defined complex. Higher aggregation numbers than two are possible (especially

for large asymmetries in the functionalities fA ≫ fB or fB ≫ fA), depending on the balance

of the energy of unsaturated stickers in the complex and the larger reduction in translational

entropy compared to dimers. In the dense phase, the concentration approaches a constant

at high λ,

cA = cB ≃ 1

2

√
3

2wsA
≃ 1

2

√
3

2wsB
(5.1)

limited by repulsion between polymer strands (excluded volume interactions in good solvent

and three-body repulsions in the Θ-regime considered here).

For most solution conditions (away from the critical point, at λ ≫ λcr), phase separation

results in a dilute sol phase in coexistence with a highly connected dense gel phase (with

pA = pB close to 1). For excluded volume parameters v ≥ 0, the critical point always

corresponds to the gel state, and sol–sol phase separation is not possible at any λ. This is

because except for possible poor solvent conditions, the only attractions driving coacervation

are the sticker bonds also driving gelation. Interestingly, however, near the critical point,

both the polymer-poor and polymer-rich phases are reversible networks.

Accordingly, there is a narrow range of concentrations and association strengths where

gel–gel phase separation should be seen, in both A−A and A−B-type associating polymer

mixtures. The loosely connected gel could be expected to have nearly ideal chain confor-

mations with fewer cross-links, while the dense gel would be interpenetrating with many

cross-links. The coexisting gels differ in composition, not only concentration, but for overall

non-stoichiometric mixtures, the denser gel is also more sticker stoichiometric, with more

associations. The width of this gel–gel coexistence window (either ∆λ/λ or ∆(cA + cB)a
3)

is independent of the density and absolute number of stickers per chain. Instead, at the

mean-field level, this region is seemingly universal, dependent only on the critical behav-

ior. Such a gel–gel phase separation has been recently reported in hetero-binding tetra-arm
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poly(ethylene glycol) stars.121 More systematic studies are needed to understand the condi-

tions of gel–gel phase coexistence and resultant structures and dynamics. However, it should

be noted that, in this window, close to both the critical and gel points, compositional fluc-

tuations are large and highly inhomogeneous (turbid) networks might be more commonly

observed experimentally.

5.2 Non-Stoichiometric Mixtures

Thus far, we have only shown the phase diagram for a mixture of hetero-complementary

associating chains in the sticker-stoichiometric case (r = 1, Figure 9). Importantly, however,

since the sticker degrees of conversion are sensitive to the ratio of densities of stickers of A

and B, as discussed in Section 3.2, so is the phase behavior. In our system, we consider an

incompressible ternary mixture of A and B polymers in solvent, in which it is convenient to

present the compositional dependence of the phase behavior as quasi-two component with

the solvent concentration implicit. We can more fully reflect this two-component phase equi-

librium—polymers A and B (with implicit solvent)—as a three-dimensional phase diagram

of compositional axes versus binding strength (Figure 10a). Logarithmic compositional axes

emphasize key effects for dilute and strongly non-stoichiometric mixtures, while the logarith-

mic axis for the association strength (as characterized by the attractive volume of a bond,

λ) reflects the sensitivity of phase behavior to the binding energy.

It is instructive to focus attention on the compositional dependence of our A − B het-

erobonding mixture. Figure 10b presents a cut of the full three-dimensional phase diagram

of heterotypic associating A and B polymers at a specific λ/a3 = 250 as a function of

monomeric concentrations cA and cB. The binodal and spinodal conditions demarcating

the phase stability are shown in Figure 10b, along with representative tie lines between

co-existing compositions.

The two-phase region exists at low to intermediate monomeric concentrations (centered

near the overlap concentration, c ∼ c∗) and is largest at sticker stoichiometric conditions
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Figure 10: Phase diagram of a Θ-solution of associating polymers of type A−B for fA = 20,
fB = 50, sA = 50, sB = 20, NA = NB = 1000, v = 0, w = a6, and χAB = 0: (a) full
three-dimensional phase diagram with a two-phase region (binodal) in dark blue and gel
region in green; and, (b) cut of phase diagram at λ/a3 = 250. Tie lines (light blue dotted
lines) highlighting the partitioning between the dilute and concentrated phases are shown
for the two-phase region (binodal in dark blue, spinodal in orange). The boundary of the gel
region is marked by the dashed green line. Dark grey shaded regions are inaccessible due to
incompressibility. Light grey shaded regions are outside the applicability of the mean-field
theory, c < c∗.

(r = 1, cA/sA = cB/sB). This is because the macroscopic phase separation is a result of the

associations between stickers, which are maximized at stoichiometry. From the tie lines, it is

apparent that the phase separation results in a dilute phase in coexistence with a dense, more

symmetric gel phase. This behavior has been observed in the case of interchain ion–dipole

interactions in polyamide/ionomer blends,122,123 cation–π interactions in like-charged poly-

electrolytes,56 and the coacervation of oppositely charged polyelectrolytes.77,124–127

Upon mismatch in the number densities of stickers, cA/sA ̸= cB/sB or r ̸= 1, the excess

stickers are expelled to the less dense phase. Much like the sticker-stoichiometric case, it

is expected that at high λ, the dilute phase (c < c∗) will consist primarily of globular

complexes of a finite number of associated chains, although this is outside the applicability

of the described mean-field theory.

Given the mismatch in the number densities of stickers A and B, not all the stickers
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will be paired. The excess free stickers may exist within aggregates of multiple chains or on

free chains, depending on the balance of chain translational entropy, excluded volume inter-

actions, and sticker association energy. In the absence of electrostatic or other long-range

interactions, the complexes are expected to form "loopy" structures that optimize sticker

binding with the Gaussian chain conformations of spacers between stickers. In the pres-

ence of un-screened charges, these complexes could form tadpoles, micelles, and more exotic

geometries to expel the extra like charges away from the complex or globule.84,128–132 Par-

ticularly at high association strengths, this phase separation could be harnessed to robustly

produce well-formed gels, with nearly stoichiometric numbers of stickers of A and B, by

mixing less concentrated solutions of A and B, without the need to be precisely at matched

sticker concentrations. Further, the compositional dependence of the phase separation in

Figure 10b highlights that the two phase region can be avoided, if desired, by controlling

the composition to be too strongly asymmetric for coacervation during processing of the

mixture. Or, as has been recently shown regarding cytoskeleton formation, the composi-

tional dependence can also be used to control the growth and dissolution of membraneless

organelles, by manipulation of the composition in and out of the unstable region.133

For illustration, in Figure 10, the phase behavior is shown for a mixture of multifunctional

polymers with different densities of stickers per chain, sA ̸= sB, causing the two phase region

to appear asymmetric, tilted towards lower cB, due to the higher density of stickers on

B chains relative to A chains, sB < sA. The binodal and spinodal regions would appear

symmetric with respect to the sticker number densities cA/sA and cB/sB, at equal degrees

of polymerization NA = NB or in the long chain limit (NA, NB → ∞). Importantly, this

emphasizes that sticker–sticker attractions are responsible for driving phase separation, but

translational entropy and short-range repulsions (two- and three-body contacts) between all

monomers are responsible for stabilization.

This agrees well with beyond mean-field theoretical predictions of coacervates formed

from charge-density-asymmetric mixtures of polyelectrolytes, in which the asymmetry in
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spacer length between stickers was found to drive novel solution structures with unique

mechanical signatures.85,86,134 Although we have explicitly considered mild asymmetries in

sticker number and densities between A and B, where both chains are polymeric with many

stickers and spacers per chain, it remains an interesting problem for dynamics to consider

highly asymmetric mixtures (e.g., metal–ligand associations51,135–138 or small covalent adapt-

able cross-linkers.)139–142 This is in part because the gelation boundary depends on the ab-

solute number (not just density) of stickers per chain (eq. 4.5), becoming symmetric only

for fA = fB and sA = sB (equivalently NA = NB) and not just cA/sA = cB/sB.

5.3 Chemical Incompatibility

A subtle feature of A−B pairwise associations, visible in the Bethe lattice description (Figure

6), is that since cross-links are only allowed between different species—clusters (of finite

or infinite size) are then effectively multiblock copolymers. For small degrees of chemical

incompatibility between the varied species,

χAB ≪ λ/(sAsBa
3) (5.2)

the present theory will be applicable. For larger segregation strengths, the effects of such

chemical incompatibility between A and B associative polymers on the thermodynamics,

percolation conditions, and structure formation may be significant and are investigated in a

companion work, exploring a weak inhomogeneity expansion of the mean-field theory.143

The chemical incompatibility between polymers of type A and B drives a competition

between associative and segregative phase separation. The addition of reversible A − B

cross-links between incompatible A and B chains compatibilizes the mixture, minimizing

the propensity for macroscopic phase separation into A- and B-rich phases. However, under

strong binding and segregation conditions, this results in eutectic-like behavior and local mi-

crophase segregation. The resultant microdomain structure can be tuned by the association
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and segregation strengths, concentration, and spacer size between stickers.

5.4 Associations in Good Solvents

The mean-field model discussed above is not directly applicable to good solvents, for

v > a3/
√
Ni (5.3)

where the chain statistics are non-Gaussian, nor for higher values of the excluded volume

parameter,

v > a3/
√
si (5.4)

where the spacers are swollen, and the probability of sticker contact is reduced. Thus, it

becomes imperative to correctly account for the excluded volume interactions in swelling the

chains and reducing the probability of contact between two stickers. We will report in a

subsequent paper a scaling estimate that extends the current model for A − B associative

polymers to good solvents. The chain swelling decreases the overlap concentration, but

the additional local repulsions also reduce A− B interpenetration and thus the probability

of sticker contact, particularly at low attractive volume fractions of stickers. The primary

consequences are shifting the gelation transition to higher concentrations and the suppression

of phase separation.

6 Conclusions

We have considered a mixture of a complementary pair of multifunctional heterobonding

polymers A and B. The aim was to study the reversible network formation and phase behav-

ior of hetero-associating polymer mixtures by extending an equilibrium statistical mechanical

theory for the thermodynamics and gelation of associative polymers32 to heterotypic A−B

interactions. Within this mean-field model, we have derived explicit analytical expressions
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for the binding statistics, gelation condition, and free energy, permitting the quantitative

calculation of gelation and phase boundaries. It is demonstrated that reversibly associating

polymers have a large parameter space in terms of molecular design, binding energy, and

mixture compositions.

Reversible binding between A and B stickers on different chains result in branched block

copolymers and the formation of multi-component copolymer networks. Since the A − B

reversible bonds require both A and B associative groups, bond formation is maximized

at sticker-stoichiometric conditions. This results in stabilization of the homogeneous gel

phase at stoichiometry, and subsequently, a re-entrant sol–gel–sol transition as the com-

position is varied at concentrations above the gelation concentration. Stimuli-responsive

multifunctional polymers, such as weak acids and bases whose charge (and thus, number

of stickers) is pH-dependent, can also exhibit a sol–gel–sol transition as the stimulus rather

than overall composition is varied. These predicted re-entrant gelation transitions appear

to be well-supported by experiments on solutions of weak polyelectrolytes, polysaccharides,

and host–guest inclusion compounds.54,55,77,105–111

However, it is shown that the association and reversible network formation are always

accompanied by the tendency for phase separation. For weak attraction between stickers,

the system is homogeneous at all concentrations, and a physical network is formed above the

gelation concentration. The result is continuous gelation, from an overlapping (cA, cB > c∗)

sol to a reversible gel. For stronger attraction between stickers, the system undergoes discon-

tinuous gelation, in which it becomes unstable over a wide concentration range, separating

into a dense, symmetric gel in coexistence with a less concentrated phase. Close to the criti-

cal point for phase separation, a narrow window of gel–gel phase coexistence is also possible.

In hetero-associating mixtures, the transition from discontinuous to continuous gelation and

thus, whether the system phase separates, is also controllable by the relative compositions

of A and B.

Although there are numerous reports of reversible network formation in mixtures of

32



hetero-complementary associating polymers, we are unaware of any experiments that have

systematically explored the phase behavior. Although our model is not directly applica-

ble to complexation from long-range interactions, experiments on coacervation formation in

mixtures of polyelectrolytes at strong binding, however, appear qualitatively consistent with

this work. Predictions of gelation and phase boundaries should be accessible by preparing

mixtures of suitable heterotypic associating polymers at different concentrations. Our pre-

dictions are expected to be useful in the rational design of interacting polymer mixtures and

the formation of reversible networks. Inclusion of chain connectivity and long-range interac-

tions, including electrostatics, would help to bridge this general theory with those developed

for polyelectrolyte complexation. Future work seeks to develop dynamical predictions based

on the mean-field model presented.
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A Mean-Field Theory

As a minimal model system, consider a solution of linear chains with associating groups

(stickers) of type i = A,B (Figure 3). Each chain of length Ni contains fi stickers separated

by spacers with si = Ni/(fi − 1) monomers, such that fi ≪ Ni and thus si ≫ 1. Since we

consider sticky associations at the mean-field level without correlations, the specific distri-

bution of stickers along the chain does not affect the thermodynamics. Stickers can associate

in saturable A − B pairs with the energy of association equal to ϵ kBT , where kBT is the

thermal energy. The monomer concentration of type i = A,B in solution is ci, the number

density of polymer chains is ci/Ni, and the number density of stickers is fici/Ni ≃ ci/si. The

number of stickers in volume V is

Nst,i = fi
ci
Ni

V ≃ ci
si
V (A.1)

Let pi be the fraction (probability) of stickers of type i that are associated in a bound A−B

pair (i.e., the degree of conversion of type i). The number of such pairs of associated stickers

is,

Np = piNst,i (A.2)

Thus, the density of temporary bonds (pairs of stickers) is

ρ =
Np

V
= pi

fici
Ni

≃ pi
ci
si

(A.3)

The free energy density of a solution of A and B-type polymers with A − B pairwise

associations can be divided into three parts—translational free energy Ftr from the entropic

mixing of polymer chains, Fint from the effective interactions between all monomers (both

stickers and non-stickers) mediated by solvent, and the contribution Fst from sticker inter-

actions:

F = Ftr + Fint + Fst (A.4)
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The purely entropic contribution Ftr accounts for the translational entropy for a solution

mixture of non-interacting polymers,

Ftr

kBT
= − 1

V
lnZref =

cA
NA

ln
(
cAa

3
)
+

cB
NB

ln
(
cBa

3
)

(A.5)

The interaction part Fint can be written in terms of two- and three-body solvent-mediated

interactions between monomers, as well as A−B chemical incompatibility,

Fint

kBT
=

v

2
(cA + cB)

2 +
w

6
(cA + cB)

3 + χABa
3cAcB (A.6)

where v is the excluded volume parameter describing the solvent quality for both polymers,

w is the three-body interaction parameter, and χAB is the direct Flory–Huggins interaction

parameter between A and B monomers beyond the solvent-mediated contributions that are

included in the vcAcB term. We consider identical two- and three-body interactions between

A and B chains with the same v and w for all monomers.

To calculate the free energy density due to the association of stickers, Fst, we stipulate

that Np stickers of A and Np stickers of B form Np bonds. The contribution of bonds to the

partition function is

Zst = PcombW exp (ϵNp) (A.7)

where Pcomb is the number of separate ways to choose Np A−B pairs of stickers from Nst,A

A stickers and Nst,B B stickers. W is the probability that all chosen stickers, in the absence

of attractive interactions, can be found close enough to their partners to form bonds:

W =
(vb
V

)Np

(A.8)

where vb is the bond volume. The number of separate ways of selecting Np stickers from a
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total number Nst,i of stickers of type i is a binomial coefficient,

Nst,i!

(Nst,i −Np)!Np!
(A.9)

and the number of separate ways to pair Np A stickers and Np B stickers is simply Np!.

Therefore, the combinatorial factor is

Pcomb =
Nst,A!Nst,B!

(Nst,A −Np)! (Nst,B −Np)!Np!
. (A.10)

Thus, the part of the free energy density due to stickers is

Fst

kBT
= − 1

V
ln (Zst) =

cA
sA

(1− pA) ln (1− pA) +
cB
sB

(1− pB) ln (1− pB)

+ ρ

[
1− ϵ+ ln

ρsAsB
cAcBvb

]
(A.11)

where the first two terms correspond to the entropy of the unpaired A and B stickers and

the final terms correspond to the energy of the paired stickers including their enthalpy of

association (ϵρ) and their entropy change from bonding (ρ[1 + ln ρsAsB
cAcBvb

]).

The total free energy density F = Ftr + Fint + Fst should be minimized with respect to

the density of temporary bonds ρ, or similarly, with respect to the degrees of conversion.

The condition for the free-energy minimum is

pA
(1− pA) (1− pB)

=
cB
sB

vb exp (ϵ) (A.12)

or equivalently

λ =
pA

cB
sB

(1− pA) (1− pB)
=

pB
cA
sA

(1− pA) (1− pB)
(A.13)

where we have defined,

λ ≡ vb exp (ϵ). (A.14)
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The attractive volume of a bond λ scales exponentially with ϵ, analogous to the binding life-

time (τ = τ0 exp (ϵ), Figure 2), and accordingly, is a convenient descriptor of the strength of

the associations, as the static and dynamic properties of the reversibly associating polymers

are extremely sensitive to the bond association energy.

The condition for the free energy minimum (eq. A.13) can be solved for the fraction pA

of associated A-stickers,

pA =
1

2

1 + cB/sB
cA/sA

+
1−

√(
1 +

(
cA
sA

+ cB
sB

)
λ
)2

− 4 cA
sA

cB
sB
λ2

cA
sA
λ

 (A.15)

which is the degree of conversion of A stickers. It is convenient to introduce a sticker

stoichiometry parameter, r, the ratio of concentrations of A and B stickers,

r =
cA/sA
cB/sB

=
pB
pA

(A.16)

to relate the degrees of conversion pA to pB:

pA =
pB
r

=
1

2

1 + r−1 +
1− r−1

√(
r + (1 + r) cA

sA
λ
)2

− r
(
2 cA
sA
λ
)2

cA
sA
λ

 . (A.17)

Substituting the condition for the free energy minimum (eq. A.13) into the free energy,

we obtain the resultant minimum of the free energy density of the system:

F

kBT
=

cA
NA

ln
(
cAa

3
)
+

cB
NB

ln
(
cBa

3
)
+

v

2
(cA + cB)

2 +
w

6
(cA + cB)

3 + χABa
3cAcB

+ ρ+
cA
sA

ln (1− pA) +
cB
sB

ln (1− pB) (A.18)

where the association strength λ enters implicitly through the fractional degrees of conver-

sion, pA and pB = rpA (eqs. A.15 or A.17). The free energy is further constrained by the
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relationship between pA, pB, and ρ: ρ = pAcA/sA = pBcB/sB (eq. A.3). We can rewrite

A.18 as

F

kBT
=

cA
NA

ln
(
cAa

3
)
+

cB
NB

ln
(
cBa

3
)
+

v

2
(cA + cB)

2 +
w

6
(cA + cB)

3 + χABa
3cAcB

+
cA
sA

[pA + ln (1− pA)] +
cB
sB

ln (1− rpA) (A.19)

The phase behavior of this system of A − B associative polymers can be pursued in

a standard manner using thermodynamic operators obtained from the free energy density.

Phase coexistence conditions can be determined by equating the exchange chemical potentials

of species i in each phase required for chemical equilibrium (µI
i = µII

i ) and the osmotic

pressure in each phase needed for mechanical equilibrium (ΠI = ΠII). The chemical potentials

can be calculated by differentiating the minimized free energy density, eq. A.18, with respect

to the concentration of type i,

µA

kBT
=

1

kBT

∂F

∂cA

=
1

NA

+
1

NA

ln
(
cAa

3
)
+ v(cA + cB) +

w

2
(cA + cB)

2 + χABa
3cB +

1

sA
ln (1− pA)

(A.20)

µB

kBT
=

1

kBT

∂F

∂cB

=
1

NB

+
1

NB

ln
(
cBa

3
)
+ v(cA + cB) +

w

2
(cA + cB)

2 + χABa
3cA +

1

sB
ln (1− rpA)

(A.21)

These expressions correspond to the standard exchange chemical potential of a poly-

mer–polymer–solvent mixture, with a final term appended to account for the exchange of

unpaired stickers. The interaction strength, the attractive volume of a bond λ, enters the

expressions for the chemical potentials through the fraction of closed stickers pA (eqs. A.15
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or A.17). Note that due to the concentration dependence of the fractional degrees of con-

version, the linear term ρ = pAcA/sA = pBcB/sB in eq. A.18 does not affect the chemical

potentials (eqs. A.20-A.21).

The osmotic pressure can be calculated from the free energy density, eq. A.18, as its

derivative with respect to volume at constant number of A and B molecules, or, by thermo-

dynamic closure,

Π

kBT
=

1

kBT

(
cA

∂F

∂cA
+ cB

∂F

∂cB
− F

)
=

cA
NA

+
cB
NB

+
v

2
(cA + cB)

2 +
w

3
(cA + cB)

3 + χABa
3cAcB − pA

cA
sA

(A.22)

The first five terms are the classical virial expansion terms of a polymer mixture in solution;

the final term (which is equal to −ρ) is attributed to the paired stickers. The sticker associ-

ations reduce the osmotic pressure by kBT per pair of bound stickers, increasing the osmotic

compressibility by a term proportional to pA/sA, which is equal to the inverse average chain

length between paired stickers. Accordingly, the zero wave-vector limit of the scattering func-

tion, as measured by X-ray or neutron scattering, will be increased with increasing sticker

binding.

The spinodal condition, the stability limit of the solution, separating the unstable and

metastable regions of phase space, can be calculated as

det

(
∂2F

∂c2

)
=

∣∣∣∣∣∣∣
∂µA

∂cA

∂µA

∂cB

∂µB

∂cA

∂µB

∂cB

∣∣∣∣∣∣∣ = 0 (A.23)

with
1

kBT

∂µA

∂cA
=

1

cANA

+ v + w(cA + cB)−
1

cAsA

(
rp2A

rp2A − 1

)
(A.24)

1

kBT

∂µB

∂cB
=

1

cBNB

+ v + w(cA + cB)−
1

cBsB

(
rp2A

rp2A − 1

)
(A.25)
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1

kBT

∂µA

∂cB
=

1

kBT

∂µB

∂cA
= v + w(cA + cB) + χABa

3 +
1

cAsB

(
rpA

rp2A − 1

)
. (A.26)

These binodal and spinodal conditions are used to calculate the phase boundaries in the

phase diagrams of Figures 9-10, as well as corresponding discussion in Section 5 of asymptotic

behavior and physics in different regimes.
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