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1 Abstract 

 

The secondary internal effectiveness factor 𝜂2 in a two-reaction-in-series system (A + B -> C + D, 

C + B -> E+F) can be above unity for positive-order reaction kinetics. While the controlling factor 

in the reaction-diffusion phenomenon for the first reaction can be determined using the Weisz 

criterion based on the value of the primary internal effectiveness factor 𝜂1, the criteria to assign 

the secondary effectiveness factor that is above unity ( 𝜂2 > 1 ) do not exist yet, making difficult 

the development of determinable overall controlling factors in the R1-R2-D phenomena in the two-

reaction-in-series system. Here, using a two-step methanol oxidation reaction as a case study, we 

combined an analytically derived criterion for R1-R2 phenomenon with the Weisz criterion for R1-

D phenomenon to allow the development of assignment criteria for four overall controlling factors. 

The overall assignment criteria are found to be dependent on the internal effectiveness factors 𝜂1 

and 𝜂2, as well as the rate of the individual reactions at the catalyst surface. When the assignments 

criteria are re-decomposed using assignable criteria that are based on only 𝜂1 and 𝜂2, a child 

component criterion is confirmed to satisfy the overall assignment criteria. Based on the sensitivity 

of the overall controlling factor with respect to the reaction temperature and catalyst size, the 

selectivity of the formaldehyde intermediate species in methanol oxidation reaction can be 

enhanced at high reaction temperature when catalysts are specifically designed to enhance the rate 
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of formaldehyde formation (rate of the first reaction). However, CO formation (the rate of the 

second reaction) needs to be suppressed to enhance selectivity towards formaldehyde at 

moderately low temperature. This reaction-diffusion theoretical framework provides guidance for 

the development of highly selective catalyst for two-reactions-in-series systems and can be 

extended for higher-number multiple reactions in series and in parallel. 

 

2 Introduction 

 

The internal mass transfer has been considered in a vast number of heterogeneous catalysis studies 

in different applications ranging from bio-applications 1,2 and biomass upgrading3 to thermal 

catalysis 4–8 and energy materials 9–12. The internal transport effect in porous catalytic materials is 

studied in a reaction-diffusion phenomenon where it is coupled with the intrinsic kinetics of the 

catalysts  13. For single reactions, the reaction-diffusion phenomenon is used to understand and 

design active catalysts 14. However, the phenomenon becomes more complex for reactions 

involving multiple steps, as each of the reactions occurs at a different rate, competing with the 

diffusion rate of species to a different extent. Consequently, an overall controlling factor for the 

system emerges, which could be any of the reactions or the diffusion of the species. For example, 

an overall R1-R2-D reactions-diffusion phenomenon occurs in a two-reaction system, in which any 

of R1, R2 or D can be a possible controlling factor. Determining the overall controlling factor in 

such multiple reactions can be very critical to the understanding and design of highly selective 

catalysts 15.  

Reaction-diffusion phenomenon occurring within a catalyst particle is a complex one that dictates 

the species’ concentration and temperature profiles inside the catalyst. After the development of 

the model of the phenomenon by Thiele 14 and a similar model by Zeldovich 16 both in 1939, and 

the invention of the Weisz-Prater criteria in 1954 by Weisz and Prater 17, two parameters - the 

Thiele modulus and the internal effectiveness factor derivable from the solution of the model have 

been widely accepted in the field of reaction engineering to characterize the reaction-diffusion 

phenomena 18 and are in fact currently the state-of-the-art. Infrared microimaging was recently 

demonstrated as a pioneering experimental one-shot measurement of the internal effectiveness 

factor for catalytic hydrogenation of benzene to cyclohexane, however, this is still limited to 

simple kinetics and non-industrial relevant reaction conditions 19. While the experimental method 

to investigate reaction-diffusion phenomenon will begin to improve with the potential for new 

ones to spring up, the reaction-diffusion modelling approach remains more advanced and more 

widely applied to a variety of reaction systems and conditions 20–22.  

The reaction-diffusion phenomena involving single positive-order-kinetics reactions are not only 

easily determined using the Weisz criteria, but the model solutions are also easy to achieve. 

Analytical solutions are readily available for models involving single reactions with n-order 

kinetics 18 occurring in catalysts of different geometries, including spherical, cylindrical, and slab, 
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and they have been widely applied for different reactions. On the other hand, reaction-diffusion 

models of single reactions with complex reaction kinetics become more complicated for a solution. 

Langmuir–Hinshelwood kinetics for single reactant/reaction in isothermal case require certain 

approximations and simplifications for the development of an analytical solution to determine the 

internal effectiveness factor for the reaction 23,24. Also, reaction-diffusion model for a single 

reaction with a reaction order less than one that results in a large Thiele modulus requires an 

improved shooting method for numerical solution due to the failure of the conventional shooting 

method 25.  

Apart from increased complexity due to complicated kinetics, the multiplicity of reactions results 

in complicated reaction-diffusion phenomena with more competing factors; and the resulting 

models of the phenomena also become very complex for solutions.  The primary effectiveness 

factor for the single reaction is not directly applicable to the subsequent reactions and the Thiele 

modulus is difficult to derive for multiple reactions due to the simultaneous generation and 

consumption of the intermediate species 26,27, as well as the complexity of the kinetics involved. 

Yet, Peters et al. successfully developed an analytical solution for the reaction-diffusion model for 

two reactions in series A->B->C occurring within a slab in which the secondary effectiveness 

factor was derived and deployed in a plug flow and stirred batch framework for theoretical 

prediction of solvent−solid phase partitioning and interior mass transfer limitations in catalytic 

reactions in series 27. In his follow-up paper, the analytical solution was extended to spherical and 

cylindrical geometries 28. In the same year, a system of reaction-diffusion model equations 

involving multiple reactions was also solved analytically using eigen analysis by Lattanzi et al 26, 

with the internal effectiveness factor obtained by integrating the concentration profile using the 

multistep effectiveness vector (MEV) and DNS. However, Peter’s and Lattanzi’s analytical 

solutions were only demonstrated for first order kinetics and isothermal cases, even though the 

reaction rate in the model solved by Lattanzi et al 26 was additionally considered as a function of 

temperature through the Arrhenius equation. In addition, effectiveness factors estimated for 

isothermal cases can be underestimated and overestimated for exothermic and endothermic 

reactions, respectively, when compared to non-isothermal case estimation 29. Non-isothermal 

models generally involve the additional consideration of energy conservation with the mass 

conservations, in addition to the reaction kinetics in both conservations being considered as 

functions of temperature through the Arrhenius relation. So far, the non-isothermal models that 

have been developed and solved either analytically or numerically involve simple kinetics such as 

n-order kinetics 29–33. However, with complex kinetics, these models result in systems of 

differential equations that are highly complex and coupled in both concentrations and temperature, 

requiring numerical solutions.  

Despite the computational cost associated with numerical solutions of complex models, a reaction-

diffusion model involving non-isothermal multiple reactions with complex kinetics is a robust 

model that is applicable to a wide variety of reactions in practical sense without unnecessary 

assumptions. For such models, Tesser et al. 34 obtained a numerical solution using the method of 
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lines for a reaction-diffusion model of two reactions-in-series with complex reaction kinetics 

occurring non-isothermally in a spherical catalyst. The first reaction involving the partial oxidation 

of methanol to formaldehyde has an inhibition-corrected Mars Van Krevlen rate law with a net 

positive order while the second reaction involves formaldehyde oxidation to CO and is of pseudo-

first order kinetics which is also a positive order kinetics. The internal effectiveness factors of the 

two reactions were consequently determined in which the secondary internal effectiveness factor 

is above 1 while the primary internal effectiveness factor is below 1. However, a method to 

determine the overall controlling factors in the reactions-diffusion R1-R2-D phenomena occurring 

for such two reactions-in-series system is unknown. 

In this work, we developed the assignment criteria to identify some derived overall controlling 

factors in the reactions-diffusion phenomena occurring in a two-step reaction. The developed 

assignment criteria were validated, and the overall controlling factors were consequently applied 

to infer selectivity enhancement strategies for the intermediate formaldehyde species in the two 

reaction-in-series methanol oxidation reaction over iron–molybdenum oxide spherical catalysts.  

 

3 Model development and numerical solution approach 

 

Model development: 

The reaction-diffusion phenomenon involving multiple reactions occurring non-isothermally 

inside the iron–molybdenum oxide spherical catalyst is described by the steady state mass and 

energy balance of species described by equations (1) and (2) 34, ignoring the convection effects 

within the catalysts pore since molecules flow into and out of the pores mainly by diffusion 35.  

 

𝐷𝑒𝑓𝑓𝑖 [
𝑑2𝐶𝑖 

𝑑𝑟2
+ 

2

𝑟
 
𝑑𝐶𝑖

𝑑𝑟
] =  −𝜌𝑝 ∑ 𝛾𝑖,𝑗𝑣𝑗         

𝑁𝑟
𝑗=1  𝑖 = 1, 2, … . , 𝑁𝑐.   𝑗 = 1, . . , 𝑁𝑟 …….…(1) 

 𝐾𝑒𝑓𝑓 [
𝑑2𝑇𝑃 

𝑑𝑟2 +  
2

𝑟
 
𝑑𝑇

𝑑𝑟
] =  𝜌𝑝 ∑ (−∆𝐻𝐽)𝑣𝑗  

𝑁𝑟
𝑗=1 …………………………………. ….(2) 

 

where Nc and Nr are the number of species and number of reactions respectively. The Neumann 

boundary condition and Dirichlet boundary condition are suitably applicable at the catalyst’s 

center and surface respectively as described in equation 3 and 4 respectively.   

 

𝐴𝑡 𝑟 = 0,
𝑑𝐶𝑖

𝑑𝑟
= 0 ,

𝑑𝑇

𝑑𝑟
 =  0 … … … … … … … … … … … … . . ..                     (3) 

𝐴𝑡 𝑟 = 𝑅𝑃, 𝐶𝑖 = 𝐶𝑖𝑠, 𝑇 = 𝑇𝑠  … … … … … … … … … … … … . …                     (4) 
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in which Ci is the concentration of the species inside the catalysts while the Cis is the concentration 

of each species at the surface and the Ts is the temperature at the catalyst’s surface. The 

concentration of each species is obtained from the total concentration using the mole fraction of 

the species at the surface. For gas phase, the total concentration at the surface is obtained from the 

total pressure and temperature of the bulk gas at the surface using 𝐶𝑆 =  
𝑃𝑆 

𝑅𝑇𝑆
, in which the reaction 

occurs at atmospheric pressure (Ps = 1.10 atm). 

The methanol oxidation reaction proceeds over the iron–molybdenum oxide catalyst with catalytic 

partial oxidation of methanol to formaldehyde followed by a side reaction involving formaldehyde 

oxidation to CO, resulting in two reactions in series as described below. The physical-chemical 

properties of the catalyst are highlighted in Table 1. 

 

𝐶𝐻3𝑂𝐻 +  0.5𝑂2

𝑘1
→  𝐶𝐻2𝑂 +  𝐻2𝑂 ……………………………………………... (5) 

𝐶𝐻2𝑂 +  0.5𝑂2

𝑘2
→  𝐶𝑂 +  𝐻2𝑂 …………………………….…………………….... (6) 

 

The first reaction proceeds by redox mechanism appropriately described by the Mars Van Krevelen 

mechanism with the inhibition by water formed during reaction accounted for by a Langmuir–

Hinshelwood term 34,36, as described by the rate law in equation 7. On the other hand, the second 

reaction is pseudo-first order with respect to formaldehyde, whose rate of reaction is described in 

equation 8. All the relevant kinetic parameters in both rate laws are expressed using the Arrhenius 

equations as detailed in Table 2.  

 

𝑣1 =
𝑘1 𝑘2 𝑃𝑚 𝑃𝑂2

0.5

𝑘1 𝑃𝑚  +  𝑘2𝑃𝑂2
0.5  (

1

1+ 𝑏𝑊 𝑃𝑊  
)…………………………………….……....(7) 

𝑣2 =  𝑘3𝑃𝑓……………………………………………………….….………..(8) 

 

Using air for the oxidation reaction brings nitrogen into the system resulting in 6 species 

𝐶𝐻3𝑂𝐻, 𝐶𝐻2𝑂, 𝐶𝑂, 𝑂2, 𝐻2𝑂, 𝑁2. The partial pressures of each of the species inside the catalyst are 

related to their respective concentrations using the ideal equation of state while the concentration 

of each species is obtained from the total concentration using the mole fraction of the species. 

Thus, the pressure terms in the rate laws are simplified using 𝑃𝑖 =  𝐶𝑖 𝑅 𝑇 ; where i is m, O2, w 

and f representing methanol, oxygen, water and formaldehyde respectively. 
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Table 1: Physical-chemical data for gases and methanol oxidation catalyst 34 

Parameters Values 

𝜌𝑝  1000 kg/m3  

Deff  1.07 x 10-5 exp(-972/T) m2/s 

Keff  2.72 x 10-4 KJ/s m K 

 

Table 2: Kinetic Parameters for the rate laws 34  

k1 = exp(-18.4586 + 64790/RT) 

k2 = exp(-15.2687+57266/RT) 

k3 = exp(-30.6936+57266/RT) 

Bw = exp(+21.2814 – 111600/RT) 

∆𝐻1  = 158.8 kJ/mol 

∆𝐻2  = 238.3 kJ/mol 

 

Finite difference numerical solution:  

Applying the steady state mass balance to the six species together with the energy balance results 

in a set of one-dimensional boundary value problems consisting of seven coupled second order 

ODEs with fourteen boundary conditions. The ODES are coupled in terms of concentration and 

temperature. 

 

𝐷𝑒𝑓𝑓𝑚 [
𝑑2𝐶𝑚 

𝑑𝑟2
+  

2

𝑟
 
𝑑𝐶𝑚

𝑑𝑟
] =  𝜌𝑝𝑣1  

𝐷𝑒𝑓𝑓𝑂2 [
𝑑2𝐶𝑂2 

𝑑𝑟2
+ 

2

𝑟
 
𝑑𝐶𝑂2

𝑑𝑟
] =  

𝜌𝑝(𝑣1 + 𝑣2)

2
 

𝐷𝑒𝑓𝑓𝑓  [
𝑑2𝐶𝑓 

𝑑𝑟2
+  

2

𝑟
 
𝑑𝐶𝑓

𝑑𝑟
] =  𝜌𝑝(−𝑣1 +  𝑣2) 
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𝐷𝑒𝑓𝑓𝐶  [
𝑑2𝐶𝐶  

𝑑𝑟2
+  

2

𝑟
 
𝑑𝐶𝐶

𝑑𝑟
] =  −𝜌𝑝𝑣2 

𝐷𝑒𝑓𝑓 [
𝑑2𝐶𝑊 

𝑑𝑟2
+  

2

𝑟
 
𝑑𝐶𝑊

𝑑𝑟
] =  −𝜌𝑝(𝑣1 + 𝑣2) 

𝐷𝑒𝑓𝑓 [
𝑑2𝐶𝑁 

𝑑𝑟2
+  

2

𝑟
 
𝑑𝐶𝑁

𝑑𝑟
] =  0 

𝐾𝑒𝑓𝑓 [
𝑑2𝑇 

𝑑𝑟2
+ 

2

𝑟
 
𝑑𝑇

𝑑𝑟
] =  −𝜌𝑝((∆𝐻1) 𝑣1 + (∆𝐻2) 𝑣2) 

 

As a demonstration of another numerical solution method other than the method of lines in used 

by Tesser et al 34, finite difference method was adopted. First, the seven coupled second-order 

ODEs constituting the reaction-diffusion model were reduced to fourteen (14) coupled first order 

ODEs, which were consequently transformed to nonlinear algebraic equations using the forward 

and backward finite difference method. Particle radius discretization using internal points Nn = 50 

results in a system of 700 coupled nonlinear algebraic equations which were solved in MATLAB 

using the fsolve function. At 573 K and with surface concentration of 8.0, 16.0, 1.0, 0.0, 0.0, 75.0 

% for the CH3OH, O2, CH2O, CO,  H2O, N2  species respectively, the solution of the model shows 

that, due to the exothermicity of the reaction, the temperature increases from the surface into the 

interior of the catalyst’s particle with a maximum temperature difference of about ~3.5 K. As 

expected, the concentrations of the reactants generally decrease monotonously into the catalysts 

particle while the product concentration increases monotonously. With respect to the surface 

concentration of the species, there is a maximum change in concentration by ~ -7.7, -4, 8, 0, 8 % 

for the CH3OH, O2, CH2O, CO,  H2O species respectively at the center of the catalyst particle, 

approximately matching with the solution obtained by Tesser et al 34 with the method of lines. 

 

Internal effectiveness factor: 

Using the solution of concentration and temperature profiles inside the spherical catalyst, the 

internal effectiveness factor characterizing the reaction-diffusion phenomenon is determined using 

equation 9 

𝜂𝑗 =
∫ 4𝜋𝑟2𝑣𝑗(𝐶𝑖, 𝑇)𝑑𝑟

𝑅𝑝

0

(
4
3) 𝜋𝑅𝑝3𝑣𝑗(𝐶𝑖

𝑠, 𝑇𝑠)
 ; 𝑤ℎ𝑒𝑟𝑒     j = 1,2 for reaction 1 and 2            … … … ….           (9) 
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It should be noted that the internal effectiveness factor is influenced by the degree of the uniformity 

of the species concentration and temperature inside the catalysts with respect to surface species 

concentration and temperature. 

4 Results and Discussion 

 

4.1 Dependence of controlling factor of individual reaction-diffusion phenomena on reaction 

temperature and catalyst size 

The reaction-diffusion model for the non-isothermal two-reaction-in-series system with complex 

kinetics was solved for methanol oxidation reaction over the iron-molybdenum catalyst using the 

finite difference method. Figure 1 shows that the concentration and temperature profiles inside 

spherical catalysts have different degrees of gradient depending on the catalyst size and reaction 

temperature. For a 100 μm catalyst particle size at 500 K, there is a noticeable gradient in the 

concentration of all species and temperature inside the catalysts - the species have a maximum 

percentage concentration change of ~ -4, -2, 5, 0, 4 %  at the center of the catalyst particle with 

respect to the surface concentration of 8.0, 16.0, 1.0, 0.0, 0.0, for 𝐶𝐻3𝑂𝐻, 𝑂2, 𝐶𝐻2𝑂, 𝐶𝑂,  𝐻2𝑂  

respectively, and a maximum temperature change of 1.8 K at the center of the catalyst particle 

with respect to the catalysts surface temperature. As the catalyst size reduces to 10 μm and further 

to 500 nm, the maximum change in each species concentration and temperature becomes reduced, 

indicating enhanced uniformity of concentration and temperature within the catalyst’s particle. In 

addition to increased uniformity at reduced particle size, the uniformity of the concentration and 

temperature of species inside the spherical catalyst is also enhanced as the temperature is increased 

from 500 K to 800 K for the three particle sizes. Based on the definition of internal effectiveness 

factor η described in equation 9, the increased uniformity of temperature and concentration of 

species is expected to drive the internal effectiveness factors for the two reactions towards 1. This 

is consistent with the increase and decrease of the internal effectiveness factor 𝜂1 and 𝜂2 for 

reaction 1 and reaction 2 respectively towards 1 caused by the reduced catalysts size and enhanced 

temperature shown in Figure 2. However, the surface temperature can also influence the surface 

reactions, causing a direct influence on the internal effectiveness factor. The indirect effect of 

reaction temperature (through enhanced temperature inside the catalysts particle) and the direct 

effect of temperature on the primary internal effectiveness factor could be competitive, resulting 

in the sinusoidal behavior of the η1 − T profile as the temperature is increased, as observed in 

Figure 2c. It seems that the dominance of the direct temperature effect (through the reaction rate) 

over the indirect effect (through concentration and temperature gradient) is more pronounced at 

high catalyst size causing the low value of η1 even at high temperature.  
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Figure 1: (a) – (i) Effect of catalyst size and temperature on species concentration and temperature 

profile inside spherical catalyst. The significant figures of the temperature have been deliberately 

left higher to show the direction of change of the temperature inside the catalyst’s particle. The 

temperature increases into the center of the catalyst particle. Cs =  8.0, 16.0, 1.0, 0.0, 0.0, 75.0 % 

for 𝐶𝐻3𝑂𝐻, 𝑂2, 𝐶𝐻2𝑂, 𝐶𝑂,  𝐻2𝑂, 𝑁2 respectively 

 

 

Figure 2: Effect of catalysts particle size and temperature on the primary and secondary internal 

effectiveness factors. Cs = 8.0, 16.0, 1.0, 0.0, 0.0, 75.0 for 𝐶𝐻3𝑂𝐻, 𝑂2, 𝐶𝐻2𝑂, 𝐶𝑂,  𝐻2𝑂, 𝑁2 

respectively 

100 μm 

10 μm 

500 nm 

800 K 

500 nm 10 μm  100 μm  

500 K 650 K 

(a) (b) (c) 

(a) (b) (c) 

(d) (e) (f) 

(g) (h) (i) 
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However, more specifically, catalyst size reduction and temperature enhancement cause the 

increase of 𝜂1towards 1 with a maximum possible value of 1, while the 𝜂2 decreases towards 1, 

with 1 being its minimum possible value. The rate of the reaction 1 is maximum at the catalyst 

surface since the reactant concentration decreases into the interior of the catalysts, leading to a 

maximum possible value of 1 for the 𝜂1. The maximum value of unity as an upper bound for 𝜂1 

implies the equality of the reaction rate inside the catalysts and that at the catalyst surface, 

indicating a perfect situation of reaction 1 dominating with no resisting contribution from the 

species’ diffusion. For such unity upper-bounded η, Weisz criteria 23 stipulate an assignment of 

η > 0.95 for control by reaction and η < 0.95 for diffusion controlling. On the other hand, the rate 

of reaction 2 is maximum inside the catalyst due to the increasing concentration of the 

formaldehyde intermediate into the interior of the catalysts, leading to the 𝜂2 value to be always 

above 1. In consistence with the definition of internal effectiveness factor, when 𝜂2 is at its 

minimum value of 1, the reaction rate inside the catalysts is the same as that at the surface, 

indicating the perfect condition of reaction 2 controlling with respect to diffusion (as indicated by 

the 500 μm and 800 K with uniform concentration and relatively uniform temperature profile). A 

critical value x should therefore exist (such that x>1) at which the control by reaction 2 begins, 

with 𝜂2 above this x value indicating the control by diffusion with respect to reaction 2.  While 

Weisz stipulates the critical value of 0.95 for unity upper-bounded η such as in the case of 𝜂1, there 

exists no such critical value x for unity lower-bounded η (η greater than 1) as in the case of 𝜂2, 

only a special case of  𝜂2 = 1 where reaction 2 absolutely controls, can be determined.  

Based on Weisz criteria for reaction 1 (𝜂1 < 0.95  for reaction controlling or 𝜂1 > 0.95 for 

diffusion controlling) and the (𝜂2 = 1) criteria for perfect condition of reaction 2 controlling, the 

effects of temperature and catalyst size on the reaction-diffusion phenomena for the two individual 

reactions can be determined using the internal effectiveness factors for the two reactions. For 500 

nm catalyst size considered between 500 K to 900 K, reaction 1 controls in this temperature range 

since 𝜂1 remains above 0.95 in the range as shown in Figure 2. In addition, the potential for the 

perfect control of reaction 1 to dominate is enhanced with increased temperature due to the 

increasing 𝜂1. On the other hand, the perfect condition of reaction 2 controlling begins from about 

600 K and beyond as indicated by the onset of 𝜂2 achieving its minimum value of 1 from this 

temperature. As the catalyst size increases to 10 μm, increasing temperature also enhances the 

potential for control by reaction 1 and reaction 2. However, the potential for both reactions to 

control becomes retarded as the temperature to achieve the reaction 1 controlling becomes 

increased compared to those of 500 nm, in ditto to reaction 2 controlling whose perfect reaction 2 

control increases to about 700 K. With further increase in catalysts size to 100- μm, perfect reaction 

2 controlling begins at a much higher temperature (800 K) while reaction 1 does not control with 

respect to diffusion even at 900 oC. This directly implies that, while the temperature generally 

increases reaction control, the catalyst size decreases its potential. Invariably, both reactions 

individually control with respect to diffusion with a small catalyst size, which is consistent with 

the reported occurrence of diffusion-limitation in larger particle size 26. However, based on the 

control of reaction 1 and the perfect condition of reaction 2 (𝜂2 = 1 criteria), the suppression of 
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the reaction controlling for increasing catalyst size is more dominant on reaction 1 than on reaction 

2.  

 

4.2   Development of assignment criteria for the overall controlling factor in two series reactions 

 

With known internal effectiveness factors for two reactions in series, the two possible individual 

controlling factors in the reaction-diffusion phenomena for each reaction can be combined to form 

four overall controlling factors R1<D, R2<D; R1<D<R2; R2<D<R1; and D<R1, D<R2, as shown in 

Table 3. The corresponding overall assignment criteria for the four overall controlling factors can 

be defined in terms of the individual 𝜂1 and 𝜂2 values as highlighted in Table 4 by combining the 

corresponding criteria for the two possible factors for each of the two reaction-diffusion 

phenomena. However, the combined overall assignment criteria in Table 4 cannot be applied since 

the critical x value for the 𝜂2 is unknown for reaction 2. Hence, an alternative approach is innovated 

to develop some overall controlling factors whose assignment criteria can be determined and 

applied.  

 

Table 3: Overall controlling factor obtained by combining the individual controlling factors for 

R1<D and R2<D  

 R1<D  D<R1 

R2<D R1<D, R2<D R2<D<R1 

D<R2 R1<D<R2 D<R1, D<R2 

 

Table 4: Criteria based on  𝜂1and 𝜂2– but the assignment cannot be made since there is no eta 

assignment criteria for R2<D (and D<R2) 

 Overall 

Controlling 

factors 

 𝜂1 condition (Weisz criteria) 𝜂2 criteria 

 

A1 R1<D, R2<D 1 ≥ 𝜂1 > 0.95 1 ≤ 𝜂2 < 𝑥 

A2 R1<D<R2 1 ≥ 𝜂1 > 0.95 𝜂2 > 𝑥  

A3 R2<D<R1 𝜂1 < 0.95 1 ≤ 𝜂2 < 𝑥 

A4 D<R1, D<R2 𝜂1 < 0.95 𝜂2 > 𝑥  

 

Due to the lack of the criteria to assign 𝜂2 (for the R2-D phenomena), the relative rate of the two 

reactions (R1-R2) is considered and combined with the R1-D phenomena (since it can be assigned 

by the Weisz criteria), resulting in four overall controlling factors for the two reactions, as shown 



12 
 

in Table 5. First, the criteria for assigning controlling factor in R1-R2 phenomenon that allows the 

determination of the relative importance of reaction 1 with respect to reaction 2 is derived as 

follows. For reaction 1 controlling with respect to reaction 2, the sum rate of reaction 1 is less than 

the sum rate of reaction 2 since the controlling step is the determining step. Hence equation (11) 

holds. 

 

∫ 4𝜋𝑟2𝜌𝑣1(𝐶𝑖, 𝑇𝑝)𝑑𝑟
𝑅𝑝

0

<  ∫ 4𝜋𝑟2𝜌𝑣2(𝐶𝑖, 𝑇)𝑑𝑟
𝑅𝑝

0

… … … … … … … … … … … … . (11) 

 

Since the definition of 𝜂 is general irrespective of its bounds, equation (12) can be obtained by 

recurring equation (9) 

𝜂1 (
4

3
) 𝜋𝑅𝑝

3𝑣1(𝐶𝑖
𝑠, 𝑇𝑠) < 𝜂2  (

4

3
) 𝜋𝑅𝑝

3𝑣2(𝐶𝑖
𝑠, 𝑇𝑠) … … . . … … … … … … … … … . (12) 

 

And further simplification leads to 

𝜂1𝑅𝑝
3𝑣1(𝐶𝑖

𝑠, 𝑇𝑠) < 𝜂2 𝑅𝑝
3𝑣2(𝐶𝑖

𝑠, 𝑇𝑠) … … … … … … … … … … … . … … … … … … . (13) 

 

Since the R-D phenomenon occurs in the same catalyst of radius Rp, equation (13) leads to equation 

(14) 

𝜂1𝑣1(𝐶𝑖
𝑠, 𝑇𝑠) < 𝜂2 𝑣2(𝐶𝑖

𝑠, 𝑇𝑠) … … … … … … … … … … … … … … . . … … … … … . (14) 

 

An auxiliary of equation (14) is equation (15) 

𝑣1(𝐶𝑖
𝑠, 𝑇𝑠) < 𝑣2(𝐶𝑖

𝑠, 𝑇𝑠)  𝑖𝑓𝑓 𝜂1 < 𝜂2 … … … … … … … … … . … … . … … … … … . (15) 

 

According to equation (15), for reaction 1 to control with respect to reaction 2, the 𝜂1 should be 

less than 𝜂2 in addition to the surface rate of reaction 1 being less than the surface rate of reaction 

2. This implies that comparisons of surface reaction rates and internal effectiveness factors need 

to be considered for the assignment criteria. In other words, neither only the surface reaction rates 

nor only the internal effectiveness factor for the individual reactions will be sufficient to determine 

the relative controlling factor between the two reactions. Hence, equation (14) which is more 

general and defined in terms of the 𝜂1 and 𝜂2 and the surface reaction rates becomes a general 

criterion to determine the relative importance of reaction 1 with respect to reaction 2. While 
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equation (14) specifically holds for when reaction 1 controls with respect to reaction 2 (R1/R2), its 

reverse also holds when reaction 2 controls with respect to reaction 1 (R2/R1).  

Combining the derived criteria for the relative rates of the two reactions (R1-R2 phenomena) with 

the Weisz criteria for reaction 1 (R1-D) result in the overall assignment criteria highlighted in Table 

6 for the developed four overall controlling regions  R1<R2, R1<D; D<R1<R2; R2<R1<D; R2<R1, 

D<R1 given in Table 5. Both the R1-R2 criteria and the R1-D Weisz criteria must be satisfied to 

obtain each of the overall controlling regions; for example, both 𝜂1 > 0.95 and 𝜂1𝑣1(𝐶𝑖
𝑠, 𝑇𝑠) <

𝜂2 𝑣2(𝐶𝑖
𝑠, 𝑇𝑠) must be satisfied for the R1< R2, R1< D to be achieved. These criteria can be easily 

applied after obtaining the solution of the reaction-diffusion model and the internal effectiveness 

factors. 

 

Table 5: Controlling factors developed based on the combination of R1-D and R1-R2 phenomena.  

 R2<R1 R1<R2 

D<R1 R2<R1, D<R1 D<R1<R2 

R1<D R2<R1<D R1<R2, R1<D 

 

 

Table 6: Assignment criteria for controlling regions developed by combining the R1-D and R1-R2 

phenomena. 

 Overall 

controlling factors 

 𝜂1condition 

(Weisz criteria) 

Developed criteria 

𝑣1 𝑣𝑠 𝑣2 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠 

B1 R2<R1, D<R1 𝜂1 < 0.95 𝜂1𝑣1(𝐶𝑖
𝑠, 𝑇𝑠) > 𝜂2 𝑣2(𝐶𝑖

𝑠, 𝑇𝑠) 

B2 D<R1<R2 𝜂1 < 0.95 𝜂1𝑣1(𝐶𝑖
𝑠, 𝑇𝑠) < 𝜂2 𝑣2(𝐶𝑖

𝑠, 𝑇𝑠) 

B3 R2<R1<D 𝜂1 > 0.95 𝜂1𝑣1(𝐶𝑖
𝑠, 𝑇𝑠) > 𝜂2 𝑣2(𝐶𝑖

𝑠, 𝑇𝑠) 

B4 R1< R2, R1< D 𝜂1 > 0.95 𝜂1𝑣1(𝐶𝑖
𝑠, 𝑇𝑠) < 𝜂2 𝑣2(𝐶𝑖

𝑠, 𝑇𝑠) 

 

Hence, based on rate limiting step as being the controlling factor, the overall controlling factor 

R1< R2, R1< D implies that R1 controls in the overall R1-R2-D phenomenon, while diffusion 

controls overall for D<R1<R2. The R2<R1<D indicates that R2 controls overall. However, for R1< 

R2, R1< D region, either R2 or D controls the phenomenon overall, as it is difficult to determine 

the overall control unless the relative control between the R2 and D (that is,  𝜂2) is known. 

Validation of the developed overall assignment criteria: The overall assignment criteria for R1-

R2-D phenomena developed by combining the Weisz criteria of R1/D and the derived R1/R2 criteria 

are validated using the combination of the known R1-D criteria ( 𝜂1 < 0.95; or  𝜂1 > 0.95 ) and 

the known R2-D criteria only, i.e based on the combination of 𝜂1 and 𝜂2. Due to the non-availability 
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of critical x value for 𝜂2, only the perfect condition of reaction 2 (𝜂2 = 1) is considered in the R2-

D phenomena used for the validation. The validation is approached by first decomposing the 

developed overall regions highlighted in Table 6 into child components where possible. As shown 

in Figure 3 a, D<R1<R2 which is D<R1, D<R2, R1 <R2 cannot be assigned using only 𝜂1 and 𝜂2 due 

to the additional R1<R2. Similarly, R2<R1<D which is R2<D, R1<D, R2 <R1 cannot also be assigned 

by only 𝜂1 and 𝜂2 due to the additional R2 <R1. Although B4 (R1< R2, R1< D) can be decomposed 

into R1<D<R2 and R1<R2<D as shown in Figure 4, the R1<R2<D which is essentially R1<D, R2<D 

and R1<R2 cannot be assigned using only 𝜂1 and 𝜂2 due to the additional R1<R2 while the combined 

assignment for R1<D<R2 using 𝜂1 and 𝜂2 > 𝑥 cannot be determined due to the unavailability of 

the critical x value.  

 

 

 

 
 

Figure 3: Analogy for the decomposition of B2 (D<R1<R2) and B3 (R2<R1<D) regions 

 

As shown in Figure 5, the overall controlling factor B1 (R2<R1, D<R) can be decomposed into 

(D<R2<R1) and (R2<D<R1). The D<R2<R1 which is essentially D<R2, D<R1, R2 <R1 cannot be 

assigned using only 𝜂1 and 𝜂2 due to the additional R2<R1 criteria.  

       

  

                  

       

                 

  
(a) (b) 
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Figure 4: Analogy for the decomposition of B4 (R1<R2, R1<D) region 

 

 

 

 

 

Figure 5: Analogy for the decomposition of B1 (R2<R1, D<R) region 

              

           

 

  

                 
          

 1 > 0.95,  2 >   

              

1 <  2 <  ,  1 < 0.95  2 = 1,  1 < 0.95

           

  

  

  

                  
          

1   2 <  ,  1 < 0.95
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However, R2<D<R1, which is essentially R2<D, D<R1 has assignment criteria of 1 ≤ 𝜂2 < 𝑥 and 

𝜂1 < 0.95 that can be further decomposed into 1 < 𝜂2 < 𝑥, 𝜂1 < 0.95 and 𝜂2 = 1, 𝜂1 < 0.95 . 

While the criteria  1 < 𝜂2 < 𝑥, 𝜂1 < 0.95  cannot be applied due to the non-availability of critical 

x value, the 𝜂2 = 1, 𝜂1 < 0.95  can be applied using only the values of 𝜂1 and 𝜂2.  Consequently, 

the region (say S) determined by the 𝜂2 = 1, 𝜂1 < 0.95 criteria should be a subset of the 

decomposed parent (overall controlling) region B1 (R2<R1, D<R) which can be determined by the 

derived criteria 𝜂1 < 0.95 , 𝜂1𝑣1(𝐶𝑖
𝑠, 𝑇𝑠) > 𝜂2 𝑣2(𝐶𝑖

𝑠, 𝑇𝑠) as shown in Table 6, i.e. S ⊆ B1. This 

also directly implies that the 𝜂2 = 1, 𝜂1 < 0.95 criteria satisfy the parent criteria 𝜂1 < 0.95 , 

𝜂1𝑣1(𝐶𝑖
𝑠, 𝑇𝑠) > 𝜂2 𝑣2(𝐶𝑖

𝑠, 𝑇𝑠). For the satisfaction to hold, 

Substituting 𝜂2 = 1 in 𝜂1𝑣1(𝐶𝑖
𝑠, 𝑇𝑠) > 𝜂2 𝑣2(𝐶𝑖

𝑠, 𝑇𝑠) yields, 

 

𝜂1𝑣1(𝐶𝑖
𝑠, 𝑇𝑠) > 𝑣2(𝐶𝑖

𝑠, 𝑇𝑠) 

𝜂1 >
𝑣2(𝐶𝑖

𝑠, 𝑇𝑠)

𝑣1(𝐶𝑖
𝑠, 𝑇𝑠)

 

Considering 𝜂1 < 0.95, 

0.95 >  𝜂1 >
𝑣2(𝐶𝑖

𝑠, 𝑇𝑠)

𝑣1(𝐶𝑖
𝑠, 𝑇𝑠)

 

𝑣2(𝐶𝑖
𝑠, 𝑇𝑠)

𝑣1(𝐶𝑖
𝑠, 𝑇𝑠)

< 0.95 

 

While the 𝜂2 = 1, 𝜂1 < 0.95 criteria as a subset of the parent criteria 𝜂1 < 0.95 , 𝜂1𝑣1(𝐶𝑖
𝑠, 𝑇𝑠) >

𝜂2 𝑣2(𝐶𝑖
𝑠, 𝑇𝑠) can be considered a necessary condition to validate the overall region R2<R1, D<R 

and the corresponding derived assignment criteria, we consider the 
𝑣2(𝐶𝑖

𝑠,𝑇𝑠)

𝑣1(𝐶𝑖
𝑠,𝑇𝑠)

< 0.95 criterion as an 

additional and sufficient criterion for the confirmation of the validation of the  overall controlling 

region B1 (R2<R1, D<R) in Table 6. Figure 6 shows the 𝜂1-𝑇 and 𝜂2-𝑇 plots for catalysts size of 

500- μm with temperature ranging from 500-1000 K and Cs = [0.08, 0.16, 0.01, 0, 0, 0.75]. Only 

the R2<R1, D<R1 region occurs within the whole 500 – 1000 K temperature range considered, 

while a region (called R2R1DR1 case study) assigned by 𝜂2 = 1, 𝜂1 < 0.95 occurs from 775 to 

1000 K, which is within the 500 – 1000 K temperature range of R2<R1, D<R1. In addition, 
𝑣2(𝐶𝑖

𝑠,𝑇𝑠)

𝑣1(𝐶𝑖
𝑠,𝑇𝑠)

  

remains less than 0.95 within the 775 to 1000 K temperature range occupied by the R2R1DR1 case 

study.  
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Figure 6: The (a) 𝜂1-𝑇 and (b) 𝜂2-𝑇 curves for catalyst size 500- μm , 500-1000 K temperature 

range (500:25:1000).  The R2<R1, D<R1 is assigned using the derived criteria (combination of 

𝜂1 < 0.95 and 𝜂1𝑣1(𝐶𝑖
𝑠 , 𝑇𝑠) > 𝜂2 𝑣2(𝐶𝑖

𝑠, 𝑇𝑠) ) while the R2R1DR1 case study is assigned using 

the validated criteria (combination of 𝜂2 = 1 𝑎𝑛𝑑 𝜂1 < 0.95 )   (c)  𝑣2(𝐶𝑖
𝑠, 𝑇𝑠)/𝑣1(𝐶𝑖

𝑠, 𝑇𝑠) vs 

Temperature for the same conditions 

 

 

(a) (b) 

(c) 
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4.3 Enhancement strategy for intermediate species selectivity in two-reactions-in-series 

 

The overall controlling factor in the two-reaction-in-series methanol oxidation reaction is 

determined as a function of the reaction temperature and the catalyst particle size for the design of 

strategies to enhance the selectivity of the intermediate formaldehyde selectivity. Figure 6a and b 

show the η1-T-Rp and η2-T-Rp curves for catalyst particle size from 50 nm to 500 μm and reaction 

temperature between 500 to 800 K. Clearly, reaction 1 controls with respect to diffusion at high 

temperature (η1 > 0.95) but diffusion begins to control at low temperature as the catalysts size 

increases. Reaction 2 also controls at high temperature (η2~1), but the η2 significantly increases 

above 1 at low temperature and as the catalyst size increases, indicative of an increasing tendency 

for diffusion control. However, based on the corresponding 2D map in Figure 6c, the overall 

control by reaction 1 (R1<R2, R1<D region) occurs from 750 K and above, while the overall control 

by reaction 2 (R2<R1<D region) occurs between 550 K and 725 K across all the catalysts sizes. 

There is a transition from overall control by reaction 2 (R2<R1<D region) to overall control by 

either reaction 2 or diffusion (R2<R1, D<R1 region) at 50 μm catalyst size and 500 K; 150 μm and 

525 K; and 370 μm and 550 K. As the temperature further increases from 575 K to 725 K, overall 

control by reaction 2 (R2<R1<D region) begins to set in for the entire catalyst sizes (between 50 

nm and 500 μm) considered. This implies that increasing the temperature drives the overall 

controlling factor from either reaction 2 or diffusion (R2<R1, D<R1) to overall control by reaction 

2 (R2<R2<D) to overall control by reaction 1 (R1<R2, R1<D), indicating that increased temperature 

enhances the tendency for the overall reaction to be controlled by reaction 1. This is consistent 

with the result obtained in section 4.1 in which increasing temperature enhances the potential for 

control by the individual reactions. Similarly, at low temperature, increasing the catalyst size 

changes the overall controlling factor from reaction 2 to either reaction 2 or diffusion but this 

tendency for change fades away as the temperature is increased. This change of the overall 

controlling factor towards diffusion controlling with increasing catalyst size is also very consistent 

with the suppression of reactions controlling highlighted in section 4.1 above for large catalysts 

size. 

Since the instantaneous selectivity of an intermediate species in a two-reaction in series is dictated 

by the ratio of the rate of the reaction of the first reaction to that of the second reaction 18,35, the 

selectivity of the formaldehyde intermediate species can be improved by either enhancing the rate 

of reaction 1 or lowering the rate of reaction 2 or combination of both. Hence, above 725 K at 

which the reaction 1 controls the overall phenomena, increasing the rate of reaction 1 is expected 

to increase the selectivity towards formaldehyde while increasing the rate of reaction 2 or the 

diffusion should not cause any increase in formaldehyde selectivity. For temperature between 550 

and 725 K where reaction 2 controls overall, selectivity towards formaldehyde can be enhanced 

by suppressing the rate of reaction 2 while increasing the rate of reaction 1 should not enhance 
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formaldehyde selectivity. However, at temperature below 550 K for some catalysts’ sizes at which 

diffusion or reaction 2 controls overall (R2<R1, D<R1), the rate of reaction 2 could be suppressed 

to improve formaldehyde selectivity, provided the second reaction controls with respect to 

diffusion.  

 

 

 

 

Figure 7: (a) 𝜂1-T-Rp 3D plot (b) 𝜂2-T-Rp 3D plot of catalysts size between 50 nm to 500 μm and 

temperature between 500 to 800 K (c) 2 D map showing the different controlling factors with 

respect to the catalysts size and reaction temperature  

 

(a) (b) 

(c) 
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The rate of the individual reactions in the two reactions-in-series methanol oxidation reaction over 

iron–molybdenum oxide catalyst is influenced by the chemical composition of the base catalysts, 

catalyst structure, synthesis technique, synthesis conditions, and promoters, among other factors. 

The catalytic activity of Mo-Fe-O mixed oxide catalyst is greatly dictated by the Mo/Fe ratio - the 

activity is enhanced at an optimal Mo/Fe ratio such as Mo/Fe ratio of 1.7 37, Mo/(Fe+Mo) ratio of 

0.7538, Mo/(Fe+Mo) ratio of 0.802 corresponding to Mo/Fe of 2.4 39,  with the industrial Mo/Fe 

ratio ranging between 2.3 and 5 40. In addition, Mo-rich surface layers that increase the activity of 

the catalyst can be facilitated by calcining iron molybdates at moderate treatments such as 530–

820 K for at least 18 h 41. It has also been reported that, while methanol oxidation can proceed to 

formaldehyde on the  Fe3O4 (001), the reaction can be enhanced by the addition of single Pd atoms, 

which lowers the barrier to C–H bond cleavage by a factor of 2, leading to formaldehyde 

desorption 42. On the other hand, high CO selectivity can be obtained at 350 oC calcination, which 

causes an onset of bulk diffusion 43. Hence, based on our results, we, therefore, propose that 

catalysts containing the maximum Mo/Fe ratio or Mo-rich layer or single atoms Pd or other rate 

enhancement factor for reaction 1 will have enhanced selectivity towards formaldehyde at high 

reaction temperature. On the other hand, catalysts having enhanced bulk diffusion, or some other 

reaction 2 enhancement factor can only have enhanced formaldehyde selectivity at a moderate 

temperature. At extremely low temperatures and relatively larger catalysts size, either suppressing 

CO or suppressing the diffusion rate could enhance the selectivity depending on the controlling 

factor in the second reaction.  

 

 

5 Conclusion 

 

The assignment criteria for the overall controlling factors in the R1-R2-D reactions-diffusion 

phenomena occurring in a two reaction-in series system are developed, validated, and applied. For 

methanol oxidation reaction occurring as two main reactions in series over iron–molybdenum 

oxide catalyst, the rates of the individual reactions are generally enhanced by temperature while 

they are suppressed by large particle-size catalysts. However, the tendency for reaction 1 to control 

overall increases with increasing temperature and reducing catalyst particle size. Consequently, 

selectivity of the intermediate formaldehyde can be enhanced at high temperature by increasing 

the rate of the first reaction while it can be enhanced at moderate temperature by reducing the rate 

of the second reaction. This theoretical framework can be adopted to guide the development of 

highly selective catalyst for two-reactions-in-series systems, and it could be the basis for the 

development of assignment criteria of overall controlling factors for higher-number multiple 

reactions in series and reactions in parallel.  
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