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Abstract

We investigate the negatively charged nitrogen-vacancy center in diamond using pe-

riodic density matrix embedding theory (pDMET). To describe the strongly correlated

excited states of this system, the complete active space self-consistent field (CASSCF)

followed by n-electron valence state second-order perturbation theory (NEVPT2) was

used as impurity solver. Since the NEVPT2-DMET energies show a linear dependence

on the inverse of the size of the embedding subspace, we performed an extrapolation

of the excitation energies to the non-embedding limit using linear regression. The ex-

trapolated NEVPT2-DMET first triplet-triplet excitation energy is 2.31 eV and that

for the optically inactive singlet-singlet transition is 1.02 eV, both in agreement with

the experimentally observed vertical excitation energies of ∼2.18 eV and ∼1.26 eV,
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respectively. This is the first application of pDMET to a charged periodic system and

the first investigation of the NV- defect using NEVPT2 for periodic supercell models.

A naturally occuring diamond impurity is formed when a carbon atom is replaced with a

nitrogen and another neighbouring carbon atom is missing from the lattice site. Together the

nitrogen and the vacancy act as a single entity - the NV center in diamond.1,2 The vacancy

site of the neutral NV center can trap an extra electron from neighbouring isolated substitu-

tional nitrogen defects, resulting in a charge-negative state (NV- defect). This point defect

introduces electronic levels within the fundamental band gap of diamond giving rise to inter-

esting optical and magnetic properties not observed in pure diamond.3,4 Most importantly,

the characteristic ground and excited electronic spin states in the NV- center make it stand

out as one of the most promising solid-state spin qubits in the field of quantum information

technology.5–8 The electron spin qubit can be efficiently initialized, manipulated, and read

out through an optical spin-polarization cycle involving the triplet ground state and the first

triplet excited state via two intermediate spin singlets.9–12 Moreover, it exhibits a long spin

coherence time of a milli-second,13 that persists even at room temperature, which means it

can be efficiently used to store quantum information. Additionally, the NV- electron spin can

coherently couple with the neighbouring 13C nuclear spin allowing to create a controllable

few-qubit quantum register.14,15

To understand the NV- center in diamond, accurate first principles simulations of its ground

and excited states are important. Among different quantum chemical methods, density

functional theory (DFT) has most widely been used to study this system4,16–21 owing to its

simplicity and computational affordability. However, DFT is not always accurate enough to

describe solid-state spin defects with multireference character originating from the strongly

correlated excited states that cannot be approximated by a single Slater determinant. The

alternative approaches beyond DFT employed for the NV- center include many-body per-

turbation theory - a combination of GW approximation22 and Bethe Salpeter equation,23

and configuration interaction constrained random phase approximation (CI-CRPA).24
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Traditional multireference methods such as the complete active space self consistent field

(CASSCF)25–27 and multireference configuration interaction (MRCI)26 have also been tested

on molecular cluster models of the NV- center. However, finite-size models do not include

bulk long-range effects, and they may introduce spurious boundary effects. Furthermore,

defect excitation energies, especially those involving higher energy states, are highly sensitive

to the shape and size of the cluster.25,27 On the other hand, for supercell models based on

periodic boundary conditions, that are generally more appropriate to describe such solid state

systems, direct application of multireference methods is often unfeasible due to their high

computational cost. As a middle ground, quantum embedding theories offer an attractive

solution, providing a trade-off between computational cost and accuracy.

Quantum embedding allows one to divide a bulk problem into sub-problems such that a

particular region of interest, known as the “active region” or “impurity”, is treated with a

more accurate and thus more expensive method, while the rest of the system is described

using a mean-field approach. There are many different versions of quantum embedding

techniques,28,29 which are classified based on the level of theory used to analyze the sub

problems and the key quantum variable used to connect the high- and low-level methods.

Notably, quantum embedding methods where DFT is used as the lower level theory suffer

from an inherent ”double counting” issue. This problem refers to the incomplete cancellation

of the terms that are computed both in DFT and in the high level theory employed for the

active region. Recently Galli et al.30 proposed an exact double counting correction scheme to

their quantum defect embedding theory (QDET), based on a Green’s function formulation.

They applied this method to study the electronic structure and energy spacings in the NV-

center and achieved excellent agreement with experiments, which was not possible using

their original QDET implementation based on an approximate double counting correction.30

A different flavour of quantum embedding is density matrix embedding theory31 (DMET).

The key quantum variable in DMET is the frequency-independent one-body reduced density

matrix that makes it much simpler and computationally less expensive compared to frequency
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dependent Green’s function-based embedding methods31 e.g. dynamical mean-field theory.

It is a local impurity model where the Hilbert space dimension can be considerably reduced

by projecting the original Hamiltonian onto a small impurity subspace. This method is able

to capture the explicit quantum entanglement between the active region and its environment.

In this work, we use a periodic version of DMET (pDMET)32,33 to investigate the NV- system.

Unlike QDET, we use restricted open-shell Hartree-Fock (ROHF) as the lower level theory,

which makes the method free from the ”double counting” problem. We use CASSCF34–36 as

the high-level impurity solver to appropriately address the strongly correlated defect region,

followed by n-electron valence state second-order perturbation theory (NEVPT2),37–40 to

account for the portion of dynamic correlation which is missing at the CASSCF level. The

rest of the system (environment) is approximately described with a ”bath” constructed from

a Schmidt decomposition41 of the full-system HF wave function. Recently, it has been shown

that pDMET offers an accurate and affordable ab initio approach for studying the electronic

structure of neutral point defects.42,43 However, pDMET has not yet been investigated for

charged defects. In this work, we focus on the well tested NV- center in diamond to explore

the performance of pDMET for charged electronic excitations localized within the defect site.

To our knowledge, this is the first investigation of the NV- defect using CASSCF/NEVPT2

for periodic supercell models.

The photoluminescence band of the NV- center in diamond shows a strong optical transition

with a sharp zero phonon line (ZPL) at 1.945 eV (637 nm) along with a phonon side band in

the absorption spectra with maximum intensity peak at ∼2.18 eV.44 Davies and Hamer an-

alyzed this experimental ZPL and found that the defect center has a trigonal C3V symmetry

and the ZPL is associated with a strong optical transition between the triplet ground state

3A2 and the first excited triplet state 3E.44 The defect center also exhibits a weak band in

the infrared region with a ZPL at 1.19 eV (1046 nm)45 along with a phonon side band with

maximum intensity peak at 1.26 eV46 in the absorption spectra. This ZPL corresponds to a

transition between two intermediate metastable singlet states - 1A1 and
1E located between
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the two triplets. The optical transition involving the ms = 0 sublevels of the ground and

Figure 1: (a) Many-body electronic states and the electronic transitions in the NV- defect
in diamond. The red arrows represent electronic excitations and the green dashed arrows
represent the intersystem crossing process. (b) Ground state electronic configuration (energy
levels are qualitative only) of the NV- center.

excited triplet states is spin conserving and therefore the final state after deexcitation is the

ms = 0 sublevel of the ground state. However, the excitation involving the ms = ±1 levels

follows an intersystem crossing path via the intermediate singlet states and finally decays to

the ms = 0 sublevel of the ground state.12,47 The intermediate singlets thus play a crucial

role in the optical initialization of defect spin state through the spin polarization process.

The schematic electronic energy level diagram and the spin polarization process in the NV-

defect is shown in Fig. 1a. In this work, we use the ground state (3A2) geometry and com-

pute the energies corresponding to the triplet-triplet (3A2 → 3E), singlet-singlet (1E → 1A1)

and the triplet-singlet (3A2 → 1E and 3A2 → 1A1) vertical excitations.

The ground state of the 3A2 triplet, belonging to the C3v point group, is characterized by a

doubly occupied a1 orbital and singly occupied ex and ey orbitals, leading to the configuration

a21e
1
xe

1
y. Our ROHF calculation confirms this. Another a1 orbital is present at a lower energy

within the valence band. The ground state configuration of the NV- center is shown in Fig.

1b.

We considered three different supercells of increasing size - NC62, NC126, and NC214. NC62

and NC214 are the 2x2x2 and 3x3x3 supercells constructed from an 8-atom unit cell, whereas
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NC126 is the 4x4x4 supercell constructed from a 2-atom unit cell. All the structures of the

different supercells were optimized with the VASP code,48,49 using plane wave basis set (with

an energy cutoff of 500 eV) with the PBESol functional50 which is particularly suitable for

solids. We used spin polarization and no symmetry restriction. The bond distances in the

optimized geometry are consistent with those reported in the literature25,51 from other DFT

optimizations. The N-C bond lengths in the optimized structure is 1.46 Å. The distance

between the N atom and the 3 C atoms forming the dangling bonds with the vacancy is

2.72 Å. The distance between any two C atoms among the 3 C atoms forming the dangling

bonds is 2.64 Å. We confirmed that the geometries do not change significantly for 3 different

supercells. Along with the supercell models we also used a finite molecular cluster model

C33H36N
−. The method and model used for the cluster calculations are reported in the

Supporting Information (SI).

For the detailed theoretical foundation of pDMET we refer to the literature 52 and 53. The

pDMET algorithm starts with a mean-field calculation on the full system, in this case we

used the periodic ROHF method. Since the translational symmetry is lost in the defective

solid and we use sufficiently large supercells to model the defect, the Brillouin zone is sampled

only at the Γ- point.

The canonical HF molecular orbitals initially delocalized over the whole system, are local-

ized to define a local fragment and its environment, using the maximally localized Wannier

functions (MLWFs)54,55 obtained from the mean-field orbitals using wannier9056 code via

the pyWannier90 interface.57 After the orbital localization, choosing a physically motivated

impurity cluster is a key step in DMET calculations. The impurity cluster is defined by

a set of atoms on which the MLWFs are spatially localized. Since we are interested in the

defect-localized transitions, a reasonable choice of the impurity cluster would be the one that

includes the atoms comprising and surrounding the defect center. We consider a 16 atom

impurity cluster (NC15) that includes the N atom and the C atoms closest to the N and the

vacancy site. In Fig. 2, all 3 supercells considered are shown along with the atoms within
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the impurity cluster specifically highlighted.

Figure 2: Three supercell models: NC62, NC126, and NC214 for NV- defect in diamond. In
each of them the NC15 impurity cluster for the DMET calculations has been highlighted.

The environment of the impurity cluster is approximately represented by a set of bath orbitals

(constructed using a Schmidt decomposition58 of the ROHF wave function) that are most

entangled with the fragment orbitals in the impurity cluster. The original Hamiltonian is

then projected onto the combined space of fragment and bath orbitals and the high-level wave

function is determined using CASSCF, followed by NEVPT2 for the energy calculation. The

CAS-DMET (using CASSCF as the impurity solver) and NEVPT2-DMET (using NEVPT2

as the impurity solver) calculations were performed using the pDMET code,59,60 and the

PySCF package61,62 to obtain the electron integrals and for the quantum chemical solvers.

For both molecular CASSCF/NEVPT2 and periodic CAS-DMET/NEVPT2-DMET calcu-

lations an active space containing 10 electrons in 9 orbitals (10e, 9o) was employed. This

includes symmetry-adapted orbitals that are consistently obtainable across all the different

supercell sizes as well as for the finite molecular cluster model. The detailed analysis of

the active space convergence is presented in the SI. Further, the triplet excitation involves

the non-degenerate ground state triplet 3A2 and the doubly degenerate 3E state, whereas

the optically inactive singlet transition takes place from the doubly degenerate 1E to the

non-degenerate 1A1 state. We therefore considered two separate state-average CASSCF

(SA-CASSCF) calculations, one on the three lowest-energy triplets, and one on the three
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lowest-energy singlets. In both calculations equal weight in the state average was attributed

to all states. The triplet-singlet energy gaps (3A2 →1E and 3A2 →1A1) were computed from

the difference between the state-averaged singlet and the state-averaged triplet calculations.

We used GTH pseudopotentials63 to replace the core electron density. For the valence

electrons, we used the GTH basis set of triple zeta (gth-tzvp) quality for the N and six

C atoms - three attached to the N, and the other three making dangling bonds with the

vacancy, and of double zeta (gth-dzv) quality for the remaining atoms. This combination of

basis sets (gth-dzv + gth-tzvp) was employed for all the calculations described in this work,

if not mentioned otherwise.

In Fig. 3 we show the (10e, 9o) active orbitals along with their natural occupancies for

the smallest supercell NC62. Similar orbitals and occupancies were obtained for the larger

supercells NC126 and NC214, and the cluster (shown in SI).

We analyzed the impact of the size of the DMET embedding subspace on the computed

vertical excitation energies (VEE) for three supercells. To do this, we used a 16-atom

impurity cluster (NC15) and performed the CAS-DMET/NEVPT2-DMET calculations using

different numbers of fragment + bath orbitals. A comprehensive explanation of the procedure

in which this was accomplished can be found in the SI. The individual VEEs corresponding

to different numbers of embedding orbitals are also reported in the SI.

In all cases the CAS-DMET VEEs remain almost unaffected by the embedding size. On the

other hand, the NEVPT2-DMET VEEs decrease as the size of the embedding space increases.

We observe a linear dependence of the NEVPT2-DMET VEE on the inverse of the number

of embedding orbitals. This motivated us to perform a linear extrapolation to achieve the

non-embedding limit. For a supercell as small as NC62, it is possible to perform a full non-

embedding calculation, while for larger supercells this is not affordable, and this is why an

embedding technique is needed in the first place. Therefore, such a linear extrapolation is

necessary to achieve the non-embedding limit of the NEVPT2-DMET excitation energy.

Moreover, for any embedding size, CASSCF significantly overestimates the VEEs as com-
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Figure 3: (10e, 9o) active orbitals for NC62 supercell with an isosurface value of 0.04. Natural
occupancies are mentioned below.

pared to the experimental data. NEVPT2 corrects the CASSCF VEEs by almost one eV,

highlighting the importance of dynamic correlation effects. A similar conclusion was drawn

by Zyubin et al.26 where reasonable agreement of calculated transition energies with exper-

iment was achieved only at the CASPT264 level.

Furthermore, for specific embedding sizes, convergence in the VEEs is observed as the super-

cell size becomes sufficiently large. E.g., using 484 (fragment + bath) orbitals the NEVPT2-

DMET 3A2 →3E VEE increases by 0.34 eV going from NC62 to NC126, whereas it increases

only by 0.03 eV from NC126 to NC214. Similar energy differences are observed for the singlet

excitation as well. Going from NC62 to NC126 the difference is 0.43 eV, whereas it decreases
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Figure 4: CAS-DMET and NEVPT2-DMET excitation energies for 3A2 → 3E transition
and their extrapolation to the non-embedding limit for NC126 and NC214. Ntot represents
the total number of MLWFs in the respective supercells and Nemb is the number of MLWFs
within the embedding subspace. Nemb = Nfrag + Nbath. The hollow sqaures represent the
extrapolated VEE values.

to only 0.02 eV from NC126 to NC214. The triplet-singlet energy gaps also follow a similar

convergence trend. We therefore performed the linear extrapolation only for the two larger

supercells - NC126 and NC214.

In Fig. 4 we plot the 3A2 → 3E VEEs as a function of a ratio of the total number of MLWFs

(Ntot) in the cell to the number of orbitals (fragment + bath) in the embedding subspace

(Nemb). Upon extrapolation, the NEVPT2-DMET VEE attains a value of 2.40 eV for NC126

and 2.31 eV for NC214 when extrapolated to the non-embedding limit (at Ntot/Nemb = 1).

The extrapolated 3A2 → 3E VEE for the largest supercell NC214 is within 0.13 eV of the

reference experimental VEE of ∼2.18 eV. Clearly, the linear extrapolation of the NEVPT2-

DMET VEEs provides quantitative agreement with experiment, bypassing the expensive

non-embedding calculations for large supercell models. Extrapolation plots for the other

excitations are shown in the SI.

In Table 1 we report the VEEs of the 3E, 1E, and 1A1 states with respect to the ground

state (3A2) as well as the 1E → 1A1 VEE, and compare our extrapolated values with the

experimental VEEs that correspond to the maximum intensity peaks of the phonon side

bands in the experimental absorption spectra. For completeness, the ZPL values have also
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been included in the table. Notably, the “experimental” ZPLs/VEEs (marked with *) of

the 3A2 → 1E and 3A2 → 1A1 are not directly measured from experiments. Those are

derived from the experimental ZPLs/VEEs of the 3A2 → 3E (1.945/2.18 eV) and 1A1 →
1E (1.19/1.26 eV) transitions, and the energy difference between the 3E and 1A1 states

(0.321-0.414 eV).65

Table 1: NEVPT2-DMET (extraploted) VEEs (eV) for the NC126 and NC214 su-
percells compared with experimental and previous theoretical values.

Reference/Electronic state 3A2 → 1E 3A2 → 1A1
3A2 → 3E 1E to 1A1

Exp. VEE 0.50-0.59* 1.76-1.85* ∼2.1844 ∼1.2646

Exp. ZPL 0.34-0.43* 1.51-1.60* 1.94544 1.1945

NC214 supercell (This work) 0.50 1.56 2.31 1.02
NC126 supercell (This work) 0.53 1.62 2.40 1.07

DFT-LSDA 512 atom supercell51 1.91
DFT-PBE 256 atom supercell23 1.87
GW+BSE 256 atom supercell23 0.40 0.99 2.32

Model fit from GW+CI10 0.50 1.50 2.1
Model from CRPA + CI24 0.49 1.41 2.02
C19H28N

− CASSCF(8,11)26 0.44 1.00 0.98
C19H28N

− MRCI(8,10)26 0.50 1.23 1.36
C49H52N

− cluster CASSCF(6,8)27 2.57
C33H36N

− cluster CASSCF(6,8)27 2.48
C85H76N

− cluster CASSCF(6,6)25 0.25 1.60 2.14 1.35
C33H36N

− cluster CASSCF(6,6)25 0.34 1.41 1.93 1.07
NC510 supercell QDET (EDC@G0W0)

30 0.463 1.270 2.152
NC510 supercell QDET (HFDC)30 0.375 1.150 1.324

Although the DFT calculations can accurately predict the triplet energies, the singlet energies

and their ordering largely varies for different DFT calculations.66 Gali et al.51 reported a

3A2 → 3E VEE value of 1.91 eV (using the local spin density approximation (LSDA) and

a 512 atom supercell). They predicted an energy ordering of the metastable singlet states

1A1 < 1E, which is opposite to our prediction. Rogers et al.45 measured a ZPL of 1046 nm

and assigned it to the 1A1 ↔ 1E transition, although the ordering was not conclusive. In

a subsequent study Gali et al.23 reported a 3A2 → 3E VEE of 1.87 eV (DFT-PBE with a

256 atom supercell) and a GW+BSE value of 2.32 eV, (in agreement with our extrapolated
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VEE of 2.31 eV for the 215 atom supercell), with a reversed relative ordering, consistent

with a subsequent pump-probe spectroscopy measurement.46 Among other beyond-DFT

treatments, the GW+CI (2.1 eV)10 and CI-CRPA (2.02 eV)24 VEEs are close to our results.

For molecular CASSCF and MRCI calculations, different active spaces (AS) and different

finite size model clusters have been used. The 3A2 → 3E VEE ranges from 0.98 eV on a

C19H28N
− cluster, AS(8e, 11o)26 to 2.57 eV on a C49H52N

− cluster, AS(6e, 8o).27 Moreover,

different VEEs have been obtained using the same level of theory and basis set, but different

cluster models.25,27 The finite size of the clusters may not be large enough to reproduce bulk

effects and the spurious surface hydrogens may also alter the electronic distribution in the

system, as discussed by Park and co-workers.25 They calculated a triplet VEE of 2.14 eV,

in agreement with the experimental VEE (∼2.18 eV) using a large enough cluster model

C85H76N
−.

Finally, Galli et al.30 predicted a 3A2 → 3E VEE of 2.152 eV using quantum defect embedding

theory (QDET) with an exact double-counting (DC) correction, while they reported a value

of 1.324 eV using an approximate DC correction. DC occurs in DFT-based embedding

methods, while our pDMET formulation does not have this issue because HF is used as

low-level theory.

In summary, we employed a wave function in wave function embedding method to compute

the electronic excitations of the NV- defect in diamond. This is the first time pDMET

was employed for a charged species and the first investigation of the NV- defect using

CASSCF/NEVPT2 for periodic supercell models. Compared to hydrogenated molecular

cluster models, our calculations with periodic boundary conditions provide a more realistic

description of the localized crystal defect. We observed a linear dependence of the NEVPT2-

DMET energies on the inverse of the size of the embedding subspace and thus extrapolated

to the non-embedding limit. The extrapolated triplet-triplet and singlet-singlet energy gaps

for the large supercell are 0.1-0.2 eV within the experimental values. The vertical energy

gaps of the singlet states with respect to the triplet ground state are also consistent with
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previous theoretical studies. We envision that extrapolations based on pDMET calculations

can be used routinely in the future to study strongly correlated charged point defects in

solids.
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