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Abstract

Electrochemical impedance spectroscopy (EIS) is a characterization technique used widely in
electrochemistry. Obtaining EIS data is simple when modern electrochemical workstations are
used; however, analyzing EIS spectra is still a considerable quandary. The distribution of
relaxation times (DRT) has emerged as a solution to this challenge. Nevertheless, DRT
deconvolution underlies an ill-posed optimization problem, which is often solved by ridge
regression (RR). RR’s accuracy strongly depends on the choice of the regularization level as
encapsulated in the parameter A. In this article, five cross-validation methods (i.e., generalized
cross-validation, modified generalized cross-validation, robust generalized cross-validation, re-im
cross-validation, and k-fold cross-validation) and the L-curve method are studied for the selection
of A. A hierarchical Bayesian DRT (hyper-21) deconvolution method is also analyzed, whereby A,,
a parameter analogous to A, is obtained through cross-validation. The analysis of synthetic data
suggests that the values of A selected by generalized and modified generalized cross-validation are
the most accurate among the methods studied. Furthermore, synthetic EIS spectra show that the
hyper- A approach outperforms optimal RR when 4, is obtained by generalized and modified
generalized cross-validation. This research is expected to foster additional research on the central
topic of regularization level selection for DRT analysis. This article not only explores various
cross-validation methods, but also provides, through pyDRTtools, an implementation that may

serve as a starting point for future research.

Keywords: Electrochemical Impedance Spectroscopy, Distribution of Relaxation Times, Inverse

Problem, Cross-Validation, Hyperparametric Methods



1 Introduction

Electrochemical impedance spectroscopy (EIS) is an experimental technique commonly used in
electrochemistry [1,2] with broad applications spanning energy science [3], materials [4], medicine
[5], and biology [6]. EIS characterization is attractive because it provides frequency-dependent
information ranging across several orders of magnitude of timescales (i.e., from mHz to MHz) [7].
Furthermore, modern, state-of-the-art electrochemical workstations afford the collection of high-
quality EIS data with limited experimental expertise. Despite these advantages, interpreting EIS
spectra remains a considerable challenge [8]. The analysis is usually performed by fitting spectra
against equivalent circuits models (ECMs) [9]. However, ECMs are often just circuitanalogs and
lack uniqueness [10]. Alternatively, physical models can be used, but these models are system-
specificand significantly more difficult to implement [6,8,11]. To overcome these challenges, the
distribution of relaxation times (DRT) has emerged as a complementary method enabling the
identification of the characteristic timescales in EIS spectra [12-17]. Explicitly, within the DRT
analysis framework, the impedance model, Zprt (f), is fashioned to originate from relaxations,

leading to the following expression [10,11,18]:

(ee]

y(log 7)

T+ iznfdlost (1)

Zprt(f) = i2nfLy + Ry +f

where f, Ly, Rw, Y(logt), and t are the frequency, inductance, resistance, distribution of

relaxation times, and timescale, respectively.

While the DRT model is conceptually simple, deconvolving y(log ) is difficult because the
underlying problem is ill-posed [19-23]. Many methodologies have been developed to conduct
DRT deconvolution. Those include genetic and evolutionary methods [24,25], Fourier transform

methods [15,26], maximum entropy approaches [27], artificial-intelligence-driven methods
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[11,28], Gaussian processes [10,18,29], Bayesian and hierarchical Bayesian methods [30-32], and

ridge regression (RR) [23,30,33], with RR being arguably the most widely used.

As described in more detail in Section 2.1, in RR, the DRT is obtained by minimizing the sum of
squared residuals plus an additional term penalizing "ridges" in y (log 7) [14,33]. Namely, if x is
(loosely) defined as the vector of the DRT at discrete log t values (a more precise definition and
more details are given in Section 2.1.1.1), DRT deconvolution through RR requires solving the

following problem [30,33]:

x = argmin(”Zexp - Ax’”2 + /1||Lx'||2) (2)
x'z0

where ||-|| isthe Euclideannorm, Z s a vector of experimental impedances, A4 is a discretization

matrix, and A||Lx||? is a penalty. In the latter term, A is a parameter, and L is a differentiation

matrix. The optimal selection of A is the goal of this article.

The solution to problem (2) strongly depends on A [30,34], where small and large values of A result
in over-fitting and over-regularization, respectively [35,36]. It is, therefore, imperative to select an
appropriate parameter A when performing RR. In the fields of statistics and inverse problems,
several methods have been developed for this purpose, including generalized cross-validation
(GCV) [37,38], modified generalized cross-validation (mGCV) [37], robust generalized cross-
validation (rGCV) [37], real-imaginary cross-validation (re-im CV) [33,39], k-fold generalized
cross-validation (kf-CV) [40], and the L-curve (LC) method [41]. Among these methods, only LC

[41,42] and re-im CV [14,33] have been used for DRT deconvolution.

Through an array of well-controlled synthetic experiments, this work investigates the quality of

the aforementioned methods for the selection of A in the context of DRT deconvolution and



impedance recovery through RR (Figure 1). For RR, the analysis of synthetic spectra suggests that
GCV and mGCV give A values that are the closest to the optimal ones. It is also shown that 4,
one of the hyperparameters of the previously developed hierarchical Bayesian method (hyper-A4)
(the definition and more details are given in Sections 2.1.1.2 and 2.1.3), can be obtained using
GCV and mGCV [31]. Artificial experiments suggest that DRT recovery obtained using hyper-A
methods with A, from CV is generally more accurate than RR, especially for discontinuous and

"hook"-type DRTS.

To ensure reproducibility and allow other groups to extend these methods, the software
pyDRTtools was updated and shared on GitHub [34]. It is envisioned that this work and the
updated pyDRTtools will enable more effective DRT deconvolution and impedance recovery,

possibly leading to several follow-up works.
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Figure 1. Schematic illustrating the steps taken to select the regularization parameter A and recover

DRT and impedance starting from experimental data.

2 Methods

As already outlined in the Introduction, the outcome of RR strongly depends on A as defined in
(2). As is well known, small values of A result in noisy DRT (but accurate recovery of the
impedance), while large values of A give smooth DRT (but inaccurate impedance) [34,38].
Therefore, choosing A “optimally” so as to strike a balance between smoothing the DRT and
regressing the impedance is key to DRT deconvolution. This section first outlines the DRT
deconvolution nomenclature, then it illustrates how to obtain an "optimal” A using an array of

statistics-oriented methods.



2.1 Theory

2.1.1 DRT Deconvolution

2.1.1.1 Ridge Regression

We start by introducing the quantities and corresponding notations used thereafter. Following our
previous articles [33,34], the real and imaginary parts of the DRT impedance model vector given

by Zprt = ZpRrTre + iZpRTim are approximatedas follows:
ZDRT,re = Roo 1 + Ay,rey (33-)

ZDRT,im = anOf + Ay,imy (3b)

Wlth (y)n = y(lOng) fOI’ n= 1, 2,..., N, and (ZDRT,re)m = Re(ZDRT (fm)), (ZDRT,im)m =
Im(Zprr (f;n)), 1 is an N-dimentional column vector of ones, and (f),, = f, form=1,2, ...,

M. The log t,, values are the log timescales at which y(log ) is approximated, and the f;,, values

are the experimental frequencies. A, .. and A4, ;,, are discretization matrices given elsewhere [34].
The following two matrices can also be defined:
Are=(0]1]4) (42)
A =2rf 04, im) (4b)

where 0 is an M-dimensional column vector of zeros. In turn, the matrix 4 in (2) can be defined

as

a= (4) (5)



Zexp,re

Then, x = (Ro,, Lo, ¥™)T can be estimated by solving (2) where Z ., = ( )with Zoxpre

Zexp,im
and Z..p,im being the vectors of real and imaginary parts of the experimental impedance,

respectively.

2.1.1.2 Hyper-4Ridge Regression

In a hierarchical Bayesian framework, A is a log T-dependent random variable [30,31]. Thus, the
implementation needs a random vector A € RM1 with N, defined as N; = M — q where M is the
number of EIS frequenciesand q is the derivative order of the differentiation matrix L in (2) [30].
As explained in earlier publications [30,31], the probability, p(x,/1|ZeXp), of x and 4 given

the experimental impedance Z ., is given by

P(%, A Z exp )P(Zexp) = P, DP(Zeyp|x,2) (6)

where p(Zexp) is the probability of observing the specific experimental EIS vector Z ., (this

results in a constant), and p(Zexp|x,A) is the likelihood of the experimental data given x. The

prior on x and 4 jointly, p(x, 1), can be rewrittenas

p(x,2) = p(x|A)p(4) (7)
. o . . 0ifh #k
~ -1 — =
By choosing a Gaussian prioron x, i.e., Lx ~N (0,A™1) with (A) ,x {(A)k if h=k forh, k
1, 2, ..., N;, the prior p(x|A) can be rewritten as
2o la 2
p(x|A) o 1(x > 0)1_[ %exp (— ( 2)" (Lx)§> (8)



d?y(log 1)

dog? " The indicator

In this work, we set g = 2; in other words, L is used to approximate

function 1(x = 0) (equal to 1 if all entries in x are positive, and 0 otherwise) is used to enforce

the non-negativity constraint on the DRT.

All components of A are taken to be independent and identically distributed with the following

Gamma hyperprior distribution:

B _
pr (@10 = W2 exp (-2 @) ©

224

B

1 ) where S is the parameter of the hyperprior
0

with the parameter vector defined as § = (
distribution, and 4, is the nominal regularization level?.

The prior p(4) in (7) is then given by [30,31]

Ny

P = | [ 1@ 2 0pur (@1 © (10)
j=1

We note that the maximum a posteriori (MAP) estimate of x and A are obtained by alternate

minimization, as described in [31], and the (1), values are given analytically by [30,31]

Ao
(Lx)2 +1

D=7, (11)

F—1

2.1.2 Hyperparameter Selection with the CV and LC Scores
As shown in the central panel of Figure 1, A is determined by minimizing a score function. The

seven scores used in this work are described in the present section.

1 We note that A, from (11), is the regularization level obtained for Lx = 0.
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2.1.2.1 Optimal 4

The optimal 4, 4,,¢, is obtained by solving the following problem:
/10pt = ar/%zrolin ”}'exact(logr) - Y(/l)llz (12)

Where (Yexact(log ‘t))n = Yexact(logty,) forn =1, 2, ..., N 2, and y(4) isthe DRT part of the x

vector obtained by solving (2)3.

2.1.2.2 Cross-Validation Methods

CV is a statistical method utilized for model selection, performance estimation, and
learning/tuning model parameters [43]. Only the re-im CV method proposed by Saccoccio et al.
[33] has been used for DRT parameter selection. Other CV methods have yet to be used for DRT
parameter selection. In this section, GCV, mGCV, rGCV, kf, and re-im CV are overviewed and

applied to DRT deconvolution.

2.1.2.2.1 Generalized Cross-Validation
GCV has been used, in statistics and machine learning, for computing the regularization
parameters [38]. Following the seminal work of Wahba et al., GCV determines A by minimizing

the following function [38]:

(ZM)_l ” (I - K(’D)ZeXp ”2
(M)l — K(D)]

GCV(R) = (13)

2 Yexact Was selected to be the analytical DRT (Table S1 of the supplementary information (SI)) for synthetic
experiments. For real EIS data, we used the DRT obtained from the regressed ECM, which is denoted as ygcp (See
Section 3.2).

* Aopt depends on the log T chosen.
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K1) = A(ATA+ ALTL)71AT € R?M*2M and I is the 2M X 2M identity matrix. The reader is

invited to consult Section S1.1 for the derivation.

2.1.2.2.2 Modified Generalized Cross-Validation
To stabilize the GCV, Kim et al. [44] developed the mGCV criterion, which minimizes the

following function:

(ZM)'1||(1 B K(’D)ZeXpHZ

mGCV(2) = > (14)
[2M)~1er(1 - pKD))]
where p > 1 is a stabilization parameter calculated using the following empirical rule:
_(13ifM <50
_{ 2ifM =50 (15)

2.1.2.2.3 Robust Generalized Cross-Validation
The rGCV method can be used to overcome under-smoothing arising when the sample size is too

small. To that end, the rGCV method minimizes a weighted average of the GCV given by [35,37]

rGCV(A) = (§+ (1 = O (D)GCV (D) (16)

0.2ifM < 50

03ifM > 50 was used to calculate the

Where p, (1) = (2M)~tr(k*(2)) and the rule & = {
robust parameter & [37].

2.1.2.2.4 Re-Im Cross-Validation

Inre-im CV, the real, Z 4, v, and imaginary, Z ., im, parts of the experimental impedance vector

defined in Section 2.1.1.1 can be used separately to determine two values of x, called x .. and x;,,

respectively [33]. In the re-im CV approach, the following sum of squared errors of Z¢, . and
Z oxpim 1S Minimized:

11



re'im(/l) = ”Zexp,re - Arexre”2 + ”Zexp,im - AimximHZ (17)

2.1.2.2.5 k-Fold Cross-Validation

In kf-CV, the experimental impedance, Z .y, is initially partitioned into k subsamples or “folds”
of equal size. The p-th partition (p = 1, 2, ..., K) Z,, e IS treated as the test set, while the rest of
Z ., is used to estimate the DRT vector, x,,(4), by solving an optimization problem formally
equivalent to (2). Then, using x, (1) and Z,, ., the square residuals between predicted and test
impedance are computed (see (S9) in Section S1.2). Finally, the kf-CV score, kf(1), isobtained as

the average of these residuals [40]. We emphasize that, as k increases, so does the computational

time. In this article, we chose k = 5 [45].

2.1.2.3 L-Curve

In the L-curve approach, the optimal 2 maximizes the curvature of the function defined as the
logarithm of the squared residual, n(1) = log(||Zey, — Ax(2)||2), versus the logarithm of the
regularization penalty, 8 (1) = log(A||Lx(1)[|?) [41], where x(A) is computed by solving (2). In

short,

A = argmax LC(A
LC %20 D (18)

where

d?6(A) dn(d) _ do(A) d?n(2)
d2__dl_~ dl__dp

<(dz(;))2 s (dz(/{l)>2>3/2
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2.1.3 CV-based Selection of the DRT Regularization Parameter in Hyper-4

In the hyper-A framework (Section 2.1.1.2), the regularization vector A is a function of the two-

dimensional vector § = (f ) see (11). While the tunable parameters 8 and 4, provide the hyper-
0

A method with more flexibility over RR, herein, we set 8 = 2 so that the hyperprior pyp(4,§) in
(9) becomes an exponential distribution [30,46]. The 4, was selected using GCV and mGCV. The
optimal 4,, indicated as 4, opt, Was computed by solving a problem analogous to (12) in Section

2.1.2.1%,

2.2 Implementation

We generated artificial experiments in the 102 — 10° Hz frequency range with 10 points per
decade [47,48]. For the exact impedance Z.,,.(f), we studied the single ZARC, 2xZARC,
piecewise constant (PWC), Gerischer, and "hook™ models [30,49]. Table S1 shows the analytical
expressions of each impedance and DRT model; the parameters used are reported in Tables S2,

S3, and S4. Each synthetic impedance Z., (f) was obtained by corrupting the exact impedance

with various error models.

As a first step, uniform errors were considered:
Zexp(F) = Zexact(f) + 0y, " (re + i€im) (20)

where the real, .., and imaginary, &;,,, components of the error are independent and identically
distributed with &, &m ~ M (0,1). Unless otherwise specified, the error level o,,*P was set to

0.2 Q.

4 Ao,opt Was obtained as A o = arllgn:)in |V exact108T) — ¥iyper(B = 2, /10)||2Where Yhyper(B = 2,4,) is obtained
02

from MAP.
13



Two frequency-dependent error models were also considered, namely,
Zexp (f) = Zexact(f) + grelxplzexact(f)l(gre + igim) (213)

Zexp (f) = Zexact(f) + grfxp(|zexact,re(f)|gre + i|Zexact,im(f)|€im) (Zlb)

where &,.*F is a scalar, whose value will be given in the corresponding section (Section 3.1.1.4).

For RR deconvolution, 4 (given Z.,,(f)) was selected using all parameter selection methods
described in Section 2.1.2 in the range from 10~7 to 10~ by minimizing the corresponding score
(Section2.1.2.2). The vector x was obtained by solving (2) using the A values obtained using each
model. For the hyper-1 methods, x was obtained through the alternate minimization algorithm
described in Section 2.1.1.2. We must stress that the non-negativity constraint in (2) was not
enforced for “hook™ EIS spectra (Section 3.1.4). For all the methods, the DRT impedance, Zpg,

was computed using Zprt = Ax.

2.3 Quality Scores
To compare the values of A obtained from each parameter selection method to 4,y in (12), the
absolute error on 4, abs;, the normalized absolute error on A, abs;orm 2, @and the mean squared

error on A, MSE,, were introduced:

1 Nexp (22a)
abs; = N Z |/10pt,k - /1cv,k|
exp 41

Nexp 22b
abs 1 z | Aoptic = Acv i (220)
norm,A Nexp ] /Topt
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Nexp (22c)

z (Aopt kK~ ACV k)

exp =

MSE, =

where Ny, is the number of synthetic experiments, A, is the optimal 4 (Section 2.1.2.1) whose

1

= . = N
average Aqpt is Agpe = :pz P Aoptk » and Acy is the A selected using a given parameter

regularization method.

To score the accuracy of DRT recovery, the normalized DRT square error, SE, o, and the

normalized DRT mean square error, MSE oy, ,, Were used:

SE _ |IYexact - YCV(A)HZ (233-)
nermy 1V exactll?

Nexp

2
- A
MSEnormy Z ”)/exact YCV,I;( )”
exp |V exactll

(23b)

where Yexact 1S the exact DRT, and ycy(A) is the DRT recovered with a given parameter

regularization method.

Lastly, we introduce the normalized impedance mean square error, MSE o, ,, @S

Nexp

2
MSE — Z ”Zexact - ZCV,k(/D”
o exp ”Zexact”2

(24)

where Z ... 1S the exact impedance, and Z -y (1) the impedance recovered with a given parameter

regularization method.
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3 Results

Synthetic experiments were used to investigate the accuracy of the different A-selection scores.
Then, the two best scores were used to select the hyperparameter A, (for the hyper-A methods)
optimally. Finally, the accuracy of these two hyper-A methods was investigated with synthetic and

real EIS data from three batteries and one fuel cell.

3.1 Artificial Experiments

3.1.1 Single ZARC Model

3.1.1.1 Investigation of the Optimal Method

First, we studied a single ZARC model. Panels (a), (c), and (e) of Figure 2 show the experimental,
exact, and recovered impedances for one synthetic experiment using the optimal, GCV, and
mGCYV scores, respectively. The corresponding DRTs are presented in panels (b), (d), and (f) of
Figure 2. The DRT and impedance recoveries appear close to the exact ones for all three methods

except for slight DRT oscillationsat7 ~ 1073 sand 1071 s.

Next, 500 artificial experiments were generated. Figure 3 (a) shows the boxplot of the A values of
all optimized scores. It is worth stressing that the notch, rhombus, and whiskers refer to the median,
25-75% interquartile range, and 1.5 times this range, respectively. LC, mGCV, and rGCV methods
have the highest A values® (Figure 3 (a)), which leads to over-smoothing (panels (f) and (h) of
Figure S1 and Figure S2 (b), respectively). Conversely, optimizing the GCV, re-im CV, and kf-
CV scores allowed the identification of the DRT peak, and led to better DRT recoveries (Figure

S1 (d) and panels (d) and (f) of Figure S2, respectively). For all methods, the impedance of the

> Note that the values of 2 selected by the optimal, a given CV, and the LC method are denoted as A, Acy, and Ayc,
respectively.
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single ZARC model was recovered well (left panel of Figures S1 and S2). As expected from (12),

the optimal A, leads to the lowest normalized square errors, SE, ,, as shown in Figure 3 (b).
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Figure 2. For the single ZARC model (o, =0.2Q), exact, experimental, and recovered
impedances based on (a) optimal and hyper-optimal, (c) GCV and hyper-GCV, and (¢) mGCV and

hyper-mGCV methods are shown. Exact and recovered DRTSs are shown in panels (b), (d), and (f).
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Figure 3. Boxplots of the optimal 1 values shown together with the ones minimizing each score

exp

(o,,77 =0.2 Q). The A shown were obtained using 500 synthetic experiments and the (a) single

ZARC, (c) overlapping 2xZARC, and (e) PWC models. Corresponding boxplots of SEorm  are

reported in panels (b), (d), and (f).

3.1.1.2 Correlation between 4 and 4,,,
To show the joint distribution between the optimal A,,. and the A values selected using each

parameter regularization method, we plot in Figure 4 the correlation plots with their respective
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marginal distributions. We observe that A, ¢, Amgcv, and A.gcy are strongly correlated with A
Interestingly, the values of A,,ccv, and A.¢cy are densely concentrated around A,gcv = Argev =
10~*, while the LC values are mostly concentrated around A, =~ 1073, see panels (b), (c), and
(f) of Figure 4. These high A values explain the under-recovered DRTs when the A used is obtained
via these methods (panels (f) and (h) of Figure S1 and Figure S2 (b)). Conversely, the Ay values
from GCV, re-im CV, and kf-CV are visually closer to 4,,. as shown by a distribution centered
near the diagonal, which explains the more accurate identification of the DRT peak in Figure S1

(d) and in panels (d) and (f) of Figure S2, respectively.

To assess how A; ¢, Amgey, and A.gey correlate with 4,5, the scores introduced in Section 2.3

were used. GCV presents the lowest values for all the scores, with kf-CV coming second, see Table
1 and Table S5. The wall clock time needed to minimize each score was also computed (Table 1).

The GCV and kf-CV were the fastest and slowest methods, respectively.
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Table 1. For the single ZARC model (o, =0.2Q and 500 synthetic experiments), abs;, abs,orm 1, MSEy, MSEnorm, Zops »

n

MSE horm, Zexp' MSEnorm zeyact: MSEnorm,yope: MSE jorm,ye ac; > @Nd clock time for each parameter regularization method.

Method abs; abs, orm 1 MSE, MSE i0rm 2, | MSEnorm zey, | MSEnorm Zegaee | MSEnormygpe | MSEnormyexact Clock time (s)
GCV 6.060E-5 | 8.213E-5 [ 6.353E-9 | 4.621E-9 5.661E-5 2.883E-7 1.236E-5 1.143E-3 8.839E-243.618E-2
mGCV | 3.372E-4 | 3.643E-4 | 1.318E-7 | 1.597E-6 6.032E-5 2.672E-6 7.867E-3 2.075E-2 8.049E-14+2537E-1
rGCV | 6.820E-4 | 7.275E-4 | 5.149E-7 | 3.609E-6 6.263E-5 4.980E-6 1.426E-5 2.608E-2 9.995E-144.563E-1

re-imCV | 9.720E-5 | 3.619E-4 | 3.763E-8 | 6.382E-6 5.802E-5 4.867E-7 1.689E-5 1.509E-2 4.619E042.145E0
kf-CV | 8.822E-5 | 8.229E-5 | 1.187E-7 | 8.460E-8 5.876E-5 5.612E-7 5.624E-4 8.734E-3 8.175E0+4.730E0

LC 5.641E-3 | 5.960E-3 | 3.433E-5 | 2.917E-5 8.905E-5 3.157E-5 3.431E-2 4.944E-2 1.664E0+1.036E0

& The mean square errors with respectto ¥ and ¥ exace are definedas MSEno,m_yopt and MSE, _ ., respectively.Similarly, we define the normalized mean square
impedance error on the impedance recovered using Z ¢, Zeyp, aNd Zeyace @S MSEZopt, MSEZexp, and MSE;_ __, respectively.
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3.1.1.3 Influence of the Experimental Error on the Regularization Parameter Values
The influence of ;. P, the experimental noise level, on the A from CV and LC methods was also

studied. Specifically, we repeated the same procedure described in Section 3.1.1.1 with ;P =
0.4, 0.6, 0.8, and 1.0 Q. Graphically, Figures S3-S4, S5-S6, S7-S8, and S9-S10 show the
averaged recovered impedances and DRTs using each parameter regularization method for o, P =
0.4, 0.6, 0.8, and 1.0 Q, respectively. For increasing o,, ", we note that the impedance recovery
with the GCV, mGCV, re-im CV, and kf-CV methods are more accurate compared to the rGCV
and LC methods. Quantitatively, the values of all the scores reported in Table S5 increase with

o, 7, indicating an increasing distance between the optimal A, and the selected A as g,, "

increases. Moreover, consistent with the experiments of Section 3.1.1.1, GCV and mGCV remain

the most accurate methods for this set of experiments (Table S5).

3.1.1.4 Frequency-Dependent Error Models

In this section, the two frequency-dependent error models are studied for &P = 0.02 (Section
2.2). Figures S11 and S12 show the averaged recovered impedances and DRTs using each
parameter regularization method for the error model in (21a). The LC and rGCV methods slightly
under-recovered the exact DRT (Figure S11 (f) and Figure S12 (b), respectively), and the
corresponding recovered impedances slightly mismatched the exact impedance (Figure S11 (e)
and Figure S12 (a), respectively). The DRTs recovered with the re-im CV and kf-CV methods are
characterized by a higher uncertainty as evidenced by broader confidence bands (see the grey
regions in panels (d) and (f) of Figure S12, respectively). Furthermore, Table S6 displays the values
of the quality scores for each method. Similar to the white noise case (Sections 3.1.1.1and 3.1.1.3),
GCV appears to outperform all other methods. Figures S13 and S14 show the averaged recovered

impedances and DRTs for each method studied and the noise model in (21b). Consistent with our
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findings, we note that GCV and mGCV methods led to satisfactory impedance and DRT recovery,

LC and rGCV under-recovered the DRT while re-im CV and kf-CV were more uncertain.

3.1.2 2xZARC Model

Next, we studied the standard 2xZARC model with overlapping (7; = 10 s, 7, = 102 s),
separated (t; = 10's, 7, =10%s), and distant (z; = 1s, 7, = 10*s) timescales. We proceeded in
the same manner as the single ZARC model and started with a single synthetic experiment for the
overlapping 2xZARC model. The recovered impedances and DRTs are displayedin Figure 5 and
Figures S15-S16. The DRT peaks were well identified for all the methods and the impedance was
closely recovered. The boxplots of the obtained A and SE ;- ,, are shown in panels (c) and (d) of
Figure 3, respectively. The marginal distribution and correlation plots of the selected A against
Aope are displayed in Figure S17. Consistent with the conclusions for the single ZARC model, we
find that the GCV method outperforms all other parameter regularization methods (see the lower

values of all the quality scores in Table S7).

Next, we studied the separated 2xZARC model. The DRTs and impedances were well recovered
as shown in Figure 6 and Figures S18-S19. Panel (a) of Figures S20 and S21 show the boxplot of
A values obtained and SE,.m,, Values, respectively, while Table S8 depicts the values for the
quality scores. We note that the LC method slightly under-recovered the DRT (Figure S18 (¥)).
Unsurprisingly, for the distant 2 x ZARC model with R, ; < Rc, and Req > R, Whose
parameter values are reported in Table S3, the LC method under-recovered the DRT, and re-im
CV and kf-CV recovered the DRT with significant uncertainty, see Figures S22-S25 and Table S9
for Re¢q > Reo. We further studied the influence of o,;*? for the overlapping, separated, and

distant (R.¢ 1 > Rc2) 2XZARC models, and we observed that the selected A values for all the
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methods were closer to the optimal value A, but slightly affected by higher o, P (Tables S7-

S9). The GCV and mGCV methods consistently outperformed all the parameter regularization
methods, even when the EIS data was corrupted with noise (21) in Section 2.2 (Figures S26-S37

and Tables S10-S12).
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impedances based on (a) optimal and hyper-optimal, (c) GCV and hyper-GCV, and (¢) mGCV and

hyper-mGCV methods are shown. Exact and recovered DRTs are shown in panels (b), (d), and (f).
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3.1.3 Piecewise Constant and Gerischer Models

To investigate whether the proposed methods can capture discontinuities in the DRT, the PWC
and Gerischer models were also studied [30,31,50]. Figure 7 and Figures S38-S39 show the
averaged recovered Nyquist plots and DRTs for the PWC. Consistent with the single and 2xZARC
models, the LC method slightly under-recovered the exact DRT while the re-im CV and kf-CV
methods led to the recovered DRTs with larger uncertainty (see Figure 3, Figure 7, and Figures
S38-39). For the Gerischer model, the same conclusion can be reached as for the PWC model
(Figure 8 and Figures S40-S41). Due to their proximity to the optimal method and their lower
uncertainty, the GCV and mGCV methods appeared to outperform the other methods, including
when the error level increased and when the noise was modeled according to (21) (Figures S42-

S49, and Tables S13-S16).

So far, we have used a fixed number N of collocation points (N = 81 log timescales). Therefore,
we also investigated the influence of the number N on the accuracy of the DRT recovery.
Specifically, we studied the cases N = 41, 61, 101, and 121 log timescales, and found that the
DRT recovery using GCV and mGCV were the most accurate as N increased (see Figure S50-S57

and Table S17).
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mGCV methods are shown. Exact and recovered DRTs are shown in panels (b), (d), and (f).
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3.1.4 "Hook" Model

We tested whether the proposed methods are also applicable when the impedance is characterized
by high-frequency "inductive" loops [51]. The left and right panel of Figure 9 and Figures S58-
S59 show the averaged recovered impedances and DRTs for each method, respectively. Similar to
the single ZARC, 2xZARC, PWC, and Gerischer models, we observed that the LC method led to
over-smooth DRTs and mismatched impedances (Figure S58 (f)). Conversely, the re-im CV and
kf-CV methods are characterized by a larger uncertainty, leading to more significant confidence
bands (panels (d) and (f) of Figure S59). Due to their proximity to the optimal method and narrow
confidence bands, we conclude that the GCV and mGCV methods outperform all the other
methods under study (Table S18), even when the experimental noise level increases and when the

noise is modeled with error models (21) in Section 2.2, see Figures S60-S63 and Tables S18-S19.
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3.1.5 Hyper-4

Due to the closeness to the optimal A, and least uncertainty, we identified the GCV and mGCV
methods as the two most accurate approaches amongst all methods. Therefore, the nominal
regularization level, A,, in (11), which is analogous to A in RR, was selected, leveraging the
optimal, GCV, and mGCV scores. To compare these three methods against the corresponding
hyper-2 method, we generated a synthetic experiment (N = M = 81) with " = 0.2 Q for the
single ZARC, each 2xZARC, the PWC, and the Gerischer models. Then, we recovered the DRTs

and impedances, leveraging the iterative algorithm described elsewhere [31].

3.1.5.1 Single ZARC Model
Figure 2 shows the averaged recovered impedances and DRTs obtained using hyper method with

Ao,opt and the 4 = A, from the GCV and mGCV methods. The DRTs peaks were better identified

by hyper-1 method relative to RR with lower normalized impedance mean square errors (i.e.,

MSE orm,Zeyp' MSEnorm zeyacr» @Nd MSE see Tables S20 and S21).

¥Ynorm,exact’

3.1.5.2 Overlapping, Separated, and Distant 2xZARC Models

Figure 5, Figure 6, and Figure S65 show the recovered impedances and DRTs for the overlapping,
separated, and distant 2xZARC models, respectively. Consistent with Section 3.1.5.1, the hyper-
A methods outperformed the classical optimal, GCV, and mGCV methods by closely identifying
the DRT peaks (Figure S64), which resulted in lower normalized impedance mean square errors

as shown in Tables S20 and S21.

3.1.5.3 Discontinuous DRTs
Usually, RR is not able to adequately capture the position of discontinuities, even when the optimal

Aopt is used. Interestingly, the hierarchical Bayesian regularization method, which allows a

33



variation of A with respect to the log timescale log 7, has proven to satisfactorily capture the DRT
discontinuities [30,31]. Therefore, we extended our analysis to the PWC and Gerischer models.
The left and right panels of Figure 7 shows the recovered impedances and DRTs for the PWC
model using the hyper-opt, hyper-GCV, and hyper-mGCV methods. For the hyper-opt, hyper-
GCV, and hyper-mGCV methods, the recovered impedances and DRTs closely matched the
corresponding exact, and the positions of the discontinuities were excellently captured compared
to the optimal, GCV, and mGCV methods (see panels (b), (d), and (f) of Figure 7, respectively).
The same conclusions can be drawn for the Gerischer model (panels (b), (d), and (f) of Figure 8).
Additionally, Tables S22 and S23 gather the computed values of the impedance errors

MSE horm,Zeyxpr MSEnorm zeyac: and MSE for the opt-, GCV-, and mGCV-based hyper-1

Ynorm,exact

methods, including when the number of collocation points increases. We noticed that both scores
were lower for the hyper-1 methods, i.e., these methods led to more precise impedance recoveries

of the Gerischer and PWC models compared to RR.

3.1.5.4 DRTs with the "Inductive" Loops

We continued our analysis with the "hook™ model. Figure 9 displays the recovered impedances
and DRTSs. Consistent with the single ZARC, each 2xZARC, the PWC, and the Gerischer models,
the hyper-A methods captured both the peak and the ring of the "hook™ model excellently compared
to the corresponding optimal, GCV, and mGCV methods. The "hook" impedance was also closely

recovered, see the values of MSEnorm,Zexp, MSE 16rm, Zeyaerr @Nd MSE in Table S22.

Ynorm,exact
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3.2 Real Experiments

In Section 3.1, GCV and mGCV were identified as the best parameter regularization scores
amongst the scores studied. In thissection, the RR and hyper-RR are analyzed using real EIS data

from three batteries and one fuel cell.

3.2.1 Lithium-ion Batteries

3.2.1.1 Composite Polymer Electrolyte

We first studied the EIS spectrum from a battery with a composite polymer electrolyte, a Li-metal
anode, and a LiFePO, cathode [52]. The EIS frequencies were taken between 1 Hz and 7 MHz
with five points per decade, and the ECM parameters are presented in Table S24. Each row of
Figure 10 show the impedance (left panel) and DRT (right panel) recovered using the optimal and
hyper-opt, GCV and hyper-GCV, and mGCV and hyper-GCV methods. We observed that the
hyper-A approaches recovered the DRT more accurately compared to the corresponding parameter
regularization method (panels (b), (d), and (f) of Figure 10 and Table S25 for the values of

¥Ynorm,ECM 7)

MSEnorm,Zexp; MSEnorm,ZECM, and MSE

7 It is worth stressing that, for real EIS experiments, the exact DRT and impedance are replaced by the ECM -fitted
DRT and impedance, respectively. Moreover, no exact value can be given for these scores since the ECM is not
unique.
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Figure 10. For the battery with a composite polymer electrolyte, ECM-fitted, experimental, and
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(e) mGCV and hyper-mGCV methods are shown. ECM-fitted recovered DRTSs are shown in panels

(b), (d), and (f).
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3.2.1.2 Solid-like Dual-Salt Polymer Electrolyte

We investigated EIS data gathered from a battery with the same electrode as the battery studied in
Section 3.2.1.1, but with a solid-like dual-salt polymer electrolyte [53]. The results of the DRT
and impedance recoveries are displayed in Figure 11 and Table S25 and we found that the hyper-

A methods exceled at recovering the DRT and impedance of this battery.

37



(a) (b)

120 100
® cxp —_— ECM
100 1 ECM 80 1 opt
30 —opt = hiyper-opt
~ - -
= 8.5 x 10% = hyper-opt
= 60
N
[ 404
20 1
01
200 105 100 10 10 102 1070 10°
T/s
120 100
® exp — ECM
1004 ECM 80 1 — oV
804 — GOV = hyper-GCV
~ - - W/
= 8.5 x 10% = hyper-GCV
= 60
N
[ 404
20 1
0 9.9 x 10°
6 25 50 75 100 125 150 175 200 1070 107° 1074 1073 1072 107! 10°
e/ T/s
(e) (f)
120 100
® cxp —_— ECM
100 1 | Tt
ECM 30 — mGCV
80 4 — mGCV = hyper-mGCV
c E I N T\ 4 60 4
& 8.5 x 10% hyper-mGCV
= 60 g
N &= 404
[ 404
20 1 201
01 04
0 2 50 7 100 125 150 175 200 105 100 10 10 102 1070 10°
Zu—‘/Q T/S
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hyper-mGCV methods are shown. ECM-fitted and recovered DRTs are shown in panels (b), (d),

and (f).
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3.2.1.3 Commercial Li-ion Battery

Next, we investigated the EIS spectrum collected from a Li-ion battery with frequencies in the
range from 5 mHz to 600 Hz [18,33] The regressed ECM parameters are reported in Table S24.
The recovered impedances and DRTs are displayed in Figure S65. The DRT peak of the estimated
DRTs mismatched the peak of the DRT obtained with the ECM, but the impedances were closely
recovered. These findings are validated with the values of the quality scores presented in Table

S25.

3.2.2 Symmetric Protonic Ceramic Fuel Cell

Lastly, we analyzed data recovered from a symmetric cell with Sro9Ceo1FeosNig203-5 as the
electrode material and Ni-BaZro1Ceo.7Y0.1Ybo.1O3.5 as the electrolyte at 500°C in an atmosphere of
93% Air-6% H,O [54]. The probed frequencies ranged from 0.01 Hz to 200 kHz with five points
per decade. The ECM parameters are reportedin Table S24. The DRT and impedances recovered
with each method are shown in Figure 12. The results confirm that the hyper-A methods

outperformed the other methods, which was further validated by the low values of MSE i0rm,zeyg:

MSE ;1 orm, zgcy» @Nd MSE for each hyper-4 method (Table S25).

Ynorm,ECM
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and hyper-mGCV methods are shown. ECM-fitted and recovered DRTs are shown in panels (b),

(d), and (f).
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4 Remarksand Future Work

This article provides a thorough investigation of various methods for the selection of the
regularization parameter for DRT deconvolution. Despite its broad scope, several opportunities
for future extensions can be outlined. First, piecewise linear functions were used to discretize the
DRT impedance in (3), but other discretizations (e.g., radial basis functions and neural networks)
should also be studied as they are widely used [34]. Second, other hyperparameters aside from A,
namely the parameter g of the hyperprior distribution, the number N of collocation points, the
derivative order q of the differentiation matrix L in (2), the partitioning parameter k of the kf-CV,
and the minimum t,,;,, and maximum t,,,, timescales, could be “optimally” selected. Third, other
methods could be studied, including strong robust CV [55], generalized maximum likelihood [38],

randomized generalized approximate CV [56], and Mallow Cp [57].

5 Conclusions

Amongst all methods implemented to deconvolve the DRT, RR has been widely applied, but its
accuracy still depends upon a regularization parameter that can significantly affect the quality of
the DRT and impedance recoveries. In this work, we studied six scores for parameter regularization
selection, including five cross-validation scores and the L-curve. Using an array of synthetic
experiments, we showed that the GCV and mGCV scores outperformed the other scores studied.
Additionally, we extended the previously developed hyper-Bayesian approach by leveraging the
GCV and mGCV scores. Then, we showed with various artificial and real EIS spectra that
hyperparametric selection recovers DRTs and impedances more precisely than RR. The
implementation of the code used to generate these results is provided in pyDRTtools, allowing

other researchersto follow up on this work.
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Code Availability

Relevant code is available at https://github.com/ciuccilab/pyDRTtools.
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List of Symbols

Greek letters

Y Vector of the discretized DRT
y(log 1) Distribution of relaxation times
A Regularization parameter (4,5 OF Acy)
Anyper Hyper-A optimal regularization parameter
o, P Level of experimental noise for the synthetic
experiments
T Relaxation time
Latin letters
Ape Discretization matrix for the real part of the
impedance
A, Discretization matrix for the imaginary part of
the impedance
L Differentiation matrix
ZpRrT Vector of the regressed impedances
Zexp Vector of the experimental impedances
x Vector of discretized DRTs for RR
abs; Mean absolute distance
abs;orm. Mean absolute normalized distance
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f Frequency
N Number of collocation points
M Number of frequencies
MSE; Mean square error of the selected 4
MSE horm,y Normalized DRT mean square error (y = Yop¢
OF Yexact)
MSE orm z Normalized impedance mean square error (Z =
Zopts Zexpr ZucM: OF Zexact)
SEnorm,y Normalized DRT square error
List of Abbreviations
CcVv Cross-validation
DRT Distribution of relaxation times
ECM Equivalent circuit model
EIS Electrochemical impedance spectroscopy
GCV Generalized cross-validation
kf-CV k-fold cross-validation
LC L-curve
MAP Maximum a posteriori
mGCV Modified generalized cross-validation
PWC Piecewise constant
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re-im CV Real imaginary cross-validation
rGCV Robust generalized cross-validation
RR Ridge regression
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