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ABSTRACT. Coarse-grained water models are ~100 times more efficient than all-atom models, enabling simulations of supercooled water
and crystallization. The machine-learned monatomic model ML-BOP reproduces the experimental equation of state (EOS) and ice-liquid
thermodynamics at 0.1 MPa on par with all-atom TIP4P/200S5 and TIP4P/Ice. These all-atom models were parameterized using high-
pressure experimental data, and are either accurate for water’s EOS (TIP4P/2005) or ice-liquid equilibrium (TIP4P/Ice). ML-BOP was pa-
rameterized from temperature-dependent ice and liquid experimental densities and melting data at 0.1 MPa; its only pressure training is from
compression of TIP4P /2005 ice at 0 K. Here we investigate whether ML-BOP replicates the experimental EOS and ice-water thermodynam-
ics along all pressures of ice I. We find that ML-BOP reproduce the temperature, enthalpy, entropy and volume of melting of hexagonal ice up
to 400 MPa and the EOS of water along the melting line with accuracy that rivals both TIP4P/2005 and TIP4P/Ice. We interpret that the
accuracy of ML-BOP originates from its ability to capture the shift between compact and open local structures to changes in pressure and
temperature. ML-BOP reproduces the sharpening of the tetrahedral peak of the pair distribution function of water upon supercooling, and its
pressure dependence. We characterize the region of metastability of liquid ML-BOP with respect to crystallization and cavitation. The acces-
sibility of ice crystallization to simulations of ML-BOP, together with its accurate representation of the thermodynamics of water, makes it
promising for investigating the interplay between anomalies, glass transition, and crystallization under conditions challenging to access
through experiments.

1. INTRODUCTION coarser end, the MARTINI model maps four water mole-
cules into a single bead.?” This low resolution results in poor

A multitude of water models have been developed . e .
representation of water compressibility and surface tension,

i i ler in 1933.! Th
since the first one by Bernal and Fowler in 1933 ese and inability to stabilize ice I. Single molecule resolution CG

models have been used to investigate the structure, transport . ¢ .
& ’ port models of water based on isotropic two-body potentials have

li he limits of stabili ility of
anomalies, and the limits of stability and metastability o been developed using relative entropy minimization (REM),

liquid water in the pressure-temperature space.>'® The . ;
d P P P structure matching, and force matching procedures.?® 3" 3% 3%

anomalies of water have been interpreted to arise from the . .
P While many of these CG models reproduce the pair structure

of water and the existence of a density anomaly,*” ! isotropic
models are unable to simultaneously represent the energetics

and pair distribution function of water,*® and transferability

two-state thermodynamics of the liquid, which can be con-
strued as a mixture of four-coordinated and higher coordina-
tion local order motifs with proportions that depend on

temperature and pressure.”>?> Consistent with these models . e ,
P P ’ can only be achieved if their force field parameters are state

point dependent.*® 3* ¥ The monatomic water model mW"!
was the first to address that limitation through a combination
of two and three-body short-range potentials that encourage

molecular simulations indicate that the fraction of four-
coordinated water molecules increases upon supercooling
and decreases on compression.”” 2 The height g, of the
second peak of the oxygen-oxygen radial distribution func-

. ) ) tetrahedral local order in water. mW is a reparameterization
tion provides another, average measure of tetrahedrality that

of the Stillinger-Weber (SW) silicon potential,” and is built
on the premise that the thermodynamics of water does not
stem from the specific nature of the hydrogen bonding inter-

can be computed from both experiments and simulations.?®
The temperature dependence of the experimental g, at 1 bar
is well reproduced by the all-atom flexible polarizable MB-
Pol”” and iAMOEBA?® models, as well as the all-atom rigid
non-polarizable TIP4P/2005*” 2 model. However, not all
water models in these classes reproduce the temperature de-

actions but from the tetrahedral-like order it encourages in
the liquid."' mW produces the characteristic anomalies and
polyamorphism of water,'” ** #* and was the first water

model to spontaneously nucleate and grow ice I from super-
pendence of @,.*” ** To our knowledge, the pressure depend-

i ] cooled water**® (a pioneering simulation with a modified
ence of this quantity has not been reported for any water

TIP4P model previously nucleated a different hypothetical

model. ice polymorph.*’). However, the tetrahedrality of mW in-

In the last years there has been a growing interest in creases more weakly than that of water upon supercooling®”
developing computationally very efficient coarse-grained 2, 50 and diminishes less upon compression.!! It is still an
(CG) water models with resolution ranging from one to four open question whether other CG models based on short-

molecules per coarse-grained particle.'> '* '> 237 On the



ranged interactions can reproduce the temperature and pres-
sure dependence of the structure of liquid water.

Reproducing thermodynamic properties such as the
ice-liquid phase diagram remains a stringent test for water
models.* The melting temperature T, of a water model was
first calculated by molecular simulations in 2004, when
Abascal and Vega computed the T, of TIP4P and SPC/E at 1
bar.>' The many-body all-atom polarizable MB-Pol model'”
%53 predicts Tmn = 263.5 K at 0.1 MPa,® 3.5% below the
273.15 K of water. TIP4P/Ice and TIP4P/2005 models are
considered the most accurate among rigid non-polarizable
water models.>* TIP4P/Ice reproduces the pressure depend-
ence of the melting point of ice Th within 2% of the experi-
mental value.* TIP4P/2005 systematically underestimates
the ice Ih-water melting temperature by about 8%, although
it reproduces well the anomalies and properties of liquid wa-
ter.” ** These results suggest that the accuracy in reproducing
the ice-liquid equilibrium line is not intrinsically correlated
to the level of detail of the water model.

It has been shown that mW accurately reproduces
ice Th melting temperature at atmospheric pressure,* but it
severely underestimates the slope of the melting line’® be-
cause mW overestimates the density of ice and its liquid
phase is less compressible than water.'” % Additional CG
water models based on the SW form have been developed
using relative entropy minimization (mX*™ , where X =
TIP3P, SPC/E, TIP4P-Ew, and TIP4P/2005),* uncertainty
quantification (mWuq),”* and genetic algorithms (ML-
mW).'* While these SW water models also present water-like
anomalies and crystallize to ice ITh, none can reproduce both
the melting temperature of water at 0.1 MPa and its pressure
dependence.'¥3»3335¢ It is not yet known whether CG models
can attain the level of accuracy of all-atom models in the pre-
dictions of the phase behavior of water.

Very recently, Chan et al. developed the machine
learned bond-order potential (ML-BOP) monatomic water
model.’® Same as mW, ML-BOP is based on the functional
form of a short-ranged silicon model. The functional form of
ML-BOP is the Tersoff potential®’ (see Section 2.1), which
differs from the SW form in multiple ways. First, SW is a sum
of two-body attractive and three-body repulsive interactions,
where the three-body term has an angular dependence that
penalizes non-tetrahedral angles among the water sites. On
the other hand, the forces in Tersoff are pairwise, but the
attractive term is modified by an embedded bond-order pa-
rameter that depends on the three-body angles formed by the
atoms in the pair with their close neighbors. Second, the an-
gular potential in SW is a simple cosine quadratic function,
whereas in Tersoff the cosine quadratic form is embedded in
a more complex function with two more parameters that
provide flexibility on the relative penalties to higher and low-
er angles. Third, Tersoff allows for the independent modula-
tion of the steepness and cutoff of the pairwise interaction
terms, while there is a single cutoff in SW. Chan et al. have

demonstrated that the control of the steepness and cutoff are
key for the performance of the ML-BOP model."?

The parameters of ML-BOP were optimized with a
machine-learning workflow using experimental data of water
at 0.1 MPa: densities of ice from 273 to 213 K, densities of
liquid water from 338 to 253 K, and the temperature and
enthalpy of melting of ice I. These two melting properties set
the energy scale of the model. That experimental data set was
complemented with the equation of state p(V) for
TIP4P/2005 ice Th at 0 K (i.e. energy minimized) sampling
volumes from -3% to 3% of the equilibrium one at 0.1 MPa;"?
this is the only pressure dependence considered in the pa-
rameterization. It should be noted that structural data of lig-
uid water or ice were not part of the training data in the de-
velopment of ML-BOP.

The use of only thermodynamic, and not structural,
properties in the parameterization of ML-BOP,"* resembles
the strategy used for the parameterization of mW."" The lat-
ter, however, matched only the experimental density and
enthalpy of vaporization of water at 298 K and the melting
temperature of ice —all at 0.1 MPa- and used a simple non-
iterative procedure to determine the size and energy scales,
and the weight of the three-body interaction from these three
data points,'' leaving the 6 other parameters as in SW sili-
con.*” Chan et al. used not only an expanded training set that
included both liquid and ice densities in a wide range of tem-
peratures, but also performed an extensive optimization of all
11 parameters of the Tersoff model using the hierarchical
objective genetic algorithm, (HOGA), a multilevel evolu-
tionary strategy."

ML-BOP is comparable to mW in terms of compu-
tational efficiency, but it outperforms mW across several
metrics."> Moreover, ML-BOP has been shown to reproduce
the liquid-ice I equilibrium thermodynamics at 0.1 MPa with
same or higher accuracy than the best all-atom models."
Remarkably, ML-BOP reproduces the equation of state
p(T,p) of water at 0.1 MPa with accuracy comparable to
TIP4P/2005," and better than TIP4P/Ice and MB-Pol.?3 %8
The ability of ML-BOP to reproduce the equation of state
P(T,p) of water across a wide range of pressures has not yet
been investigated. Our first aim in this study is to address
whether ML-BOP can reproduce structural, thermodynam-
ics and crystallization properties of water across the range of
pressures of stability of ice L.

A phase transition between two metastable liquids
has been reported for several models of water,”*" and pro-
posed to explain the anomalies of its liquid phase.'® 5% %> The
unavoidable crystallization of ice at conditions where this
liquid-liquid phase transition (LLPT) is predicted to occur
hampers its conclusive identification in experiments*® > 6
and poses fundamental questions about the interplay be-
tween crystallization and polyamorphic transformation in
supercooled water.* Likewise, cavitation of stretched water
hinders the quest to characterize the anomalies of super-
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cooled water at negative pressures -the double metastable
regime- argued to hold clues on the existence and thermody-
namic origin of the putative liquid-liquid transition and
anomalies of water.”” ¢ Determining the stability of meta-
stable liquid water with respect to crystallization and cavita-
tion is a first step towards identifying the origin of the anom-
alies in water. Our second aim in this study is to demarcate
the kinetic limits of metastability of liquid ML-BOP upon
extension and supercooling, towards a future characteriza-
tion of the anomalies and investigation of the existence of a
liquid-liquid transition in this model.

2. METHODS

2.1. ML-BOP Water Model

The ML-BOP model developed by Chan et al." is a
parameterization of the Tersoff potential:>’

Vij = fe(riplfa(ryj) + bijfa(rij)], (1)
where, 7;; is the distance between particles i and j, f¢ (Ti j) is
a smooth cutoff function represented as:

Je (rij ) <R-D
) rij -

0, rl'j >R+D
with R = 3.282761 A and D = 0270511 4, and f(r;;) and

fa (Ti j) are, respectively, repulsive and attractive pair poten-
tials:

fr(ry) = Ae™ T 3)

fa(rij) = —Be %"y (4)
where A = 38841.54554 kcal mol " and B = 10922.14676 kcal
mol are the energy scale parameter and 4, = 2.750522 A1
and A, = 2.199640 A~" are the length-scale parameters for
the two-body interactions. b;; in eqn. 1 is the bond-order

parameter that scales the attractive pair interaction according
to the angles of the pair with neighboring water molecules:

1
by = (1+p"¢}) =, (%)
where n=0.770018, = 107% and

fij = Zk#’j fc(rik)g(gijk)exp[/lgl(rij - Tik)m] ,(6)

where m = 1, A3 = 0.0 making eXp[/lgn(rij - Tik)m] =
1, and g (0, ) is a function of the angle between particles i, j
and k,

2

c
9(0) = vijk (1 + FE

c?
—_ , 7
[d? + (cos 8 — cos 60)2]> @)
where the weight ;5 = 1.0 and the minimum of g(8;;y)
occurs at cos 8, = —0.471029, that corresponds to an an-

--—R)

gle of 118°. The parameters ¢ = 77638.534354 and d =
16.148387 control the strength and sharpness of the angular
form, respectively.

2.2. Molecular Dynamics Simulations
2.2.1. Simulation setting.

All the simulations presented in the manuscript are
performed using the LAMMPS®” package. We perform simu-
lations with the coarse-grained (CG) models ML-BOP,"
ML-mW,** and mW!! and the all-atom (AA) TIP4P/2005
model. > The equations of motions are integrated using the
velocity-Verlet algorithm with a timestep of S fs for the
coarse-grained water (CG) models and 1 fs for the AA mod-
el. All simulations are periodic in the three Cartesian direc-
tions and evolved in the NpT ensemble, controlling both the
temperature and pressure through the Nose-Hoover thermo-
stat and barostat. The time constant for thermostat and baro-
stat are 0.5 and S ps respectively for all CG water models. For
TIP4P/2005 model, the thermostat and barostat constants
during the equilibration simulations are 0.1 ps and 1 ps re-
spectively, whereas, during the production simulations these
are 1 ps and 10 ps respectively.

The bonds and angles in the all-atom water mole-
cules are constrained using the SHAKE algorithm.®® The
short-range electrostatic and Lennard-Jones interactions are
calculated within a cutoff distance of 12 and 10 A, respective-
ly. The particle-particle particle-mesh (PPPM) solver® is
used to compute the long-range electrostatic interactions.

The initial configurations for all the liquid simula-
tion boxes are generated using the Packmol software pack-
age.”” The ice Ih configurations are generated using the
Genlce package.”" The simulation snapshots presented in the
manuscript are prepared using Visual Molecular Dynamics
software VMD.”? Additional details of calculations of proper-
ties discussed in the manuscript are included below.

2.2.2. Structural properties.

We calculate three structural properties of water:
radial distribution function, structure factor, and angular
distribution function. For the calculation of these properties
for liquid ML-BOP,"* mW'!" and ML-mW,"* we first prepare
an initial configuration containing 8000 water beads random-
ly generated in a cubic simulation box using the Packmol
package.” This randomly generated water box is first energy
minimized and then equilibrated for S ns in the NPT ensem-
ble at 298 K and 0.1, 100, 200, 300, and 362 MPa, and at 248
K and 0.1 MPa and 362 MPa. We also perform simulations at
0.1 MPa at temperatures ranging from 318 to 215 K. For
each thermodynamic state we perform a 40 ns production
run saving coordinates every 50 ps. TIP4P/200S simulation
cells also contain 8000 water molecules. The cubic simula-
tion box is equilibrated for 2 ns at 298 K at pressures 0.1,
100.4, 202, 301.8, and 36 2 MPa, and at 0.1 MPa at tempera-
tures 248, 268, 298, 318, and 358 K. At each thermodynamic
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state we perform 4 ns production simulations, collecting con-
figurations every 5 ps.

These simulations are used for the structural analy-
sis presented in Section 3.1. The radial distribution function
(RDF), goo(r), and structure factors Soo(q) are calculated
using an in-house code. We calculate the structure factor by
Fourier transforming the corresponding radial distribution

function as:* 73

Soo(q) =1+ 4mp fooo(goo(r) - 1)Sin%7‘d7‘
(8),

where goo(7) is the oxygen-oxygen radial distribu-
tion function, p is the number density of the liquid and g is
the wave number.

We calculate the O-O-O angular distribution func-
tion, P(6), at the aforementioned temperatures and pressures
as in ref. *, using as cutoff the minimum of the pair distribu-
tion function, 3.35 A, for ML-BOP and TIP4P/2005. We
calculate the RDF and ADF for mW at 298 K and 0.1, 100,
202, 301.8, and 362 MPa pressure and for ML-mW at 298 K
and 0.1, 100.4, 202, 301.8, and 362 MPa following the same
protocols as for ML-BOP. The cutoff distance for ADF calcu-
lation of mW and ML-mW is the first minimum in their RDF,

3.5and 3.7 A, respectively.
2.2.3. Melting temperature.

To calculate the melting temperature of ice Ih as a
function of pressure for the ML-BOP model, we first gener-
ate a rectangular ice slab with dimensions ~46.5 A X 53 A x

113.6 A containing 9216 water molecules using the Genlce
package.”! We then remove all hydrogens to treat oxygen at-
oms as a coarse-grained water bead in the system and mini-
mize the energy at -100 MPa to 400 MPa with anisotropic
coupling in the three dimensions using the box/relax com-
mand in LAMMPS. The minimized ice slab is equilibrated at
a temperature 20 K below the experimental melting tempera-
ture at each pressure. We then melt half of the simulation box
keeping the other half frozen to prepare systems with coexist-
ing solid-liquid phases. Supp. Info. Figure Sla shows the ini-
tial simulation setup with the coexisting phases at 0.1 MPa.
At each pressure, we perform NPT simulations at different
temperatures near the expected Tw and follow whether the
ice grows (and energy decreases) or melts (and energy in-
creases) within S0 ns. Supp. Info. Figure S1b and c show the
final simulation box at varying temperatures and 0.1 MPa
pressure, and how the potential energy of the system changes
throughout the 50 ns simulation. We determine the melting
temperature, Tr, as the mean between the highest tempera-
ture at which the amount of ice decreases and the lowest
temperature at which the amount of ice increases in the simu-
lations at each pressure.

2.2.4. Enthalpy and entropy of melting, and densities

To calculate the volumetric and thermodynamic
properties of ice and water along the melting lines of ML-

BOP and TIP4P/2005, we use previously made single phase
ice Th and water simulation cells with 9216 and 8000 water
molecules, respectively. Ice and water boxes are individually
equilibrated at the melting temperatures and pressures for 2
ns for the ML-BOP and 0.2 ns for TIP4P/2005. The equili-
brated configurations are then used for a production simula-
tion to collect the density and enthalpy data. These produc-
tion simulations are last for S ns for water and 2 ns for ice for
the ML-BOP model, and 2 ns for water and 0.2 ns for ice for
TIP4P/2005. The enthalpy of melting is the difference be-

tween the enthalpy of liquid and ice; AHpe1 = Hiiq(Tm) —

Hice(T). The entropy of melting is AS ;) = AP;melt, where

T}y, is the melting temperature of ice Th.
2.2.5. Homogeneous crystallization temperature.

We estimate the temperatures of maximum crystal-
lization rate as a function of pressure for the ML-BOP model
in the -150-300 MPa range. Starting from an equilibrium
liquid configuration at 278 K at 0.1MPa, we cool the system
at a rate of 10 K/ns, 4 K/ns, 1 K/ns, 0.5 K/ns, 0.2 K/ns, 0.1
K/ns, and 0.05 K/ns. We observe that a rate of 0.2 K/ns or
below ML-BOP water spontaneously crystallizes to ice
(Supp. Info. Figure S2). Above that specified rate the system
vitrifies instead of crystallizing.

We use the CHILL+ algorithm to identify the nu-
cleation and growth of ice in simulations.”” 7> The tempera-
ture at which a stable ice nucleus starts growing is defined to
be the homogeneous crystallization temperature, Ti. We then
fixed the cooling rate to 0.2 K/ns for the crystallization of ice
Ih at all other pressures. Once we get the Ty value from one
cooling simulation at a given pressure, we equilibrate the
supercooled water 20 K above that Ty and generate S restart
files. These restart files with different initial configurations
and velocities are then used for cooling simulations to find
the individual Ty, values. The Ty values of all these S inde-
pendent cooling simulations along with the one performed
before are then averaged to get the final Tj. Standard error
from these 6 independent simulations are presented as error
bar in the Tu(p) curve shown in Section 3.3. We follow a
similar protocol for all other pressures, except that we per-
form a total of 11 independent cooling simulations at -100
MPa and -150 MPa. This is because some cooling simula-
tions fail to produce enough amount of ice in the simulation
box to distinguish nucleation and growth events. Out of
these total 11 cooling simulations, we choose 6 where we see
an identifiable nucleation and growth event. This enhances
the accuracy of our estimation of T} at lower pressures.

2.2.6. Cavitation pressure.

We further calculate the cavitation pressures at dif-
ferent temperatures in the ML-BOP model. First, we equili-
brate the liquid water at -40 MPa pressures at different tem-
peratures ranging from 178 to 318 K. We then decrease the
pressure of the system with a rate of rate 10 bar ns™. The
pressure at which the extended liquid first breaks to form
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liquid and vapor phases is recorded as the cavitation pressure,
P, at the corresponding temperature.

3. RESULTS AND DISCUSSION

3.1. ML-BOP captures the change between local or-
ders in water with pressure and temperature.

The first peak in oxygen-oxygen radial distribution
function in liquid water corresponds to the hydrogen bond-
ing distance between water molecules. Figure la-b show the
radial distribution function and corresponding structure fac-
tor for ML-BOP, TIP4P /2005 and experiments at 298 K and
ambient pressure. Overall, ML-BOP captures the characteris-
tic features of the oxygen-oxygen RDF and structure factors
of water, despite the lack of any structural information in the
parameterization of the model (Figure 1a). However, there
are some differences with the experiment. First, ML-BOP
overestimates the height of first peak of the RDEF, like

TIP4P/2005 and other rigid non-polarizable water models,>
%7 suggesting a narrower distribution of local orders com-
pared to water. Second, ML-BOP predicts that the first
neighbor shell peaks at slightly larger distances than in the
experiment (2.84 vs 2.807 A7°). Third, the gap between the
first and second solvation shells is more pronounced in ML-
BOP. Interestingly, this is also the case for TIP4P/Ice,® alt-
hough the gap is more pronounced in the coarse-grained
model and originates on the choice of switching (R-D = 3.01
&) and cutoff (R+D = 3.55 A) distances in the pair interac-
tion energy of ML-BOP (Eq. 2)."* 7 These two distances are
shown with vertical dashed lines in Figure la. The pro-
nounced separation between first and second solvation shell
is also visible in the lower height of the pre-peak in the oxy-
gen-oxygen structure factor (Figure 1b). Despite these dis-
crepancies, ML-BOP reproduces well the number of water
neighbors in the first solvation shell at ambient conditions."?
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Figure 1. Comparison of the structure of liquid ML-BOP, TIP4P/2005 and water. (a) Radial distribution function, goo(r), between water oxygens at
0.1 MPa and 298 K in liquid water in experiments’ (black), ML-BOP (red) and TIP4P/2005 (green). The height of the second peak, @2 is shown
with a two-headed arrow. The vertical blue dashed lines signal the position of the switching (R-D) and cutoff (R+D) distances in the ML-BOP poten-
tial. b) Structure factor, Soo(q) at 0.1 MPa and 298 K, (same colors as in a). The principal peak splits into sub-peaks at S1 and S (dotted black vertical
lines) Aq apart. Supp. Info. Figure S3 shows the RDFs and S(g)s of ML-BOP at 0.1 MPa for temperatures ranging from 215 K to 318 K. (c) Temper-
ature dependence of g> in ML-BOP at 0.1 MPa agrees well with the data from experiments®” 7”7 and simulations with the TIP4P/2005 model.*” (d)
Temperature dependence of Aq at 0.1 MPa for ML-BOP is in excellent agreement with the experiment.” (e) Pressure dependence of @, for liquid
ML-BOP, TIP4P/200S and water” at 298 K. (f) Splitting Aq of the first peak in the structure factor at 298 K as a function of pressure for ML-BOP,
TIP4P/2005 and water.”®. Supp. Info. Figure S4 shows the RDF and § (q) of ML-BOP and TIP4P/2005 as a function of pressure.

The position of the second peak of the radial distri-

bution function between water oxygens corresponds to the

distance between these atoms in a tetrahedron. Its height g,

been used to measure the performance of water models.

(Figure 1a) has been used as a measure of the tetrahedrality

of liquid water.”® The evolution of g, with temperature has
27,28,
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% g, vs temperature at 0.1 MPa has been reported for a wide
variety of models, including mW, TIP4P/2005, SPC/E,
TIPSP and MB-Pol.*” 28 It was found that TIP4P/2005 and
MB-Pol display very good agreement with the experimental
data.”” Figure 1c shows ¢, vs temperature for ML-BOD, to-
gether with the results of TIP4P/2005* and water.”””*7> ML-
BOP overestimates @, of water at 298 K by 6%, but it is in
quantitative agreement with the experiment below 265 K
(Figure 1c). It is noteworthy that ML-BOP reproduces the
sharp increase in the tetrahedrality of liquid water in the su-
percooled region, even at temperatures below the 253 K low-
er boundary used in the parameterization of the model.

The split Aq = S, — S;of the principal peak in the
static structure factor of water (Figure 1b) has been related,
like g, the to an increase in the structural ordering of water.?
Figure 1d shows that ML-BOP reproduces the temperature
dependence of Aq in experiments® with even more accuracy
than TIP4P/2005.”” Supp. Info Figure S5 shows that the ex-
cellent agreement originates on the ability of ML-BOP to
replicate the temperature dependence of S; and S,. We con-
clude that ML-BOP correctly represents the increase in pop-
ulation of tetrahedral-like order in liquid water upon cooling
at room pressure.

Can ML-BOP capture the pressure dependence of
the tetrahedral-like populations in water, despite being pa-
rameterized with data of the liquid at 0.1 MPa? Figure le-f
presents ¢» and Aq of liquid water at 298 K from 0.1 to 350
MPa together with the predictions of ML-BOP and
TIP4P/200S. To our knowledge, this is the first comparison
of g and Aq for any water model as a function of pressure.
Both quantities decrease with pressure, consistent with a
weakening of the tetrahedral network of water.”®

ML-BOP and TIP4P/2005 reproduce well the
slope of > and Aq of water a function of at 298 K. Neverthe-
less, 92(p) of ML-BOP is systematically 6 to 7.5% higher than
for water upon compression at room temperature (Figure
1d). We are not aware of experimental ¢, for supercooled
water at high pressure. However, the results in Figure 1¢ show
that ML-BOP and TIP4P/2005 produce identical ¢, = 1.31
at 248 K and 0.1 MPa. Hence, we compute this property for
these two models at 248 K and a high pressure, 362 MPa, and
find them to be both g, = 1.083, identical again. We conclude
that ML-BOP reproduces well the pressure and temperature
dependence of the second peak of the RDF that signals tetra-
hedral-like order in water.

The results above raise the question of what is the
effect of temperature and pressure on the microscopic
configurations of ML-BOP. The angular distribution func-
tion P(0) between triplets of neighboring waters is not di-
rectly accessible through experiments but is a good proxy to
investigate local order in water across water models. All water
models display two distinct populations in the angular distri-
bution P(6) between oxygen atoms: one peak centered

around @ = 100° that corresponds to a broad distribution of
distorted tetrahedral configurations, and another around 60°
that corresponds to closed packed configurations. This is also
the case for ML-BOP (Figure 2a,c).
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Figure 2. Temperature and pressure dependence of the angular distri-
bution in liquid water. The temperature and pressure dependence of
angular distribution function (ADF) of water oxygens in (a) ML-BOP,
(b) TIP4P/200S, (c¢) mW, and (d) ML-mW. Supporting Figure S7
shows that even though the ADFs of ML-BOP and TIP4P/2005 are
not same within the first coordination shell, with increase in the size of
the first shell cutoff both the models become very close.

The peaks of closed-packed and tetrahedral-like or-
der in ML-BOP and TIP4P /2005 have comparable sensitivi-
ty to temperature (Figure 2a-b) and pressure (Figure 2c-d).
Interestingly, ML-BOP has a larger fraction of close-packed
water triplets compared to TIP4P/200S, despite having an
angular form g(6) that penalizes more the low angles of
closed packed triplets (Supp. Fig. S6). Moreover, the tetrahe-
dral-like peak of ML-BOP responds to increase in either
pressure or temperature by shifting to lower angles, while the
tetrahedral-like peak of TIP4P/2005 not only shifts but also
broadens upon heating and compression. Even at conditions
for which ML-BOP and TIP4P/200S have identical g, (Fig-
ure 1c), the CG and AA models sample different angular
distributions in the supercooled liquid (Figure 2a-b and Supp
Figure S8). The difference in microscopic configurations
between ML-BOP and water become more pronounced on
compression. Inspection of the RDF at 248 K (Supp Figures
S8c-d) suggests that ML-BOP can capture the structure of
low-density amorphous ice upon cooling at low pressure, but
fails at reproducing the collapse of the second shell into the



first one that is typical of high-density amorphous ice in ex-
periments and all-atom models at high pressures.®**

We find that the microscopic configurations of
Stillinger-Weber (SW) models of water have lower sensitivity
to pressure than ML-BOP. Figure 2e-f presents P(6) as a
function of pressure for mW and ML-mW at 298 K. The lat-
ter was parameterized with the same machine learning meth-
od and training set as the ML-BOP model."* While mW and
ML-mW have quite different proportions of closed-packed
and tetrahedral configurations, both SW models underesti-
mate the change in P(6) with pressure. The low impact of
pressure on the populations of the SW water models corre-
lates with their lower slope of g, with temperature®® and pres-
sure (Sup. Fig. $9). We conclude that it is the functional flex-
ibility of the Tersoff potential, and not only its exhaustive
parameterization procedure and training set, that endows
ML-BOP with the structural sensitivity to pressure and tem-
perature comparable to that of TI4P/200S and water.

3.2. ML-BOP reproduces the pressure dependence
of the melting line and EOS of water and ice.

The melting temperature of the newly developed
machine-learned coarse-grained model ML-BOP at 0.1 MPa
was found to be 273 + 1 K in two-phase simulations with a
time step of 10 fs and a cell with 720 molecules." It has been
shown before that the estimation of Ty, using the coexistence
method is sensitive to the size of the simulation cell and the
time step of the simulation.®> * Using a simulation box with
9216 water molecules and a time step of S fs, we find T\, =
279.5 = 1 K, within 2.3% of the experimental value 0.1 MPa.

A recent comparative study of water models® re-
ported that the only ones that reproduce T, within 3 K of the
experimental value at 0.1 MPa are the monatomic model mW
(Tm =273.0 £ 0.5 K*) the four-site model TIP4P/Ice (T =
270 + 3 K*), the five site models TIPSP (T, = 274 + 1 K%)
and TIP45P/Bw (Twm = 271 = 3 K®¢), and the six-site model
TIP6P-Ew (Twm = 274.5 + 1.5 K¥7). However, each model in
that set have temperature of maximum density (TMD) at
least 20 K apart from their Tr,* while in experiment TMD =
277 K is just 4 K above T = 273.15 K at 0.1 MPa bar. The
polarizable models MB-Pol (T, = 263.5 £ 1.5 K& TMD =
263 K®) and the coarse-grained model ML-BOP are the only
water models that predict TMD within 5 K of Thn.

We note that for ML-BOP the TMD is below the
melting line, same as also for the monatomic mW"' and ML-
mW," as well as the all-atom flexible TIP4P/FQ% and -
marginally- MB-POL® models. That ordering is opposite to
what is found in water and the majority of all-atom water
models.*® Even with the upwards-updated value of Ty, for
ML-BOP presented here, this monatomic model displays
better overall agreement with experiments in T (279.5 £ 1
vs 273.15 K) and TMD (276 + 1'% vs 277 K) than any other
atomistic or coarse-grained water model developed to date.

Figure 3a reveals that ML-BOP reproduces the ex-
perimental pressure-dependent melting line of ice I with ac-
curacy 0.5 to 2.3% across the whole experimental range, from
0.1 to 200 MPa, and its extrapolation with an accurate equa-
tion of state (EOS) to 400 MPa.>* % % T (p) of the coarse-
grained ML-BOP model is significantly more accurate than
for TIP4P/2005% and comparable to that of the TIP4P/Ice,
which was parameterized to reproduce the ice-liquid-
equilibrium.?
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Figure 3. ML-BOP reproduces the ice Ih-liquid equilibrium properties
of water. (a) The melting line of ice Ih calculated from ML-BOP (red)
model is within 2.3% of the experimental and equation of state values”
50 (black) at pressures up to 400 MPa pressure. Solid black line-points
represent the coexistence line where ice Ih is the stable phase below Tim.
The dashed black line in (a) is the metastable extension of the experi-
mental melting line of ice Th calculated with the equation of state
(EOS) ofice and supercooled water,*’ which reproduces accurately the
high-pressure T data. TIP4P/200S (green) underestimates Tm but
reproduces the slope with pressure. TIP4P/Ice (blue) maintains the
slope of Tm(p) and matches with the experiment with the same accura-
cy as ML-BOP. The data of the TIP4P/2005 and TIP4P/Ice models
are taken from Ref.? and Ref:® respectively. (b) Density of liquid water
(solid line-points) and ice Ih (open line-points) for the ML-BOP (red)
and TIP4P/2005 (green) models along the corresponding melting
curves. The experimental data are taken from Ref° Pressure depend-
ence of (c) the entropy of melting and (d) the enthalpy of melting of
ML-BOP, TIP4P/2005 and water. The experimental AHe; data are
taken from Ref®' ASyc; is computed as AH 1t/ T-

To understand why ML-BOP is so accurate at re-
producing Tw(p), we express its slope with the Clausius-
Clapeyron equation,

dr _ AVpere

() s = ®

where AV 1 and ASy et are the volume and en-
tropy changes upon melting. ML-BOP predicts a slope of the
melting line at 0.1 MPa"® within 3% of the experimental val-
ue. Here we focus on the evolution of AV, and ASei¢
along the melting line. The equation of state p(T,p) of liquid
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and ice ML-BOP at 0.1 MPa faithfully represents the one of
water. This accuracy is preserved at high pressures. Figure 3b
shows that ML-BOP reproduces the experimental density™
of liquid water and ice along the melting line from 0.1 to 200
MPa within 0.3% and 1.3% of the experimental values.”® This
accuracy is unprecedented among coarse-grained models
(Supp. Info. Figure S$10). TIP4P/200S predicts densities for
ice and liquid at its own depressed Tn(p) in close agreement
with the ones of water at its Tn(p) (Figure 3b). The density
of liquid TIP4P/200S evaluated at the experimental Ti(p) is
0.15% higher than experiment at 0.1 MPa and 0.6% at 200
MPa. We note that ML-BOP and TIP4P/200S are both ex-
tremely accurate in the prediction of p(T) of water at 0.1
MPa.!3 This is a non-trivial achievement, as ML-mW —which
was parameterized with the same training set and procedure
as ML-BOP but is based on the Stillinger-Weber functional
form- does not quantitatively reproduce o(T) of water at 0.1
MPa."* We conclude that ML-BOP reproduces the EOS of
water across the supercooled and compressed region with
high accuracy, comparable to that of TIP4P/2005.

The entropy of melting AS} ¢ for ice Th does not
differ significantly among water models, irrespective of
whether they are all-atom or coarse-grained.'* ** It has been
argued that the insensitivity stems from a small rotational
contribution to the entropy of melting of ice, absent in mona-
tomic models.” At ambient pressure, AS;, o1y of ML-BOP lies
within 2.7% of that for TIP4P/2005 and 14.2% below the
experiments. Same as for the volumes, the agreement im-
proves with pressure and is near quantitative at 200 MPa
(Figure 3c). We note that an accurate representation of the
change in entropy on compression hinges on a good descrip-
tion of the equation of state, as these are related by (dV/dT),
= -(dS/dp)r. Likewise, accuracy in the EOS of liquid and ice
is probably at the heart of the good account of the change in
the enthalpy of melting with pressure, AHp(p) =
Tmn(P) ASpert(p) by ML-BOP (Figure 2d). We conclude
that the coarse-grained model ML-BOP replicates the ther-
modynamics of ice-liquid equilibrium as a function of pres-
sure with an accuracy that rivals that of the best water mod-
els.

It is interesting to note that liquid ML-BOP and
TIP4P /2005 do not sample exactly the same configurations
(Figure 2a-d), but they nevertheless have almost identical
equations of state (EOS). This can be understood in terms of
the two-state thermodynamics of water, which posits that the
liquid is composed of populations of two structural “compo-
nents” that interconvert as a function of pressure and tem-
perature according to non-ideal mixing thermodynamics.”> **
The identity of these structural motifs is irrelevant to the
thermodynamic behavior. Only the thermodynamic proper-
ties of these motifs and their interconversion with p and T
driven by their energies, volumes and non-ideality of their
interaction matters to produce the EOS. We interpret that the
success of ML-BOP in representing the EOS of water mostly

stems from an accurate dependence with temperature and
pressure of the interconversion of the populations that repre-
sent the high-temperature denser and low-temperature light-
er orders in the liquid.

3.3.Region of metastability of liquid water in the
ML-BOP model

The accurate prediction of the pressure dependence
of the thermodynamic of ice-liquid equilibrium by the ML-
BOP model implies that a monatomic representation of wa-
ter based on very short-range interactions can accurately cap-
ture its phase behavior throughout all the range of pressures
of ice I. We now focus on establishing the kinetic limits of
metastability of supercooled liquid ML-BOP with respect to
crystallization and cavitation.

Figure 4 shows the extended phase diagram of water and
ML-BOP, including the equilibrium melting lines, together
with the non-equilibrium homogeneous ice nucleation and
cavitation lines. The temperature of homogeneous nuclea-
tion of ice T is a kinetic property that depends on the rate at
which water is cooled and the volume of the sample. The
blue filled triangles in Figure 4 show the T4 (p) line comput-
ed in isobaric simulations with a cooling rate of 0.2 K ns’,
which is about the fastest rate that results in spontaneous ice
formation with a ~250 nm® simulation cell in this model.
The higher diffusivity and lower fragility of ML-BOP com-
pared to water," allows for the equilibration of the liquid in
these cooling simulations down to the crystallization temper-
ature. The ice nucleation temperature in our simulations is -
as expected- lower than in the experiments of Kanno and
Angell®* with 22 orders of magnitude larger droplets at a
cooling rate of 3 K min” (open blue triangles in Figure 4).
The widening gap between Ti(p) and Twm(p) with increasing
pressure in ML-BOP is similar to that of the coarse-grained
mW water model*® and qualitatively consistent with the be-
havior of water in experiments.’” ** However, the gap be-
tween Tw(p) and Tw(p) is less sensitive to pressure in ML-
BOP compared to water, and widens significantly only upon
approaching ~300 MPa.
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Figure 4. Temperature-pressure ranges of stability and metastability of
liquid water in the ML-BOP model and experiments. Filled symbols
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correspond to ML-BOP and open symbols to water. The melting line
Ta (p) of ice Ih is shown in violet, the homogeneous crystallization line
Tu(p) in blue, and the cavitation line Pex(T) in orange. The experi-
mental melting, crystallization and cavitation lines are taken from
Ref*, Ref** and Ref.* * *° respectively. The experimental cavitation
line obtained by acoustical measurements® ** is shown with empty
orange diamonds and the one obtained from microscopic inclusions®
with half-empty orange diamonds. The dashed violet line is the meta-
stable extension of the experimental melting line of ice Ih calculated
with the equation of state (EOS) of ice and supercooled water,*’ which
reproduces accurately the high-pressure Tm data. The experimental
water-ice III equilibrium line is shown with open black pentagons.?
Note that Pev at 178 K and 198 K for ML-BOP correspond to cavita-
tion of non-equilibrated amorphous viscous water, whereas for other
temperatures cavitation occurs from the stable or metastable equili-
brated liquid.

Supercooled liquid ML-BOP spontaneously nucle-
ates and grows ice I at pressures up to 300 MPa (Figure 2).
The liquid does not crystallize when cooled at pressures be-
tween 300 to 600 MPa, even at rates as low as 0.05 K ns™.
However, when cooled at that rate at 800 MPa it crystallizes
at 98 K to 6-coordinated f-tin at 98 K, which is not a high-
pressure phase of ice. That representability issue is shared
with other monatomic models of water: the SW coarse-
grained water models mW and mTIP4P/2005%™ 33 crystal-
lize to ice I at moderate pressures, but produce the four-
coordinated non-tetrahedral sc16 structure at higher pres-
sures.® *” It is an open question whether other monatomic
water models with different interaction form would be able
to reproduce the high pressure phases of ice or the limitation
is intrinsic to the symmetry that results from the lack of ex-
plicit hydrogen atoms.

The Clausius-Clapeyron relation (Eq 9) together
with the pressure dependence of AH e and AV, (Figure
2), predict that the T(p) line would become reentrant be-
yond when the density of the liquid becomes lower than that
of ice I. This condition is anticipated to occur at negative
pressures but is never met in the experiments nor in simula-
tions with the ML-BOP model, because the liquid cavitates
as AVl approaches zero. The fast expansion rates and
smaller volumes of the simulation cells allow for extension
along the melting line to p = -120 MPa, about thrice the p ~ -
35 MPa®** (Figure 4) that can be attained before cavitation
at the melting temperature in experiments with several orders
of magnitude larger samples and slower expansion rates.

We note that ML-BOP reproduces well the experi-
mental slope of Pe(T) (compare the orange filled with the
empty or half-empty orange symbols in Figure 4). The cavi-
tation line of the model occurs at more negative pressures
that the one measured by acoustic measurements,*> ** and
close to the cavitation line obtained by isochoric cooling of
water in microscopic inclusions.®> ° % % The smaller vol-
umes and faster expansion used in the simulations allow for
the sampling of Pe.,(T) down to temperatures well below the
crystallization line Ti(p), where the slow relaxation of the
supercooled liquid slows down the coarsening of ice in the

simulation. The region where Th(p) and Pe.(T) cross is the
most challenging to characterize because of the competition
between fast cavitation and fast ice crystallization of the dou-
bly metastable liquid.

It has been previously shown that the sign of the
slope of the crystallization line Th(p) follows that of the
melting line Trm(p) for the mW and mTIP4P/2005**™ mona-
tomic SW water models,® as well as the all-atom
TIP4P/2005'%, TIP4P>' and TIP4P/Ice,'” and other lig-
uids with water-like anomalies.'” The same is observed for
ML-BOP, for which dTw/dp = 0 at p ~ -150 MPa (Figure 4).
The closeness in reentrant pressures for Th(p) and Tw(p)
seems to be a common characteristic of all water-like liquids.

4. CONCLUSIONS AND OUTLOOK

The monatomic machine learned ML-BOP model
is a parameterization of the Tersoff potential optimized using
a multilevel evolutionary strategy.’> The lack of hydrogen
atoms and extremely short-range nature of the interatomic
potential, just 3.55 A, makes ML-BOP 100 times computa-
tionally more efficient than rigid non-polarizable all-atom
models, such as TIP4P/2005 and TIP4P/Ice.” In this study,
we characterize the structure of stable and supercooled ML-
BOP liquid, and its thermodynamics at the water-ice equilib-
rium line across all the range of pressures of ice I.

We find that ML-BOP accurately reproduces the
equilibrium melting line of ice Ih at pressures up to 400 MPa
with accuracy higher than TIP4P/2005 and equal to
TIP4P/Ice. We note that these two AA models were parame-
terized to reproduce experimental properties of water and ice
in a wide range of temperatures and pressures,”* and the pa-
rameters of TIP4P/Ice were specifically selected to repro-
duce the ice-liquid equilibrium properties.* ML-BOP, on the
other hand, was parameterized with experimental densities of
ice and water at 0.1 MPa over a wide range of temperatures
together with the stress-strain response of TIP4P/200S ice at
0 K. The accuracy of T(p) in ML-BOP hinges on its abil-
ity to closely track the experimental volume and entropy of
melting along all the region of stability of ice L.

The parameterization of ML-BOP did not involve
structural information such as radial or angular distributions
in the training data." We find that while ML-BOP reproduc-
es well the thermodynamics of water, the microscopic states
sampled by the coarse-grained model in the liquid are not
identical to those of water or TIP4P/200S. While the radial
distribution function of ML-BOP is quite similar to water,
further inspection of the three-body angular distribution
functions reveal that ML-BOP has a higher fraction of closed
packed configurations than TIP4P/200S, and its tetrahedral-
like peak shifts to lower angles under pressure instead of
broadening as in the all-atom model. Nevertheless, the rate of
change in populations in ML-BOP and TIP4P/2005 with
pressure and temperature seem to be comparable, suggesting
that these models have similar two-state thermodynamics,
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despite the different identity of the two interconverting
structures that can be used to represent the liquid as a non-
ideal mixture model. 2**>3°

We demonstrate that ML-BOP reproduces the
sharp increase in the tetrahedral peak @, of the RDF water
upon cooling at 0.1 MPa, as well as its pressure dependence.
No monatomic water model characterized to date combines
accuracy in the prediction of water thermodynamics and the
existence of a liquid-liquid critical point. We note that —same
as in water- the simulations of ML-BOP at high pressure re-
sult in the crystallization, rather than a liquid-liquid trans-
formation of the supercooled liquid. However, the steepness
in the structural changes in ML-BOP with temperature and
pressure suggest that the model is a good candidate to have a
liquid-liquid transition in the metastable region, hidden be-
hind the crystallization line.

It is remarkable that the coarse-grained model ML-
BOP predicts the equation of state of liquid and ice and the
thermodynamics of their two-phase equilibrium in par with
the most accurate all-atom models. What is the origin of this
success? We interpret that the functional form and flexibility
of the Tersoff potential, together with the HOGA optimiza-
tion, allowed not only for unprecedented accuracy in captur-
ing p(T) of water and ice at ambient pressure, but also trans-
lated these volumetric changes into an accurate sensitivity to
temperature of the ratio of closed-packed and open tetrahe-
dral-like configurations in the liquid. Low density local order
in water is favored at low temperature, and high density one
at high temperature. Hence, the training of the model that
captured the dependence of these populations with tempera-
ture, imparted a proper response to pressure. The addition of
the pressure-volume data of minimized TIP4P/200S ice I
further taught the potential to mimic the compressibility of
the perfectly tetrahedral configuration, decoupled from
changes in the populations of local orders. To set all the
properties of the model, a temperature scale must be added
to the EOS properties. ML-BOP achieved that by striving to
reproduce the temperature and enthalpy of melting, which
provide the cost of transforming the perfectly tetrahedral
structure of ice I into the “mixture” of distorted motifs of the
liquid. The result is a coarse-grained model with an unprece-
dented accuracy in reproducing the equation of state of water
and ice along a wide range of temperatures and pressures.

The mW and ML-mW water models based on the
Stillinger-Weber potential are less accurate than ML-BOP in
representing the properties of water.'* *® We find that mW
and ML-mW models have different proportions of closed
packed configurations in the liquid, but both have similar
insensitivity of these populations to pressure. As ML-mW
was parameterized with the same method as training set as
ML-BOP, we conclude that the Stillinger-Weber functional
form is too rigid to accommodate the relative changes in
populations of open tetrahedral and closed-packed fractions
with temperature and pressure required to reproduce the

EOS of water. The lack of flexibility of the angular form of
SW to represent the structure of water has been previously
discussed in the literature.*® It is an open question what fea-
ture of the Tersoff potential —the large number of parameters,
the more flexible angular dependence, the embedding of the
three-body angular dependence into a bond-order scalong
term of the two-body attraction- is responsible for its success
at capturing the EOS of water, and whether the functional
form of this monatomic model could be modified to also
reproduce the experimental structure of liquid water across
thermodynamic states.

Understanding the behavior of liquid water in the
supercooled and stretched regions is important for establish-
ing the connection between anomalies in water and poly-
amorphic transformations in the supercooled liquid state. We
demarcate the limits of metastability of ML-BOP liquid with
respect to crystallization as a function of pressure and tem-
perature. We show that supercooled ML-BOP spontaneously
nucleates ice within accessible simulation times along the
whole range of pressures of ice I. The crystallization times are
accessible because the computational efficiency of the model
allows for large scale simulations over hundreds of nanosec-
onds, the mobility of ML-BOP liquid decreases more slowly
than that of water on cooling,"* increasing the rates of nucle-
ation and growth of ice. The accessibility of ice crystalliza-
tion to simulations of ML-BOP, together with its accurate
representation of the thermodynamics of water, makes it
promising for investigating the interplay between anomalies,
glass transition, and crystallization of water in simulations
where an adequate balance of computational efficiency and
accuracy is important.
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