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Path integral representation of the Dirac equation
and integration order

Han Geurdes

Conceived: September 5, 2022

Abstract In this paper we ask if there is an interesting twist in mathematics
of the Feynman propagator of the present day [1] formalism for the Dirac
equation. The case studied is with only a potential function V. If there is
no special integration order per step for e.g. dx(©) = dxidzodrs and dp® =
dp1dpadps, then a delta function occurs when cAt =~ 0 and —oo < p; < oo
for 5 = 1,2, 3. The found geoemtry of propagation can be tested in solid state
chemistry. A crystal structure where only a two dimensional propagation of
quasi particles can be created must be attached to the final step of the path
integral. Neutron emission giving chemical isotopes is briefly discussed.

1 Introduction

In the modern literature [1] the Feynman path integral [2], [4] for the Dirac
equation is written such as presented below. Generally speaking, the form
that is employed for the Dirac equation is [1, eq 1.2 page 64], ih%u(t,x) =
Hu(t,x). The u in [1] is an N x 1 vector. Here we will take N=4. In [1],
x = (21,Z2,...x4). Here we will take d = 3. The N = 4 and d = 3 will allow
insight into physical application. The Hamiltonian in N =4 and d = 3 is (no
summation convention)

3
H(t,x) = CZ u (pre — eAg(t,x)) + V (¢, %) + fmc? (1)
k=1

The & and § are constant Hermitian N x N = 4 x 4 Clifford/Dirac matrices
with &g+ Bdy, = 0, Gpby, + Qg = 20k m1 and B2 = 63 =1, for k = 1,2,3.

Han Geurdes
GDS Applied mathematics BV Netherlands
E-mail: han.geurdes@gmail.com



26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

54

2 Han Geurdes

dkz(fk ‘B’“) andﬁz((l)(1)> (2)

Here 1 and 0 are 4 x 4 unity and zero matrices respectively. Sometimes they
indicate 2 x 2 matrices and sometimes scalars. The use will be clear from the
context. The o’s are the 2 x 2 Pauli matrices

() () (0

The £ is the Planck constant, the ¢ is the velocity of light in vacuum and e is
the charge of an electron. Further (V, A) represents the electromagnetic field
conditions. Let us look into problems where A is absent. Therefore,

So

3
tx-cz ¥k + V(%) 4 fmc? (4)
k=1

The Lagrangian associated to (1) is L£(¢,x,%X,p) = p - X — H(t,x). Here,
x(t) = 9yx(t) = 4x(t), i.e. the time derivative of the x(t). The p - X is the
inner product of two vectors. It is multiplied by the 4 x 4 unity matrix. The

Lagrangian then is
3
L(t,x,%,p) = 1Y pji;(t) — H(t,x) ()
j=1

Note that here the  is a 4 x 4 matrix, the 1 is the 4 x 4 unity matrix and
therefore the £ is a 4 X 4 matrix.

1.1 Feynman propagator

The Feynman propagator operation contains Kp , (t,tni) [1]. Let 7; € R and
j=0,1,2,...v — 1,v. The time division, i.e. the collection of time points,
is denoted with A = {7;|j = 1,2,...v — 1,v}. We have 19 = t; = tin; and
Tyl = t = tgy. Therefore, if f = u( i) with f = (f1, fe, f3, fa) and each
fi = fj(z1,22,23), with j = 1,2,3,4. The time approximation propagator is
then written like Kp , (¢, tini) f. We take © 4 the collection intervals (7;_1,7;]
with j = 1,...v. Let the x € R3 be fixed and denote points on the path from
x(© € R? to x € R® with xU) and here j = 1,...v — 1. This results in the
paths (O,qa(x®,xM, . x"~D x)). Note x = x*).
Let us in general define the variable

a0 =y + = (x—y) (6)
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Path integral representation of the Dirac equation and integration order 3

and s < 6 < t. The dot notation is %3, (0) = £qks (). For the variable p
a similar paths can be defined; (©,pa(p®,p™,...,p*~V p)). Note p =
p™). Like with x the employment of the symbolism will be convenient for the
presentation. When necessary the index v will be used.

In this way we are able to define the action in interval 6 € (s,t]. Here s
and t are symbolic for consequtive 7. Hence, for ease of notation p = p(©)

t
S(t,5,%,y,p) = / £(6,0%%,(6), 4% (6), p) db (1)

The propagator, where here again ¢t = tg, is the endpoint in time cor-
responding with the end position, x, is therefore written as (d = 3 spatial
coordinates)

Kp,(t tini) f(x) = / / ¢ iSaspa) 1 (x(O) D Dy, (8)
In this equation,
Dy, = dxQdxM .. dx—D (9)
Dy, = (210) " dp©WapW ... dp»—Hap™
With, dx(©) = dz\"dzy dz, etcetera, € = 0,1,2,...v—1. The f (x() follows
[6, pg 257 eq 10 or 11]. See also [1]. Note also that the q in the definition of
is based on (6).
With x*) = x4, = x and Tu+1 = tan = t and containing the initial x;jp;
the ”starred” exponent in (8) indicates the product, while p® is added to the
integration to meet xgy,

exp [*iS (t,qa,pa)] = (10)

t |
e [i [ £ (0.7 072 0).0) a8

Ty
exXp [Z / L (97 q;'E;T:,;) ,lx(U—2) (0)7 Q;'E;T:) ’lx(u—2) (6)7 P(V_l)) df| x
T

Ty—1
€xp |f/ L (97q;,;:—1’27)—::(2t»73) (9)7(1:;:71’27)—:(2,/73) (0)7p(1/_2)) df| x
Ty—2

T2 7
o[ (0 0,600 0.5 0] »

1
exp {2/ L(97q37<1(6§?xim(9),q:(g;?xmi(g)’pm)) d@}
7o

In [1] there is no explicit xiy; to do justice to the compact

K (t, i) f(x) = / /X o exp[*iS(t,qA,pA)]f(x(o)>DxADpA (11)

but there is a Xg,. This inclusion of xj,; is comparable to the treatment of
the Schrodinger equation path integral representation: [2, eq (2.1.82)] or [3, eq

(50)]
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4 Han Geurdes

2 The p integration of £ (0, q:}(’);—?xini 9), q:t‘,’;-?x;ni (0), p(0))

Note then that Dy, contains dp(®) which we denote for the ease of notation
with dpidpadps. Further, Dx, contains dx(©). And this is denoted for ease
of notation by dyidysdys. In effect we have now the S of (7). Let’s write
qufy(O) = q(#) and qufy(ﬂ) = q(0). Hence, the p; containing component of

integral of £ in S of equation (7), note that y; equals xgo) for ease of writing.

t
Sy, = / (161 (0) — cinpy) dB = py(ys — T1ams) — ot — $)aupr  (12)

Now the order of dpidpsdps and of dy,dy>dys can be interchanged and dp; can
be first before dy;. Looking at (8) and (7) we can then have a kind of intrinsic
Fourier integration that occurs in the path integral

KDA (tv tini)f(x) =

1 [ A - dpad,
= et — (0) P20P3 51,01
/. o [m exp [ ic(t S)Ap1:| dp K f (x ) Dy am)? Dy (13)

~F[1]
with, from the theory, viz.(10)
K = K(X(O)a s 7X(V71)7p27p3’p(1) s 5p(yil))

and with D41 = (27) 73 1)dpM) . dp~1) viz. (9) and A is defined by

flz 1_i(y1m1,ini) (14)

t—s

joN

And so we can have a definition,
1 [ ‘ .
K2 (00, ¢(t — 5)) = o / exp {fzc(t - s).Apl] dp (15)

— 00

Looking at the p; integral, a Dirac delta function could arise from the Fourier
integral (13). In the next section we will look into this possibility more closely.

2.1 Delta function designated in the underbrace of (14)

Let us write cAt for c(t — s). Then write 2Z for ylc(_tfls‘i)“‘ . Then let us observe
firstly that from (14), i.e. A = @ — 1 (£2)
. 1 ~ Az
At = ——— {dl + 1} (16)
L- CQAX; cAt
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Path integral representation of the Dirac equation and integration order 5

For completeness 1 is the unit 4 x 4 matrix. Secondly we also have

i A1 d o
exp [ omicAAp, — eNpl/Z} 3 AL dpy exp [ 2micAtApy — e?\,p%/ﬂ(l?)

Here the €3,p; is already suppressed for the range [p;| < N.
2 1
2 _ 1-¢
for 0 < ¢ < 1. But it must be noted that it is not suppressed for €3,p? = €3 N?
in exp [76?\]]\72/2]. And,
N—¢

L2 Li-c) _
e 2us(o )< o o o

justifies suppression ef\,pl.
If we in the following take N which eventually goes to infinity we find,
keeping the ”=" for simplicity

N
K(ppAl)(N cAt) = / exp [ 2micAtApy — e?vp%/Q} dp; = (20)
e [ s [amicatdp - 2] an
Hence,
N A~
/ exp | ~2micAtAp: — /2] dpr = (21)
-N
= 7A71 sin |:27TZCAtAN] exp [ 62 N2/2]
21 cAt N
Then let us suppose that cAt goes to zero. Hence,
A1 cAt -

. ~ Az -1 1
cAt A2 — A2 [al + 1cAt] ” <Ax2> 1Az = Az (22)

In addition, because

CAtA = dycAt — 1Az (23)
we find, because 1¥ =1, k=1,2..., that
sin [QWicAtAN} — —sin (2rNAz) 1 (24)
And so, with (22) and (24)
N
Kl()p;)(N, 0) = Ciigg@ N exp [—QWicAt.Apl - e?\,p%/Z} dp, = (25)
- (sin (2N Azx)

This has a delta function format, if N (1 + %Nl_c)_1 — oo for N — oo and
0 < ¢ < 1. This result extends to 3 dimensions [5].
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6 Han Geurdes

2.1.1 Other azxes / dimensions

Now do note we can under cAt to zero, also consider integration over po.

N

K(Dpj)(N7 cAt) = / exp |:_27TZ-CAtA/p2 - 6%7])3/2} dps (26)

-N
Like with the definition in (14)
A i ALCQ
(G D —— 27
A=i () @
Similar to the case j = 1 in section-2.1, for the axis j = 3 and the axis j = 2,
the same result arises.

3 Spatial integration

Looking at (25) we can conclude a delta function for N — oo in Az. This
gives the integration

/ w(yl,y27y3)5(y1 - $1,ini) dy, = w(xl,inivy27y3) (28)

— 00

Here w is a complex vector function based on f(y) and the fact that y = x(%)
also occurs in £ (Q,qu’TI 0), a4 o (9),p(1)> of (10). The startpoint is

x(1),x(0)
Xini-
D2

Subsequent integration over ‘127 and dy, and
f(xini) and a transformed £ (9, a2t (0),q20  (9), p(l)) in equation (10).

x(1) Xini x(1) Xini

dg%f and dys leaves us with

With the integration over p(*) we will see a similar F[1] Fourier transform as
in the underbrace of (13). Therefore we find,

KDA (tv tini)f(x) =

. , _ dp=D gp®)
/ exp i, ] exp [iS, 1] w" ™Y (xins) dx 1)?27?(2;;)3

(29)
With, like in (7)

Sy-1= / ﬁ(0,q;z;i"ijim(e),q;i;i“ijim(e),p<”‘1))de (30)

Ty—1

> i, x (V1) Xfin,x (V1)

Tv41
S, = / £ (0,7 (0), 47, (6), 0 do

v

and w® =1 (xini) derives from the repeated delta function integration with x;p;
as constant.
The equations (29) and (30) give rise to a delta function integration in the

x=1) integration. To illustrate this, for z\" ™" we have
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Path integral representation of the Dirac equation and integration order 7

Kp o, (t, tini) f(Xain) = w1 (Xini)
oo sin [27TN (Z‘Lﬁn - Igyil))} _e2 N2
/ ) (m%yil) - $1,ini) Ap(—1) e dmgyil)(:ﬂ)
oo '\

from p(ly) integration

with Az~ = 2 g, — mgy_l). And so looking at (10), the integration over
the first term of (10) will give zero when Xg, # Xini.

4 Conclusion & discussion

With the present day [1] formalism for a path integral for the A = 0 Dirac
equation, we have added the information of the initial position, Xi,;. We be-
lieved that this element was missing from [1]. It appears as though the, for
convenience repeated below, path integral representation

Xfin
Kot tu) 1) = [ [ expliis (t.aa.pa)] £ (x0) Dy Do
allows a vanishing Feynman propagator for x5, # Xi,; when cAt &~ 0 and when

p¥) € (—o00,00)? forall £ = 0,1,2...,v. Note, exp[—€, N?/2] = 1/ (1 + N'~¢)

via (18). Moreover, lima,_o (W) = 27 N. Note also that, therefore,

(25) has a delta function behavior for N — oo and that the latter arises from
p® € (—00,00)3. We can summarize:
— Either the propagator vanishing is a physical consequence of a mathemat-
ically correct path representation.
— If, (Vj=1,2,3) Tj fin 7 T ini, the Feynman propagator vanishes.
— Note that for (3'j=1,2,3) Zj fin 7# ;,ini then

0, (<41
Jim % _ . g>% (32)
7o (14 5N1¢) 8 (=1

In other words, a one dimensional difference between initial and final
position allows a nonzero Feynman propagator here. In a similar vein
we can have 2 coordinates different between xg, and X;u;.

— Only in the step that ends in xg, there is no ”integrating over” of a
delta function. In that case we have (32).

— Or an alternative is that the initial four vector f (x(o)) is replaced by e.g.
f(x@,p©®) to avoid a collapse to delta functions under the condition
cAt ~ 0 and p¥) € (—00,00)? for all £ =0,1,2...,v.

Geometrically it looks as though the presented path integral would be able to
describe certain solid state quasi particle forms of Dirac equation, with obvi-
ously, modified c¢. The chemical creation of crystals where only two dimensional
propagation is possible, looks like good testing ground for this idea.
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8 Han Geurdes

4.1 Neutron Dirac equation

In the creation of chemical isotopes the process of neutron emission occurs.
An interesting example is Helium-5. For the V of equation (4) we can take [7]

23 UjHj(t,X) 0

=1
3
0 > j=10H;(t, %)

V(t,x) = p (33)

The propagator, whch is equivalent to the wave function vector, in the present
paper is only nonzero under the already mentioned geometric conditions.
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