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The delicate interplay between functional-driven and density-driven errors in density

functional theory (DFT) has hindered traditional density functional approximations

(DFAs) from providing an accurate description of water for over 30 years. Recently,

the deep-learned DeepMind 21 (DM21) functional has been shown to overcome the

limitations of traditional DFAs as it is free of delocalization error. To determine if

DM21 can enable a molecular-level description of the physical properties of aqueous

systems within Kohn-Sham DFT, we assess the accuracy of the DM21 functional

for neutral, protonated, and deprotonated water clusters. We find that the ability

of DM21 to accurately predict the energetics of aqueous clusters varies significantly

with cluster size. Additionally, we introduce the many-body MB-DM21 potential

derived from DM21 data within the many-body expansion of the energy and use it in

simulations of liquid water as a function of temperature at ambient pressure. We find

that size-dependent functional-driven errors identified in the analysis of the energetics

of small clusters calculated with the DM21 functional result in the MB-DM21 po-

tential systematically overestimating the hydrogen-bond strength and, consequently,

predicting a more ice-like local structure of water at room temperature.
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Since the dawn of computer simulations, there has been a continuous effort in the physical

sciences to accomplish a unified, molecular-level understanding of the properties of water and

aqueous systems, from small gas-phase clusters to the thermodynamic limit.1,2 Density func-

tional theory (DFT) provides, in principle, an exact treatment of the electronic ground-state

potential energy surface of a given molecular system by solving the Kohn-Sham equations.

Although more than a half-century has passed since the inception of DFT,3,4 the exact den-

sity functional remains unknown, and so the quest for a density functional approximation

(DFA) capable of accurately predicting the properties of water and aqueous systems across

the entire phase diagram continues.5–28

One of the main obstacles that prevents DFT from achieving full reliability in molecular

simulations is the error introduced by the density produced by a given DFA, i.e the de-

localization error,29,30 which results from the deviation of the approximate functional from

the piecewise-linear behavior of the exact Kohn-Sham functional as a function of fractional

electron number.29 Recently, the strongly constrained and appropriately normed (SCAN)

functional,31 which satisfies the 17 known exact constraints imposed on a meta-GGA func-

tional, has been the subject of numerous studies focused on modeling water, ranging from

systematic analyses of the energetics of gas-phase clusters to molecular dynamics (MD) sim-

ulations of liquid water carried out ab initio or using SCAN-based machine-learned and

data-driven potentials.28,32–36. Despite satisfying the 17 exact constraints known for a meta-

GGA functional, the SCAN functional still suffers from density-driven errors that limit its

predictive ability in MD simulations of water.33,37 Recently, the limitations of SCAN result-

ing from density-driven errors have been overcome by replacing the self-consistent SCAN

density with the Hartree-Fock density,37 which is free of self-interaction error.38,39 The de-

velopment of density-corrected SCAN (DC-SCAN) and associated data-driven many-body

MB-SCAN(DC) potential energy function (PEF) effectively provided the first DFT-based

description of the properties of water across its phase diagram at the accuracy of “gold

standard” coupled cluster theory.37,40

Alternatively, the deep-learned local hybrid DM21 functional recently developed by Deep-

Mind has been shown to improve the accuracy of the DFT ansatz by reducing the delocal-

ization error through the learning of fractional charge and spin constraints, along with the

training of molecular data.41 Unlike previous hybrid functionals, the fraction of Hartree-Fock

exchange in DM21 is dynamic, meaning that it varies in space according to local conditions,
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virtually removing the delocalization error. The exchange-correlation energy of DM21 is

given by

EDM21
xc [ρ(r)] = EMLP

xc [ρ(r)] + ED3(BJ) (1)

where EMLP
xc [ρ(r)] is a machine-learned potential trained on extensive sets of atomic and

molecular data, exact (integer-charge) mathematical constraints, as well as fractional-charge

and fractional-spin constraints. In Eq. 1, ED3(BJ) is the two-body dispersion-correction to

the total energy expresses in terms of the D3(BJ) parameters optimized for the B3LYP

functional.41 The DM21 functional is virtually free of density-driven error and, consequently,

reproduces the piecewise-linear behavior of the exact Kohn-Sham functional for a system

with fractional charge electrons.41 Notably, DM21 outperforms traditional DFAs against

the GMTKN55 database, which includes datasets in main group thermochemistry, kinetics,

and noncovalent interactions.41 Recent work also suggests that DM21 is robust against the

“poison” benchmark sets that comprised systems that are notoriously difficult to model.42

While DM21 is promising for several applications in chemistry, its reliability and predictive

power in the condensed phase have not yet been investigated. In this Communication,

we build upon recent efforts aimed at developing a robust DFT-based framework for MD

simulations of water33,37,40,43,44 to investigate the accuracy of the DM21 functional for water

and aqueous ions.

To assess the accuracy of DM21 in representing molecular interactions for neutral, pro-

tonated, and deprotonated water, we calculate the interaction and binding energies of var-

ious gas-phase clusters. The neutral water clusters are obtained from the water subset of

the BEGDB dataset,46 whereas the protonated and deprotonated clusters are taken from

the WATER27 dataset.47 The neutral water clusters of the BEGDB dataset represent the

low-energy structures of (H2O)n clusters with n = 2 − 10, which were optimized at the RI-

MP2/aug-cc-pVDZ level of theory.48 The protonated and deprotonated clusters correspond

to H3O
+(H2O)n and OH−(H2O)n clusters with n = 2 − 6, which were originally optimized

at the B3LYP/6-311++G(2d,2p) level of theory.47 The accuracy of the DM21 density func-

tional for these aqueous clusters is compared with that of the ωB97M-V and DC-SCAN

functionals, both of which have been shown to provide high accuracy relative to coupled

cluster calculations carried out including single, double, and perturbative triple excitations,

i.e., CCSD(T), in the complete basis set (CBS) limit.37,49 In the following analyses, the in-

teraction energy of a cluster containing n monomers (i.e., H2O, H3O
+, and OH− molecules)
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is calculated as the difference between the total energy of the cluster and the sum of the

energies of the n monomers in the same distorted geometries as in the cluster. The cor-

responding binding energies are calculated taking the monomer relaxation into account as

the difference between the total energy of the cluster and the sum of the energies of the n

monomers in their optimized geometries.

Fig. 1a shows the absolute errors in the interaction energies calculated with DM21,

DC-SCAN, and ωB97M-V for the neutral water clusters relative to the corresponding

CCSD(T) reference values.45 Due to the minimization of density-driven errors, all three

density functionals provide significantly smaller error in interaction energy compared to
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FIG. 1. Absolute errors (in kcal/mol) relative to the CCSD(T) reference values45 for a) the inter-

action energies of the (H2O)n=2−10 clusters of the BEGDB dataset,46 b) the binding energies of the

H3O
+(H2O)n and OH−(H2O)n clusters of the WATER27 dataset, and c) the interaction energies

of the H3O
+(H2O)n and OH−(H2O)n clusters of the WATER27 dataset.
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popular GGA and meta-GGA density functionals analyzed in Ref. 40. As shown in previ-

ous studies,37,40 DC-SCAN describes the energetics of neutral water clusters with similar

accuracy as CCSD(T)/CBS. In the case of DM21, the error per monomer varies from -0.02

to -0.18 kcal/mol with the cluster size (Fig. S1). Similar trend is found for ωB97M-V,

although the increase in the error with cluster size is a less pronounced, resulting in error

per monomer that varies from 0.01 to -0.10 kcal/mol. Moving from smaller to larger clusters

does not significantly affect the error per monomer for DC-SCAN, which is found to lie

within 0.06 kcal/mol of the CCSD(T)/CBS reference values from the dimer to decamer.

Fig. S2 shows the mean absolute error per monomer for the interaction energies of the

neutral water clusters. Minimization of the density-driven errors leads to accurate interac-

tion energies as demonstrated by the smaller mean absolute errors per monomer associated

with DM21, ωB97M-V, and DC-SCAN, with the latter providing the closest agreement

with the CCSD(T)/CBS reference values. For comparison, Fig. S2 also shows that, due to

large density-driven errors displayed by semi-local functionals, the mean absolute error per

monomer associated with SCAN calculations increases rapidly with the cluster size.

Figs. 1b and 1c show the errors in binding and interaction energies relative to the

CCSD(T) reference values45 for protonated and deprotonated water clusters, respectively. In

this case, both ωB97M-V and DM21 are in closer agreement with the reference values than

DC-SCAN. Interestingly, the errors appears to systematically increase as the cluster size

increases for both DM21 and ωB97M-V. An opposite trend is observed for DC-SCAN, with

the errors becoming smaller as n increases. It should be noted that increasing the number

of water molecules in an ion–water cluster results in a smaller charge-per-monomer, which

implies that the properties of ion–water clusters effectively tend to those of neutral water

clusters as n increases. Since the (small) errors associated with DC-SCAN calculations of

neutral water clusters are effectively independent of the cluster size, the interaction energies

of ion–water clusters predicted by DC-SCAN become relatively more accurate as the clusters

become larger. On the contrary, the errors associated with DM21 and ωB97M-V calcula-

tions of neutral water clusters are dependent on the cluster size which explain the increase

in the errors for both interaction and binding energies predicted by these two functionals

for larger protonated and deprotonated water clusters. Fig. S3 shows that DM21, ωB97M-

V, and DC-SCAN are significantly more accurate than the semi-local SCAN functional for

both protonated and deprotonated water clusters, which is primarily due to the removal of
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density-driven errors that affect SCAN.37

To gain further insight into how molecular interactions in aqueous systems are represented

by the DM21 functional, we analyze individual n-body contributions to the interaction en-

ergies of small clusters. Many-body decomposition analyses have been shown to provide

a quantitative assessment of the overall accuracy of different molecular models of aqueous

systems.50–52 Figs. 2a-c show the errors (∆εnB) associated with each n-body contribution

to the interaction energy of the lowest-energy isomer (Fig. S4) of the neutral, (H2O)6,
53

protonated, H3O
+(H2O)5,

52 and deprotonated, OH−(H2O)5,
51 water hexamer clusters cal-

culated with DM21, ωB97M-V, and DC-SCAN. DM21 predicts the 2-body (2B) energy of

the neutral water hexamer with CCSD(T) accuracy, while the 3-body (3B) error is appre-

ciably larger (∼ 0.83 kcal/mol) and similar to that associated with ωB97M-V. Analyses of

interaction and many-body energies of the first eight low-energy isomers of the neutral water

hexamer shown in Figs. S5-S7 indicate that the 3B error associated with DM21 reduces for

the planar isomers.

DM21 also provides 2B energies with CCSD(T) accuracy for the protonated water cluster

(Fig. 2b), outperforming both ωB97M-V and DC-SCAN, which instead display errors of

∼0.6 kcal/mol and ∼2.0 kcal/mol, respectively. Similar 3B errors are instead found for all

three functionals, with DM21 and DC-SCAN displaying the largest (∼0.8 kcal/mol) and

smallest (∼0.5 kcal/mol) errors, respectively. As for the neutral water hexamer, DM21

predicts relatively smaller 3B errors for the planar isomers of H3O
+(H2O)5 (Figs. S8a and

S8b).

All three functionals display similar trends for ∆εnB calculated for the deprotonated water
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FIG. 2. Errors (in kcal/mol) associated with individual n-body contributions to the interaction

energies of the lowest-energy isomers (Fig. S4) of the (H2O)6 (panel a), H3O
+(H2O)5 (panel b),

and OH−(H2O)5 (panel c) clusters relative to the corresponding CCSD(T) reference values.
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cluster (Fig. 2c), with DM21 providing the smallest 2B error but relatively larger errors than

ωB97 and DC-SCAN for the 3B, 4B, and 5B energies. The more pronounced “oscillatory”

trend of ∆εnB associated with DM21, which suggests relatively larger error compensation

among individual n-body contributions, becomes even more evident for deprotonated water

clusters with different geometries and sizes (Figs. S8b and S8c). These comparisons indicate

that all three functionals are less accurate for the deprotonated clusters than the correspond-

ing neutral and protonated clusters. This suggests that all three functionals overestimate, to

a different extent, the energy of the highest occupied molecular orbital (HOMO) of the de-

protonated water clusters, which results from incorrect features of the exchange-correlation

functional in the asymptotic region.51,54

To asses the accuracy of DM21 for liquid water, we introduce MB-DM21, a data-driven

many-body PEF derived from the many-body expansion (MBE) of the total energy. Follow-

ing Ref. 55, MB-DM21 approximates the MBE to the sum of explicit 1-body (1B), 2-body

(2B), and 3-body (3B) terms, along with an implicit many-body term based on classical

polarization (Vpol) representing all n-body interactions with n > 3:

EMB−DM21
N (r1, .., rN) =

N∑
i=1

ε1B(ri) +
N∑
i>j

ε2B(ri, rj)+

+
N∑

i>j>k

ε3B(ri, rj, rk) + Vpol

(2)

Following the MB-DFT formalism,55 the 2B and 3B terms of Eq. 2 are fitted to reproduce 2-

body and 3-body energies calculated with the DM21 functional. It has been shown that the

MB-DFT PEFs closely reproduce the results of ab initio MD simulations carried out with

the corresponding functionals, especially for functionals that display small density-driven

errors.37,55

It has been recently demonstrated that the interplay between functional-driven and

density-driven errors effectively determines the ability of a given functional to correctly

predict the properties of liquid water.37,40 Since the DM21 functional was trained on chemi-

cal data as well as fractional charge and fractional spin constraints, and was shown to predict

highly accurate electronic densities, 41 it can be concluded that the errors associated with

DM21 calculations for the energetics of small water clusters discussed above are primarily

functional-driven.

To investigate the effect of functional-driven errors in DM21 for liquid water, we carry
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distribution (panel b) calculated from MD simulations carried out with MB-DM21 at 298 K and

1 atm.

out MD simulations in the isothermal-isobaric (NPT) ensemble at 1 atm using the MB-

DM21 PEF. The oxygen-oxygen radial distribution function (goo(r)) and tetrahedral order

parameter distribution (qtet) calculated at 298 K and 1 atm shown in Fig. 3 indicate that

MB-DM21 predicts a slightly over-structured and more tetrahedral liquid phase than both

experiment and previous simulations carried out with analogous data-driven many-body

PEFs derived from CCSD(T) and DC-SCAN data, i.e., MB-pol53,56–58 and DC-SCAN(DC),37

respectively.

Further insight into the ability of MB-DM21 to describe the properties of liquid water

are gained from the analysis of the temperature dependence of the enthalpy of vaporization

(∆Hvap), density (ρ), and isothermal compressibility (κT) shown in Fig. 4. Consistent with

the more ice-like structure inferred from the analysis of goo(r) and qtet, MB-DM21 predicts

a density (ρ) of 0.977 g/cm3 for liquid water at 298 K, which is lower than the experimental

value (0.997 g/cm3) and the values predicted by MB-pol and MB-SCAN(DC). Overall, the

density isobar predicted by MB-DM21 is shifted down by ∼0.03 g/cm3 for temperature below

300 K and by ∼ 0.01 g/cm3 for higher temperatures. By fitting a 3rd degree polynomial

to the data points of the density isobar, the density maximum for MB-DM21 is determined

to be 0.978 g/cm3 at 296 K, which is 19 K higher than the experimental value of 277 K.

Fig. 4a shows that ∆Hvap calculated from MB-DM21 simulations is systematically up-shifted

and displays a more pronounced temperature dependence than the experimental curve, with

a mean absolute error of 0.67 kcal/mol. It should be noted that the neglect of nuclear

quantum effects in classical MD simulations may be responsible, at least in part, for the

relatively larger deviations from the experimental values at the lower temperatures.53,58 The
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FIG. 4. Temperature dependence of the density (panel a), enthalpy of vaporization (panel b), and

isothermal compressibility (panel c) calculated from MD simulations carried out with MB-DM21

at 1 atm. Also shown for comparison are the corresponding values reported in the literature for

the MB-pol53 and MB-SCAN(DC)37 PEFs. The experimental data for the density are from the

NIST Chemistry WebBook,60, from Ref. 61 for the heat of vaporization, and the values for the

isothermal compressibility are from Ref. 62 (triangles), Ref. 59 (squares), and Ref. 63 (circles).

overestimation of ∆Hvap indicates that MB-DM21 predicts stronger hydrogen bonds between

water molecules in the liquid phase, which is consistent with analysis of the DM21 interaction

energies of neutral water clusters (Fig. S1) as well as with the more tetrahedral structure

and lower density obtained from the MD simulations with MB-DM21. The isothermal

compressibility of liquid water is notoriously difficult to predict by common force fields and

DFT-based models. As shown in Fig. 4c, κT calculated from the MB-DM21 simulations

is in agreement with the corresponding experimental values at higher temperatures but

displays a maximum of ∼60×10−6 bar−1 at ∼260 K, which is significantly different from the

value of ∼105×10−6 bar−1 at ∼229 K determined by recent ultrafast x-ray spectroscopic

measurements.59

In conclusion, we have reported a systematic analysis of the DM21 functional applied

to water. The analyses of interaction energies, binding energies, and individual many-body

energies of neutral, protonated, and deprotonated water clusters demonstrate that DM21

is quite robust for the description of gas-phase clusters, providing similar accuracy as the

range-separated, hybrid, meta-GGA ωB97M-V density functional. However, the error per

monomer for the interaction energies predicted by DM21 increases with cluster size, which

suggests that DM21 suffers from functional-driven errors that can be emphasized in ex-
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tended aqueous systems. In addition, many-body analyses of the DM21 interaction energies

of neutral and protonated water clusters shows that DM21 predicts accurate 2B energies but

is affected by relatively large 3B errors. All higher-order many-body terms calculated with

DM21 for neutral and protonated water display neglible errors. In the case of deprotonated

water clusters, DM21 displays significant error compensation among individual n-body en-

ergy terms. MD simulations carried out with the data-driven many-body MB-DM21 PEF

derived from DM21 many-body energies predict a slightly overstructured and more tetra-

hedral liquid at ambient conditions. Consistently, the MD simulations with MB-DM21 also

predict a lower density and a higher heat of vaporization for liquid water at 1 atm in the

temperature range from 240 to 370 K. In addition, the MB-DM21 simulations fail to qual-

itatively reproduce the temperature dependence of the isothermal compressibility of liquid

water at 1 atm, predicting a significantly lower maximum at a relatively higher temperature

compared to experiment. These results suggest that functional-driven errors in DM21 are

not negligible and affect the overall accuracy of DM21 when applied to various aqueous

systems, especially in the liquid phase. While our study is centered on the DM21 functional,

the analyses presented here suggest that improving the functional form and physical content

of machine-learned density functionals should allow for further reducing functional-driven

errors and, in turn, enable quantitative DFT-based representations of aqueous systems from

gas-phase clusters to the liquid phase.

SUPPLEMENTARY MATERIAL

Computational details, and additional analyses of interaction and binding energies of

neutral, protonated, and deprotonated water clusters of different sizes.
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M. Pitoňák, J. Vondrášek, and P. Hobza, “Quantum chemical benchmark energy and geom-

etry database for molecular clusters and complex molecular systems (www.begdb.com): A

users manual and examples,” Collect. Czechoslov. Chem. Commun. 73, 1261–1270 (2008).

47V. S. Bryantsev, M. S. Diallo, A. C. Van Duin, and W. A. Goddard III, “Evaluation

of B3LYP, X3LYP, and M06-class density functionals for predicting the binding energies

of neutral, protonated, and deprotonated water clusters,” J. Chem. Theory Comput. 5,

1016–1026 (2009).

48B. Temelso, K. A. Archer, and G. C. Shields, “Benchmark structures and binding energies

of small water clusters with anharmonicity corrections,” J. Phys. Chem. A 115, 12034–

12046 (2011).

49M. Riera, E. Lambros, T. T. Nguyen, A. W. Götz, and F. Paesani, “Low-order many-body
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G. Csányi, V. Molinero, and F. Paesani, “Modeling molecular interactions in water: From

pairwise to many-body potential energy functions,” Chem. Rev. 116, 7501–7528 (2016).

51C. K. Egan and F. Paesani, “Assessing many-body effects of water self-ions. I: OH−(H2O)n

clusters,” J. Chem. Theory Comput. 14, 1982–1997 (2018).

52C. K. Egan and F. Paesani, “Assessing many-body effects of water self-ions. II:

H3O
+(H2O)n clusters,” J. Chem. Theory Comput. 15, 4816–4833 (2019).

53S. K. Reddy, S. C. Straight, P. Bajaj, C. Huy Pham, M. Riera, D. R. Moberg, M. A.
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