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Abstract

For the last 50 years, researchers have sought molecular models that can accurately

reproduce water’s microscopic structure and thermophysical properties across broad

ranges of its complex phase diagram. Herein, molecular dynamics simulations with

the many-body MB-pol model are performed to monitor the thermodynamic response

functions and local structure of liquid water from the boiling point down to deeply

supercooled temperatures at ambient pressure. The isothermal compressibility and

isobaric heat capacity show maxima near 223 K, in excellent agreement with recent

experiments, and the liquid density exhibits a minimum at ∼208 K. A local tetrahedral

arrangement, where each water molecule accepts and donates two hydrogen bonds, is

found to be the most probable hydrogen-bonding topology at all temperatures. This

work suggests that MB-pol may provide predictive capability for studies of liquid wa-

ter’s physical properties across broad ranges of thermodynamic states, including the

so-called water’s “no man’s land” which is difficult to probe experimentally.
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The importance of water cannot be overemphasized, as it is essential for life,1 being di-

rectly involved in several fundamental biological and chemical processes.2 At ambient pres-

sure, liquid water exhibits anomalous behavior as a function of temperature, which becomes

more pronounced at deeply supercooled temperatures.3 In particular, water’s thermodynamic

response functions, such as the isothermal compressibility (κT ),4 the isobaric heat capacity

(cP ),5 and the thermal expansion coefficient (αP ), appear to diverge as the temperature is

decreased towards ∼228 K. Recent ultrafast x-ray measurements have provided evidence that

both κT
6 and cP

7 do not actually diverge at ambient pressure, but instead increase sharply

below 235 K before reaching their maximum values at 229 K. Other common liquid proper-

ties are also distinctive in water: the density (ρ) maximum at 277 K is well known, and the

presence of a ρ minimum under deeply supercooled conditions has also been suggested based

on experiments on confined water.8 To a large extent, the unique properties of water can be

traced back to the ability of the water molecules to form a dynamic hydrogen-bond network

whose structure continually fluctuates in space and time in a temperature-dependent way.

However, determining an unambiguous, one-to-one relationship between local structure and

thermodynamic response functions in liquid water as the temperature is decreased from the

boiling point down to the supercooled regime has so far remained elusive.

The common picture of liquid water at ambient conditions derived from x-ray and neu-

tron scattering experiments9–12 and NMR measurements13 assumes that each molecule is, on

average, 4-fold coordinated in a tetrahedral environment. This picture was challenged by a

new interpretation of x-ray absorption spectra measured for liquid water and ice, suggesting

that the coordination number in the liquid phase at ambient conditions is actually closer

to two, with each molecule accepting and donating only one hydrogen bond, respectively.14

Later, x-ray emission spectra of liquid water were found to display two distinct peaks (1b′1

and 1b′′1) associated with transitions from the non-bonding 1b1 to the core 1a1 orbitals of

the water molecules, while a single peak was observed in analogous spectra measured for

crystalline ice.15 Since the 1b′1 and 1b′′1 peaks in the x-ray emission spectrum of liquid water
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were found to vary in intensity as the temperature was decreased from 338.15 K to 280.15 K,

the two peaks were interpreted as a manifestation of a bimodal distribution of hydrogen-

bonding motifs with an estimated ratio of highly distorted configurations (assigned to the

1b′′1 peak) to tetrahedral-like configurations (assigned to the 1b′1 peak) of 2:1. However,

direct experimental observations of such molecular-level details are difficult to obtain, par-

ticularly as the temperature is decreased into the supercooled regime. Furthermore, both

the observations of a maximum in κT
16,17 and a minimum in ρ18 have been controversial, un-

derscoring the importance of realistic computer simulations that can be used independently

to corroborate or challenge the experimental measurements, while providing a direct link

between molecular-level structure and thermodynamic response functions. Such computa-

tional approaches could also help validate/confirm unifying thermodynamic explanations for

water’s anomalies, such as the possibility that water exhibits a second critical point in the

supercooled liquid.19–22

Developing a realistic molecular model of water has been a grand challenge for theoreti-

cal/computational chemists and physicists since the first Monte Carlo (MC)23 and molecular

dynamics (MD)24 simulations of liquid water. Despite remarkable progress in the implemen-

tation of efficient quantum mechanical approaches based on either wavefunction theory25

or density functional theory,26 and impressive advances in the development of more sophis-

ticated force fields,27 a molecular model capable of accurately predicting the properties of

liquid water from the boiling point down to the supercooled regime is still missing. The last

decade has witnessed the emergence of explicit many-body models which, rigorously derived

from the many-body expansion of the underlying interaction energies,28 have shown great

promise for predictive simulations of water across the entire phase diagram.27 Among the

existing many-body models, MB-pol29–32 correctly reproduces structural, thermodynamic,

dynamical, and spectroscopic properties of gas-phase water clusters,33–35 liquid water,36 the

vapor/liquid interface,37–39 and ice,40,41 which suggests that MB-pol could provide a reli-

able link between water’s anomalous thermodynamic response functions and molecular-level
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structure.

In this study, we perform classical MD simulations with the MB-pol model to monitor

the evolution of the thermodynamic response functions and local structure of liquid wa-

ter, from the boiling point down to deeply supercooled temperatures. Although several

MD simulations of supercooled water carried out with various water models have been re-

ported in the literature,42 none of these simulations have been able to accurately reproduce

the experimentally measured variation of κT and cP as the temperature decreases down to

∼228 K.43 Herein, we report the temperature dependence of κT , cP , and ρ obtained from

isothermal-isobaric simulations of MB-pol at ambient pressure, as well as the oxygen-oxygen

radial distribution function, tetrahedral order parameter, and hydrogen bonding topologies,

and compare our simulation results with the latest available experimental data for liquid

water across a wide temperature range. Although we performed MD simulations with both

N = 256 and N = 512 molecules, we focus the majority of our discussion on the results for

the smaller system since, as shown in Table S1, they were obtained from longer simulations

and more temperatures. In this regard it should be noted that the values of κT , cP , and ρ

calculated for temperatures above 245 K from shorter MD simulations with with N = 256

MB-pol water molecules were reported in Ref. 32.

Fig. 1a shows the variation of the isothermal compressibility at ambient pressure in the

temperature range between 198 K and 368 K. In a seminal study, Speedy and Angell4

extended the original measurements by Kell44 down to 247 K and observed a power-law

increase of κT as the temperature was decreased, which is the characteristic behavior of

thermodynamic properties in the vicinity of a critical point or a limit of stability. However,

using ultrafast x-ray spectroscopy, Kim et al.6 extended the accessible temperature range

down to 227 K and detected maxima for both isothermal compressibility and correlation

length at 229 K. In the present work, the values of κT calculated from MB-pol simulations

with 256 water molecules closely follow the experimental data over the entire temperature

range. Similar agreement is obtained from analogous simulations with 512 molecules. Impor-
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Figure 1: Thermodynamic response functions of liquid water. (a) Isothermal compressibility,
κT , from experiments in Refs. 4,6,44 (black symbols) and as predicted by MB-pol with N
= 256 molecules (blue circles) and N = 512 molecules (green squares). (b) Isobaric heat
capacity, cP , from experiments in Refs. 5,7,45 (black symbols) and as predicted by MB-pol
with N = 256 molecules (blue circles) and N = 512 molecules (green squares). (c) and (d)
include the same data as (a) and (b), respectively, but with axis scale adjusted to focus
on the κT and cP maxima. All solid lines are guides to the eye; solid blue and green lines
are polynomial fits to the simulation data, and the red line interpolating the experimental
data in (d) is taken from Ref. 7. Error bars in simulation results represent 95% confidence
intervals.

tantly, MB-pol with N = 256 predicts a maximum of 113 ± 21×10−6 bar−1 at 223 K (κT =

108 ± 1×10−6 bar−1 for N = 512), which is in remarkable agreement with the experimental

value of ∼105×10−6 bar−1 (Fig. 1c). Below 223 K, MB-pol predicts a steep decrease of κT ,

which reaches a value of ∼15.1 ± 0.4×10−6 bar−1 at 208 K. This behavior is consistent with

the concept of the Widom line, i.e., a line in the P-T diagram emanating from a critical point

at which a thermodynamic response function and associated fluctuations reach maximum
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values. It should be noted that the relatively larger error bars associated with the MB-pol

results at 218, 223, and 228 K are a direct consequence of the longer relaxation times near

the Widom line, as can be seen in the density vs. time results presented in Figs. S1 and

S2, and the density autocorrelation functions in Fig. S2d, which indicates relaxation times

on the order of several to tens of ns for temperatures below 230 K. We note that while the

relaxation time is near to the total simulation length for the lowest temperatures explored,

in Fig. S3 we show further evidence for liquid-like structural relaxation at all temperatures

studied via the mean-squared displacement and the self-intermediate scattering function of

the oxygen atoms. Interestingly, Figs. S2 and S3 may indicate slower liquid-like relaxation

at 208 K compared to 198 K, which may correlate with differences in the degree of tetrahe-

dral order between the two state points, as discussed below. However, it is not possible to

pinpoint the dynamics quantitatively in these simulations due to the action of the thermo-

stat and barostat. A detailed exploration of the dynamics of MB-pol at deeply supercooled

temperatures will be forthcoming; here we merely emphasize the liquid-like nature of the

simulations.

To place the MB-pol results in context, it should be noted that popular water models

that predict a maximum in κT in the range 225-240 K, such as TIP4P/2005 and iAMOEBA,

were shown to significantly underestimate (by nearly half) the experimental value, while

other models, such as mW and SPC/E, also underestimate the temperature of maximum κT

by ∼20 K.46 More recently, a neural network potential based on the SCAN density functional

was shown to predict a maximum of ∼50×10−6 bar−1 at 255 K.47 One may ask if nuclear

quantum effects are the source of part of the discrepancies observed in previous studies, as

classical MD simulations neglect the quantum nature of the hydrogen atoms.48 However,

recent path-integral molecular dynamics (PIMD) simulations, which explicitly account for

nuclear quantum effects, carried out with the q-TIP4P/F empirical water model show only

a moderate increase in the peak value of κT relative to the classical MD simulations and no

appreciable change in the temperature of maximum κT ,49 suggesting that MB-pol’s quan-
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titative accuracy in reproducing κT at ambient pressure should be robust to the choice of

treatment of nuclear quantum effects.

The temperature dependence of the heat capacity is shown in Fig. 1b. Also in this case,

the MB-pol simulations with N = 256 predict a maximum in cP at 218-223 K, which is

close to the temperature (229 K) determined experimentally.7 The MB-pol results with N =

512 are qualitatively similar to N = 256 over the explored temperature range, with a sharp

increase in cP as the temperature is decreased. However, due to our approach to calculating

the cP (fitting polynomials to obtain the slope of enthalpy vs. temperature, as described in

the supporting information), we can not calculate cP values for N = 512 at temperatures

below 223 K. Thus, we report a maximum in cP only for N = 256 due to the longer timescales,

better statistics, and wider temperature range accessible for the smaller system. Focusing

on the N = 256 results, while the qualitative observation of a cP maximum is preserved,

the agreement between measured and calculated cP values is not quantitative as it is for

the κT . In particular, the high-temperature values of cP are larger than the experimental

results, and the low-temperature peak in cP is broader than recent experiments (Fig. 1d). We

posit that these differences are due to the cP being particularly sensitive to nuclear quantum

effects relative to other thermodynamic quantities. PIMD simulations with the q-TIP4P/F

model have indeed found that the difference between classical and quantum values of cP

is approximately 50 J mol−1 K−1.49 Applying the same difference to the MB-pol results of

Fig. 1b would bring the MB-pol values of cP close to the experimental data above 250 K but,

at the same time, would also worsen the agreement with experiment at lower temperature.

However, we note that there is no reason to expect that a consistent shift in cP would be

observed across all temperatures,48 thus necessitating full PIMD simulations with MB-pol

at supercooled temperatures to definitively evaluate this discrepancy, which will be the focus

of a future study.

The temperature dependence of ρ calculated from MB-pol simulations is shown in Fig. 2

along with the available experimental data; these results show essentially no dependence on
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system size. In agreement with previous results, the temperature of maximum density for

MB-pol is 263 K, which is 14 K below the experimental value, with an average absolute

deviation of 0.013 g cm−3 from the experimental data over the temperature range between

247 K and 373 K.32 At lower temperatures, MB-pol predicts a steep decrease in ρ from

250 K down to 208 K, where ρ reaches a minimum of 0.91 g cm−3 before increasing again

at 198 K. The temperature of minimum density near 208 K is in very close agreement with

the ∼210 K density minimum observed for heavy water confined in nanopores,8 as shown

in Fig. S4. It should be noted that a ρ minimum was found in bulk NPT simulations with

several empirical water models, including TIP4P/2005,51 TIP5P-E,52 and others.53,54 Thus,

the fact that this phenomenon is also observed in the many-body MB-pol model serves as

additional corroboration that a minimum in ρ is possible in real bulk water.

The ability of MB-pol to reproduce, with quantitative accuracy, the experimentally ob-

served maxima in κT and cP upon supercooling, and its realistic (if not fully quantitatively

accurate) representation of the density anomaly, suggest that MB-pol indeed provides a re-

alistic representation of liquid water along the 1 atm isobar. Therefore, analysis of the NPT

trajectories obtained with the MB-pol model should provide an accurate window into the

evolution of the structure of liquid water from the boiling point down to deeply supercooled
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Figure 2: Mass density of liquid water. Density, ρ, from experiments in Refs. 45,50 (black
symbols) and as predicted by MB-pol with N = 256 (blue circles) and N = 512 (green
squares). Error bars in simulation results represent 95% confidence intervals.
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temperatures. In this context, the oxygen-oxygen (gOO) radial distribution function (RDF)

shown in Fig. 3a as a function of temperature displays the expected trend, with gOO be-

coming progressively more structured as the temperature decreases. Fig. S5 shows that

MB-pol is in quantitative agreement with the most recent experimental RDFs derived from

x-ray diffraction measurements.12,55 The evolution of gOO upon cooling is directly mirrored

by a progressive variation in the underlying 3-dimensional hydrogen-bond network, as char-

acterized by probability distributions of the tetrahedral order parameter, P (qtet), shown in

Fig. 3b. The definition of qtet, as well as movies showing the instantaneous value of qtet

associated with each water molecule along the MD trajectories at different temperatures,

are available in the Supporting Information. A value of 1 for qtet corresponds to perfectly

tetrahedral arrangements of the water molecules, while qtet = 0 corresponds to completely

disordered arrangements (as in an ideal gas). At the higher temperatures, P (qtet) extends

over the entire range of qtet, with a small peak at qtet ≈ 0.5. At intermediate temperatures

P (qtet) is bimodal, with the second peak at qtet ≈ 0.8 progressively growing in intensity

and shifting to higher qtet values as the temperature decreases. This trend is accompanied

by the progressive disappearance of the peak initially located at qtet ≈ 0.5. Fig. S6 shows

that molecules with high or low values of qtet are uniformly distributed throughout the fluid

at all temperatures. Although the temperature ranges were different, qualitatively similar

trends for both gOO
56 and P (qtet)

42 were observed in simulations with various empirical water

models.

To provide further insights into the evolution of the water structure upon cooling, the tem-

perature dependence of the hydrogen-bond network is analyzed in terms of each contributing

hydrogen-bonding topology. It should be noted that analyses using different structural de-

scriptors have recently been reported for MD simulations of supercooled water carried out

with models which, however, fail to correctly reproduce both the location and magnitude of

the experimental maxima of the thermodynamic response functions.57–59

In the present analysis, the hydrogen-bonding topologies are determined by using a geo-
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metric definition of hydrogen bonds, and each water molecule is classified according to the

number of donor (D) and acceptor (A) hydrogen bonds in which it participates. Fig. 3c

shows that the fully tetrahedral topology, where a water molecule simultaneously accepts

and donates two hydrogen bonds (2D2A), is the most common hydrogen-bonding arrange-

ment at all temperatures. The probability of finding 2D2A molecules is ∼30% at 368 K and

monotonically increases as the temperature decreases, displaying a steeper increase between

238 K and 220 K before saturating to >90% below 220 K. An analogous rapid increase of

tetrahedral structures at deeply supercooled temperatures was recently observed experimen-

tally,6 and the predominance of the 2D2A topology at low temperatures was also noted in

the TIP4P/Ice empirical water model.60 In the present MB-pol results, water molecules that

donate two hydrogen bonds but only accept one hydrogen bond constitute the second most

probable topology over the entire temperature range, representing ∼20-25% of all possible

hydrogen-bonding topologies between 368 K and 278 K before quickly disappearing at lower

temperatures. Similar temperature dependence is displayed by the 1D2A topology. The only

other contributing hydrogen-bonding topology is the 1D1A topology, where a water molecule

only donates and accepts a single hydrogen bond. The probability of the 1D1A topology

(a) (b) (c)

Figure 3: Local structure of liquid water. (a) Oxygen-oxygen radial distribution function,
gOO, (b) probability distribution of the tetrahedral order parameter, P (qtet), and (c) prob-
ability of hydrogen bonding topologies as a function of temperature. In (a) and (b), colors
denote different temperatures as marked, and in (c), colors and symbols denote different
hydrogen-bonding arrangements as marked. T = 198 K data in (a) and (b) are plotted in
dashed lines to emphasize the difference between the T = 208 K and T = 198 K results. All
data in this figure are with N = 256 molecules.
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decreases linearly with temperature, being ∼20% at 368 K and less than 5% below 270 K.

Importantly, the MB-pol simulations carried out at 298 K predict that the probability of

the 1D1A topology is ∼10%, which is in stark contrast with the estimate of 80%±20% de-

rived from the analysis of the experimental x-ray absorption spectra.14 Given the agreement

provided by MB-pol with experimental data for κT , cP , and ρ upon cooling (Figs. 1-2), as

well as for several other properties of water across broad regions of its phase diagram,32 the

proposal of liquid water being primarily composed of water molecules with one strong donor

and one strong acceptor14 appears to be unsupported by the present results. In turn, the

absence of a predominant fraction of 1D1A molecules at ambient temperature also challenges

the interpretation that the temperature dependence of the x-ray emission spectrum of liquid

water in the 1b1 region can be explained by a structural transformation of 1D1A molecules

into 2D2A molecules as the temperature decreases. By contrast, these MB-pol results provide

support to a recent theoretical analysis of the x-ray emission spectrum of liquid water show-

ing that the observed 1b1 splitting cannot be attributed to any specific hydrogen-bonding

topology.61

Importantly, we note that the structural results presented in Fig. 3 provide a possible

explanation for the anomalous slower structural relaxation we observed at 208 K compared

to 198 K (Figs. S2 and S3). Fig. 3b shows that the distribution of qtet values is narrower

for 208 K, with a higher peak value of P (qtet) compared to 198 K. In parallel, the 2D2A

hydrogen-bonding topology is more prevalent at 208 K compared to 198 K (Fig. 3c). These

trends indicate a more perfectly tetrahedral local structure at 208 K, which correlates with

the minimum in density and also likely explains the anomalous maximum in the timescale of

structural relaxation at that temperature. As mentioned above, our observation of anoma-

lous relaxation dynamics near the density minimum necessitates further study, due to the

influence of the thermostat and barostat on the simulations performed in this present work.

In summary, we used MD simulations with the many-body MB-pol model to monitor

the evolution of several thermodynamic response functions of liquid water, from the boil-
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ing point down to deeply supercooled temperatures. The agreement provided by MB-pol

with key aspects of experimental data for the isothermal compressibility, heat capacity, and

liquid density over the entire temperature range lends credence to the underlying molecular-

level picture of liquid water, which progressively and continuously transforms from a system

containing several hydrogen-bonding topologies at high temperature to a nearly perfect tetra-

hedral liquid below 230 K. MB-pol also predicts maxima in the isothermal compressibility

and heat capacity near 223 K, which provides support to recent experimental measurements

that located the maxima in both thermodynamic response functions at ∼229 K. Our results

also help corroborate the experimental observation of a density minimum in confined water,

and suggest that such a phenomenon may also exist in bulk supercooled liquid water.

While the present results are limited to common structural and thermodynamic properties

at ambient pressure, future work could include evaluating whether MB-pol is consistent with

recent experimental and simulation work that interpret ambient-pressure liquid water as

containing two types of interconvertible local structural motifs.62,63 Further, MB-pol could

be used to explore water’s metastable phase behavior in detail, including evaluating the

possibility of a liquid-liquid critical point at elevated pressures. However, we note that

given MB-pol’s higher computational cost relative to empirical pairwise additive models,32

such an effort would likely necessitate combining ongoing work to implement MB-pol in

highly-parallelizable and optimized simulation software39 with the use of enhanced sampling

methods47 to properly account for sluggish structural relaxation in the deeply supercooled

liquid. Such optimized codes and advanced approaches may in the future enable the study

of larger system sizes and/or full PIMD simulations to help definitively link water’s phase

behavior and thermodynamic properties with its local structure(s). The present calculations

show that the MB-pol model is able to capture significant aspects of liquid water’s behavior

over a range of temperatures from the boiling point to deeply supercooled conditions at

atmospheric pressure. In particular, the model reproduces, with quantitative accuracy, the

experimentally observed maxima in compressibility and heat capacity upon supercooling.
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While the model’s behavior at different pressures remains to be explored, the results reported

herein suggest that MB-pol may open the door to quantitatively reliable studies of water’s

thermophysical properties and their underlying molecular basis.

Supporting Information Available

Details about the MD simulations. Additional table with details about the length of the MD

simulations carried out at different temperatures. Additional figures showing the density

fluctuations and the density time correlation functions at different temperatures, dynamics

of structural relaxation at low temperatures, a comparison with the experimental density

of heavy water in confinement, the experimental and simulated oxygen-oxygen radial distri-

bution functions at different temperatures, and the spatial distributions of the tetrahedral

order parameter at different temperatures. All data generated and analyzed in this study

which are not reported in the Supporting Information are available from the authors upon

request.
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Morales, M. A.; Knight, C.; Götz, A. W.; Paesani, F. On the Accuracy of the MB-pol

Many-Body Potential for Water: Interaction Energies, Vibrational Frequencies, and

Classical Thermodynamic and Dynamical Properties from Clusters to Liquid Water

and Ice. J. Chem. Phys. 2016, 145, 194504.

18
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