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Abstract

The swelling of polyelectrolyte hydrogels has been often explained using simple mod-

els derived from the Flory-Rehner model. While these models qualitatively predict the

experimentally observed trends, they also introduce strong approximations and neglect

some important contributions. Consequently, they sometimes incorrectly ascribe the

observed trends to contributions which are of minor importance under the given con-

ditions. In this work, we investigate the swelling properties of weak (pH-responsive)

polyelectrolyte gels at various pH and salt concentrations, using a hierarchy of mod-

els, gradually introducing various approximations. For the first time, we introduce a

three-dimensional particle-based model which accounts for the topology of the hydrogel

network, for electrostatic interactions between gel segments and small ions and for acid-

base equilibrium coupled to the Donnan partitioning of small ions. This model is the
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most accurate one, therefore, we use it as a reference when assessing the effect of various

approximations. As the first approximation, we introduce the affine deformation, which

allows us to replace the network of many chains by a single chain, while retaining the

particle-based representation. In the next step, we use the mean-field approximation

to replace particles by density fields, combining the Poisson-Boltzmann equation with

elastic stretching of the chain. Finally, we introduce an ideal gel model by neglecting

the electrostatics while retaining all other features of the previous model. Comparing

predictions from all four models allows us to understand which contributions dominate

at high or low pH or salt concentrations. We observe that the field-based models over-

estimate the ionization degree of the gel because they underestimate the electrostatic

interactions. Nevertheless, a cancellation of effects on the electrostatic interactions and

Donnan partitioning causes that both particle-based and field-based models consistently

predict the swelling of the gels as a function of pH and salt concentration. Thus, we

can conclude that any of the employed models can rationalize the known experimental

trends in gel swelling, however, only the particle-based models fully account for the

true effects causing these trends. The full understanding of differences between various

models is important when interpreting experimental results in the framework of existing

theories and for ascribing the observed trends to particular contributions, such as the

Donnan partitioning of ions, osmotic pressure or electrostatic interactions.

1 Introduction

Polyelectrolyte hydrogels are polymer networks composed of covalently or reversibly

cross-linked polyelectrolytes. Their characteristic feature is the ability to swell and ab-

sorb huge amounts of water, many times exceeding the mass of the dry gel. This swelling

is caused by a combined effect of the electrostatic repulsion of charged monomers and

the osmotic pressure of their counterions. Weak polyelectrolyte hydrogels contain weakly

acidic or weakly basic groups that can change their ionization degree upon a change

in the solution pH, which in turn affects their swelling properties. In addition to that,
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the degree of ionization of the weak polyelectrolyte hydrogel determines the Donnan

potential that in turn determines the partitioning of small ions between the hydrogel

and the supernatant solutions, resulting in a complicated feedback loop. A theoretical

understanding of these complex effects is important for applications of polyelectrolyte

hydrogels in hygiene products1, sequestration of ions2,3 or water desalination4–8 at a

specific pH and salt concentration of the supernatant solution. It is also important for

the design of pH-responsive hydrogels for controlled encapsulation and release of drugs,

in which a change in the pH is used to control the swelling of the gel.9–13

Models predicting the swelling of weak polyelectrolyte hydrogels as a function of pH

range from very simple ones, used in phenomenological theories, up to detailed molec-

ular models used in simulations. The simple thermodynamic models usually employ

rather crude approximations, based on the previous success of related models, on the

authors’ intuition, or sometimes based on computational convenience. We discuss some

of these approximations in the paragraphs below. The main purpose of introducing

more sophisticated models was to avoid some of these approximations, that usually

came at the expense of increased computational cost. Therefore, the existing models

dramatically differ not only in the employed approximations but also in computational

requirements: the phenomenological equations can be solved analytically or numerically

within seconds or minutes of computer time, whereas the simulation models typically

require days or weeks of computer time to obtain the desired solution. Qualitatively,

all the available models predict the key trends known from experiments on the swelling

of polyelectrolyte hydrogels14–16 and brushes:17,18 (1) The gel swelling first increases as

the pH is increased, but decreases again at very high values of pH; (2) The ionization

of the gel, and concomitantly the gel swelling, is shifted towards pH values higher than

the pK-value of the ionizable groups (assuming that the gel is a weak polyacid); (3)

The gel swelling is non-monotonic as the salt concentration is increased, first increasing

at low salt, then decreasing at high salt. Therefore, a natural question arises: What

is the added value of complex simulation models, if they predict the same trends as

the simple ones? The problem is that the success of various types of models has been
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assessed based on qualitative agreement with experimentally observed trends, typically

using different experimental data sets for different models. Because the experimental

hydrogel samples are inherently imperfect, it is difficult to make a quantitative com-

parison of any model with experiments. Furthermore, a comparison with experiments

makes it difficult to discern if the theoretical model ascribes the correct origin to a

particular trend, or if the agreement in the predicted trends originates just by coin-

cidence from a cancellation of errors, as has been witnessed many times in polymer

science. In the current work, we avoid the uncertainty of comparing simulations with

specific experiments by comparing the predictions of a set of models representing the

same system at different levels of approximation. This approach allows us to critically

evaluate the effect of each approximation on the predicted results, and to understand

under which conditions this approximation is justified.

The simplest, and historically the oldest models of hydrogel swelling are based on

expressions that approximate various contributions to the semi-grand potential Ω. They

consider a two-phase system that consists of a gel phase coupled to an infinite reservoir

of salt solution. Both these phases are assumed to be homogeneous but they have a

different composition. The starting point of these models is the Flory-Rehner hypothe-

sis,19 stating that the semi-grand potential can be expressed as a sum of contributions

originating from the chain stretching, the osmotic pressure of small ions, electrostatic

interactions, and short-range interactions. In the case of weak polyelectrolyte gels, there

is an additional contribution due to the acid-base equilibrium. The minimum of the

semi-grand potential as a function of chain extension Re then determines the swelling

equilibrium. The relation between chain extension and gel volume is approximately

described by an affine deformation of the network20, such that

Vchain = R3
e/A (1)

where Vchain is the volume per chain and A is a geometrical prefactor that reflects

the gel topology. Equivalently, the contributions to the semi-grand potential can be
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considered as contributions to the pressure acting on the gel, being the derivative of

free energy with respect to the volume, P = −∂Ω/∂Vchain. The equilibrium is then

attained at Pext = P gel−P res = 0, where Pext is the resultant external pressure applied

on the gel, P gel is the pressure inside the gel, and P res is the pressure of the reservoir.

It is important to point out that analogous models have been applied to the swelling

of polyelectrolyte brushes, with the main difference being the geometry: the gels are

assumed to swell uniformly in all three dimensions whereas the brushes swell just in one

dimension.21 In addition, interfacial effects in bulk gels can be neglected whereas the

thickness of some brushes is not sufficient to neglect them. Similarly, interfacial effects

need to be considered when modeling microgels. Therefore, brushes and microgels

cannot be modeled as two-phase systems. Instead, their interface to the solution needs

to be modeled explicitly.22,23 Otherwise, the analogy between gels and brushes is very

strong, so that all effects observed in gels can also be observed in brushes and vice

versa.

In the ideal gas approximation, only the chain stretching and osmotic pressure

of small ions are considered, whereas the contributions from electrostatic and short-

range interactions are neglected. The stretching has been traditionally expressed by

the harmonic approximation for a Gaussian chain. However, we have shown recently

that this approximation is insufficient and should be replaced by a finite-extensible

approximation, such as the Langevin function (see Eq. 23).20,24,25 The osmotic pressure

is given by the ideal-gas pressure of mobile ions in the gel and in the reservoir

Posm = kBT
∑
i

(cgel
i − c

res
i ). (2)

The concentration of mobile ions in the gel, and thereby also the osmotic pressure, is

coupled to the concentration of charged groups in the gel by the Donnan equation that

can be written as26

cgel
i

cres
i

=
zicA−

2Ires
+

√( cA−

2Ires

)2
+ 1, (3)

where ci is the concentration of ions of type i with a valency qi, and Ires is the ionic
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strength in the reservoir, Ires = 1
2

∑
i z

2
i c

res
i . For simplicity, in the following description

we assume that the gel is a weak polyacid, with cA− being the concentration of ionized

acidic groups in the gel, that is coupled to pH in the gel by the Henderson-Hasselbalch

equation,27

pHgel − pK = log10

(
α

1− α

)
(4)

where pK is the acidity constant of the monomer and α is the ionization degree of the

monomeric units of the gel. The acid-base equilibrium is also coupled to the Donnan

partitioning of H+ ions, resulting in different pH values inside and outside the gel

pHres − pHgel = log10(agel

H+/a
res
H+)

ideal
= log10(cgel

H+/c
res
H+). (5)

where aH+ is the activity of H+. The second equality in Eq. 5 is exact only for ideal

systems. It is a good approximation, however, also for real systems because the devi-

ations from the ideal behaviour in the gel and in the reservoir approximately cancel.

Ultimately, the Donnan partitioning, gel swelling, and acid-base equilibrium are all

mutually coupled, resulting in a system of non-linear equations that need to be solved

iteratively even in the ideal case, i.e., when all interactions are neglected. The ideal

models described above can be extended to include short-range interactions approxi-

mated by the second and third virial coefficients,28 or electrostatic interactions between

the chain monomers using the Debye-Hückel theory,29 while retaining the assumption

of the gel phase being homogeneous.

Field-based models have been devised in order to account for the interactions and

simultaneously avoid the assumption of a homogeneous gel phase. In the field-based

models, inhomogeneous distributions of small ions and chain monomers are represented

by spatially varying density fields, sometimes called density profiles. The semi-grand

potential is then expressed as a functional of these fields. Then, the density profiles that

minimize the semi-grand potential are found in a self-consistent iterative procedure. In

this type of models, the electrostatic interactions are typically treated on the mean-field

level, by using the Poisson-Boltzmann (PB) equation (see Eq. 18), coupled to the local
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acid-base equilibrium (see Eq. 20).21,30–32 Furthermore, the mean-field models typically

employ another simplification that allows to reduce the three-dimensional problem to a

one-dimensional one. To achieve this, they rely on the assumption of affine deformation,

relating the end-to-end distance of the gel strands to the volume per chain in the gel.

In some models of this class, the chains are represented as infinite rods, resulting in

a cylindrically symmetric set-up. The density fields are then obtained by solving the

PB equation in cylindrical symmetry, coupled to the chain stretching and acid-base

equilibrium.24 Others use the analogy with star polyelectrolytes, representing the gel as

a network of stars, which results in a spherically symmetric problem and simultaneously

allows to account for conformational flexibility of the polymer chains.32 Analogous

models have also been previously used for the modelling of pH-controlled ionization

of star-like polyelectrolytes,33 spherical and planar polyelectrolyte brushes.30,31,34–36

While the assumption of affine deformation is well justified for polyelectrolyte brushes,

its use for three-dimensional polyelectrolyte networks is more questionable.20

Particle-based simulation models can alleviate the main approximations used in the

field-based models by explicitly accounting for pairwise interactions between particles

and by sampling the configuration space using molecular simulations. For this pur-

pose, coarse-grained (CG) models are most suitable, in which the particles represent

one monomeric unit of the polymer or one ion in the solution, whereas the solvent is

treated as a dielectric continuum. In principle, models with all-atom resolution could

be used too, however, in practice they are computationally too demanding to probe

the length- and time-scales relevant for polymer networks. The CG models can be

constructed to represent a three-dimensional polymer network, thus alleviating the ap-

proximation of affine deformation,20,37–43 or as single-chain models that rely on this

approximation.25 Furthermore, the CG models account for correlations between in-

dividual particles, going beyond the mean-field approximation. This is particularly

important for electrostatic interactions that affect the pH-dependent ionization of weak

polyelectrolyte gels. It has been shown for star-like polyelectrolytes that the mean-

field approximation tends to underestimate the effect of interactions along the chain,
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especially with the nearest monomers,33 and a similar effect can be expected for weak

polyelectrolyte hydrogels. CG models have not been previously employed for modelling

of weak polyelectrolyte hydrogels, with the exception of a hybrid model that combined

particle-based simulations with mean-field calculations of the ionization degree.44–47

The CG models of our current study have been used before to model strong polyelec-

trolyte hydrogels with fixed ionization.20,24,25 To study weak polyelectrolyte hydrogels,

we now combine these models with the grand-reaction Monte Carlo (G-RxMC) method,

which we introduced a year ago,27 Thus, our current study for the first time combines

a particle-based model of a weak polyelectrolyte hydrogel with an explicit model of

acid-base reactions coupled to a reservoir of ionic solution. This set-up enables the

comparison of predictions of swelling and ionization properties of weak polyelectrolyte

hydrogels on different levels of approximation, starting from the ideal gas, through the

mean-field, up to an explicit-particle representation. In this work we only focus on the

comparison of predictions from different models. In a subsequent publication, we plan

to compare simulations with the experimental results presented in Ref.16.

Our article is structured as follows: we first introduce a hierarchy of particle-based

and field-based models for polyelectrolyte hydrogels, which can be seen as a set of

successive approximations. At the most detailed level, we introduce a coarse-grained

particle-based, three-dimensional periodic gel model (gel MD), solved by molecular

dynamics simulations in combination with the G-RxMC method. This model serves as

a reference to which the simplified models are compared. As the first approximation,

we introduce a cell gel model (CGM) which uses a particle-based description of a single

polymer chain under tension in a square cuboid periodic box (chain MD). For the next

level we replace the particle-based representation by a field-based one, representing

the polymer chain as a charged cylinder under an elastic tension and accounting for

electrostatic interactions by means of the Poisson-Boltzmann equation solved within a

cylindrical cell, coupled to Donnan partitioning and acid-base equilibrium (PB CGM).

Finally, we construct an ideal model as a modification of the PB CGM by disregarding

the electrostatic interactions, while still retaining the coupling to Donnan and acid-
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base equilibrium (ideal CGM). By comparing the predictions obtained using this set

of models, we are able to assess the impact of individual approximations on the final

result.

2 Models of weak polyelectrolyte hydrogels

The real system that we would like to model consists of a weak polyelectrolyte hy-

drogel, i.e. a network of polyelectrolyte chains with pH-dependent ionization states,

coupled to a buffer solution (reservoir) at a given pH and ionic strength. The gel

structure is characterized by the chain length, N = 40, i.e. the number of monomeric

units (segments) connecting two nodes of the network. The value of N was chosen

as a typical value found for weak polyelectrolyte gels studied in various experimental

works.4,14,16,29,48 When specifically considering poly(acrylic acid) crosslinked by NN ′-

methylenebis(acrylamide), our chain length corresponds to 1.25 mol% of crosslinker,

similar to the value used by Philippova et al.14 Acid-base properties of the monomeric

units of the network are characterized by the acidity constant pK = 4.0, assuming that

all of them are ionizable. The value of pK was chosen to be close to that of poly(acrylic

acid), which is the most commonly used weak polyelectrolyte. The reservoir is char-

acterized by its pH value and salt concentration. For simplicity, we assume that the

reservoir contains only Na+, Cl– , H+ and OH– ions, which corresponds to a solution

prepared by dissolving NaCl at a given concentration and subsequently adjusting the

pH to the desired value by adding extra HCl or NaOH. We assume that the permittivity

of the solvent corresponds to water at ambient temperature (εr ≈ 78 at 25 ◦C). The

permittivity and temperature fix the Bjerrum length to λB = e2/4πεkBT ≈ 0.71 nm,

which defines the length scale on which the interaction energy between two elementary

charges is equal to the thermal energy, kBT . Furthermore, we assume that the reservoir

is large enough such that its properties are not affected by the presence of the gel.

To represent the system described above, we designed two coarse-grained particle-

based models, and two field-based models. The particle-based models are derived from
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the well-established Kremer-Grest polymer model,49 whereas the field-based models are

derived from the well-established Poisson-Boltzmann model of a rod-like polyelectrolyte

chain50, augmented by a tension term to account for the gel swelling.24 In the particle-

based models, the monomeric units and small ions are represented as spherical particles.

Their conformations in the configuration spaces are statistically sampled using molec-

ular simulations and ensemble averages of the relevant observables are computed from

these samples. The particle-based models explicitly account for correlations between

various particles and for fluctuations in the observables. In the field-based models, we

use a set of partial differential equations that relate the semi-grand potential of the sys-

tem to the spatially varying density fields. The density fields determine the probability

of finding a particle of a given type (monomeric unit of the polymer or a small ion) in

a given region of space. The field-based models are solved using an iterative procedure,

devised to obtain the density fields that correspond to the minimum of the semi-grand

potential. Our field-based models thus account for interactions between the particles on

the level of mean-field approximation and they do not account for fluctuations of the rel-

evant observables. They account for correlations between various particles to a limited

extent, within the mean-field approximation. As a limiting case of the PB field-based

model, we introduce the ideal model that completely neglects the electrostatic inter-

actions, however, it accounts for the Donnan partitioning, electroneutrality constraint

and acid-base equilibrium. For brevity, we provide below just a simplified description

of our models, focusing mainly on differences between them. The full technical details,

including the values of all parameters, are provided in Ref.51

2.1 Particle-based models (MD)

In our particle-based models, each particle (monomeric unit or small ion) has the same

effective size σ = λB/2 = 0.355 nm that approximately corresponds to the size of

monomeric unit of PAA, or to the effective size of solvated ions. We use the WCA

potential52 to account for steric repulsion, the FENE potential53 to account for polymer

connectivity and the Coulomb potential to account for electrostatic interactions. We

10



use Langevin dynamics to simulate the evolution of the system in configuration space.

To account for the acid-base equilibrium and coupling to the reservoir, we use the

grand-reaction Monte Carlo method, introduced in Ref.27. We represent the acid-base

ionization reaction as

HA −−⇀↽−− A− + H+ (6)

where A denotes a generic weak acid group, HA denotes its non-ionized form and A–

denotes its ionized form. The ionization reaction is modeled using the reaction ensemble

formalism, a Monte-Carlo procedure, in which the identity of HA is changed to A– and

an H+ is inserted into the system, based on the acceptance probabilities described in

Refs.27,54. The system is coupled to a reservoir by inserting and deleting ion pairs,

formally represented as chemical reactions

∅ −−⇀↽−− H+ + OH− (7)

∅ −−⇀↽−− Na+ + Cl− (8)

∅ −−⇀↽−− Na+ + OH− (9)

∅ −−⇀↽−− H+ + Cl−. (10)

where ∅ denotes an empty set. The equilibrium constants of these reactions are de-

termined by the reservoir pH and salt concentration, as detailed in Refs.27,51. All

particle-based simulations are performed using the simulation software ESPResSo.55

2.1.1 Periodic network gel model (gel MD)

Our three-dimensional (3D) periodic gel model is, up to parameter variations, the same

model as described in earlier publications.20,41,43 It consists of a perfect tetra-functional

polymer network with diamond-like topology, as shown in Fig.1a. One unit cell in the

cubic simulation box of length L contains n = 16 chains (gel strands) connected by eight

nodes. To mimic the conditions of a macroscopic system, we use periodic boundary
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a) Periodic gel model (gel MD) b) Single-chain CGM (chain MD)

neutral acid ionized acid small cation small anion periodic image

Figure 1: Schematic representation of the particle-based gel models used in the current study.
The particle sizes are not shown to scale. The black box bounds the unit cell. Panel (a)
shows the three-dimensional network gel model, i.e. a network of cross-linked polymer chains
in a periodic cubic simulation box (gel MD); panel (b) shows the single-chain cell gel model
(CGM) in a periodic square cuboid simulation box (chain MD)

conditions (PBC).

The volume of the periodic gel is controlled by setting the box length, resulting in

Vchain = L3/n (11)

If the periodic gel is swollen so that the chains are fully stretched, then the volume per

chain is given by Eq. 1 with the geometrical factor A =
√

27/4 that follows from the

diamond topology.20,43 If the periodic gel is not fully stretched, then Eq.1 is not exactly

satisfied because positions of the network nodes can fluctuate.20
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2.1.2 Single-chain cell gel model (chain MD)

The single-chain cell gel model (chain MD) uses a particle-based representation of a

single chain, which is the first simplification of the periodic network gel model intro-

duced in the previous section. By simulating just a single gel strand under tension,

as shown in Fig.1b, we neglect the three-dimensional topology and many-body nature

of the network but otherwise retain the full treatment of interactions and correlations

between various types of particles within one chain. The single-chain CGM can thus

be viewed as a mean-field attempt to factorize the many-body partition function of

the macrogel into a product state of suitable identical subunits56. This simplification

reduces the size of the simulated system by a factor of n = 16, thereby significantly

reducing the computational cost.

To determine Vchain in the single-chain CGM, we assume that the gel deforms in

an affine manner, so that Eq. 1 is valid at any swelling of the gel. We place the single

chain in a square cuboid box of the same volume as given by Eq. 1, applying periodic

boundary conditions in all directions, as shown in Fig.1b. We fix the end-to-end distance

of the chain by connecting its first and last monomers by a bond through the periodic

boundary conditions, and by fixing the x- and y-coordinates of these two particles.

Then, by choosing the box length in the z-direction Lz, we set the end-to-end distance

of the chain as

Lz = Re + b (12)

with the mean bond length b ≈ 0.966σ. A posteriori, our results show that the mean

bond length does not change significantly even at high stretching. Notably, this is

true only if a sufficiently stiff FENE potential is used. If a harmonic potential is used

to represent the bonds, then the mean bond length is significantly altered if the gel

is highly stretched (swollen). The box length in the x and y directions, Lx,y, follows

from the requirement that the total volume of the box is equal to the volume per chain
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calculated from Eq. 1

Vchain = L3
z/A = Lz · L2

x,y (13)

so that

Lx,y = Lz/
√
A. (14)

It follows from Eq. 14 that the affine transformation results in a constant aspect ratio

of the square cuboid box, α = Lx,y/Lz = 1/
√
A, independent of chain stretching.

The use of a square cuboid box and periodic boundary conditions in the x- and

y-direction allows the single chain to significantly overlap and interact with its peri-

odic images at small end-to-end distances, thus mimicking the conditions in the three-

dimensional periodic gel, where each strand interacts with other strands. This approach

is different from our previous particle-based single-chain CGM24,25 where the chain was

placed inside a cylindrical cell with hard wall interactions in radial direction and peri-

odicity in z-direction. We observed that interaction between the chain and the cylinder

wall could lead to unphysical artefacts. At low chain extensions those were removed

by using a square cuboid box with PBC. In addition, the square cuboid box allows

us to directly employ the volume averaged isotropic virial pressure, avoiding the more

complicated calculation of pressure in the cylinder that had to be performed in the

previous studies.24,25

2.2 Field-based models

The following two models are field-based, considering spatially varying density profiles

(fields) of each type of particles, instead of explicitly considering particle positions and

pairwise interactions. These field-based models also consider only a single chain (gel

strand) within a cylindrical cell under tension, and they assume an affine deformation

of the network, which allowed us to relate the dimensions of the simulation box to the
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volume per chain in the gel. Unlike the particle-based models, the field-based models

are not solved by ensemble-averaging over simulation trajectories. Instead, they employ

a set of partial differential equations that are solved iteratively, yielding the density pro-

files that correspond to minimum of the semi-grand potential. Therefore, these models

neglect instantaneous fluctuations in particle densities, and they neglect also semi-grand

potential contributions that originate from these fluctuations. Our two field-based mod-

els differ in how they treat electrostatic interactions. The PB cell gel model explicitly

accounts for electrostatic interactions on the mean-field level by solving the PB equa-

tion. In addition to that, it also accounts for electroneutrality in the system and Donnan

partitioning of small ions between the system and the reservoir. The acid-base equi-

librium is taken into account by applying the Henderson-Hasselbalch equation to the

local densities of the relevant particles. The other CGM neglects electrostatic interac-

tions, considering only the Donnan partitioning and Henderson-Hasselbalch equation.

Therefore, we refer to it as the ideal CGM.

2.2.1 Poisson-Boltzmann cell gel model (PB CGM)

Re

Felastic

Rin

Rout

yx

z

Figure 2: Schematic representation of the Poisson-Boltzmann CGM. Charges on the polymer
are distributed homogeneously in the inner cylinder of radius Rin. The outer cylinder of
radius Rout determines the volume per chain inside the hydrogel network. Periodic boundary
conditions are applied in the z-direction.
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This Poisson-Boltzmann CGM, introduced in previous works,24,25 uses a continuum

based description based on the charge densities of the polymer and the small ions. It

can be viewed as a second mean-field step from the particle-based single-chain CGM.

The model considers a charged rod mimicking the polyelectrolyte chain which is con-

fined to a cylindrical cell of length Lz and radius Rout with PBC in the z-direction,

that is set under tension, as shown in Fig. 2. Only inhomogeneities in the direction

perpendicular to the axis of the cylinder are considered explicitly, so that the three-

dimensional problem reduces to a one-dimensional problem that depends only on the

distance from the cylinder axis, ρ. As in the case of the particle-based single-chain

CGM, we assume an affine transformation of the network and set the cylinder height

to the value of Lz = Re + b that leads to the cylinder volume

Vcyl = πR2
outLz = L3

z/A = Vchain (15)

The radius of the cylinder is then given by

Rout = Lz/
√
πA. (16)

For simplicity, we assume that chain monomers are homogeneously distributed inside

an inner cylinder of radius Rin, so that the concentration of monomers at a distance

ρ =
√
x2 + y2 from the cylinder axis is

c(ρ) = θ (Rin − ρ)
N

πR2
inLz

(17)

where θ is the Heaviside step function. We fix the inner cylinder radius Rin by matching

the radii of gyration in the x-y-plane of the cylindrical distribution and of a stretched

chain in the direction perpendicular to the stretching force (see Ref.51 for details).

To obtain the density profiles of small ions, we use the Poisson-Boltzmann equation

with spatially varying electrostatic potential ψ. In the examined cylindrical geometry,
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the symmetries lead to a one-dimensional problem in the variable ρ ∈ [0, Rout]:

(
∂2
ρ +

1

ρ
∂ρ

)
ψ(ρ) = − 1

εrε0
(q+c+(ρ) + q−c−(ρ) + qA−cA−(ρ)) . (18)

Here, cA−(ρ) = αc(ρ) is the concentration of ionized monomers of the gel at the ioniza-

tion degree α, that is constant inside the cylinder. The symbols c+ and c− refer to the

concentrations of mobile cations and anions, which follow the Boltzmann distribution

with respect to the electrostatic potential

ci(ρ) = cres
i exp (−qiψ(ρ)/kBT ) , (19)

where cres
i is the concentration of ion i in the reservoir. Because the whole cylinder has to

be charge neutral, we impose the Neumann boundary condition Eρ(0) = Eρ(Rout) = 0,

where Eρ ≡ −∂ρψ. This boundary condition follows from Gauss’s law and the imposed

symmetries.

To determine cA−(ρ), we use the charge regulation approach.57,58 On the Poisson-

Boltzmann level, the acid-base equilibrium can be expressed in terms of the local con-

centrations, which already reflect the excess contribution due to interactions of the

mobile charged species with the electric field:

KA =
cH+(ρ)cA−(ρ)

cHA(ρ)c	
. (20)

Here, c	 = 1M is the reference concentration. The total concentration of chain

monomers inside the inner cylinder is given by Eq. 17, independent of the ionization

degree. This allows us to eliminate cHA(ρ) from Eq. 20 and solve for cA−(ρ):

cA−(ρ) =
c(ρ)Kc	

cH+(ρ) +Kc	
. (21)

Equations 18, 19 and 21 represent a set of coupled non-linear partial differential

equations that are solved iteratively to obtain a self-consistent solution for ψ(ρ), cA−(ρ)
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and ci(ρ). For this purpose, we use the FEM-solver implemented in version 5.6 of the

software package COMSOL Multiphysics®.

To predict the swelling of polyelectrolyte gels under given conditions, it is necessary

to compute the pressure acting on the gel in order to obtain a given volume per chain.

The pressure inside the cylinder is given by a contribution of the cylinder top Pcap and

a contribution of the cylinder walls Pside:24,25,59

P gel =
1

3
Pcap +

2

3
Pside. (22)

The terms which contribute to the pressure consist of the kinetic pressure (ideal gas

term), the Maxwell pressure due to the electric field which is readily obtained via the

trace of the Maxwell stress tensor60 and terms accounting for deformation of the gel,

yielding

Pcap = kBT
∑
i

〈ci〉z︸ ︷︷ ︸
kinetic

+
ε0εr

2
〈E2

ρ〉z︸ ︷︷ ︸
Maxwell

− kBT

πR2
outb
L−1

(
Re

Rmax

)
︸ ︷︷ ︸

stretching

+
kBT

πR2
outb
·

√
〈R2

e,free〉
3

R3
e

L−1


√
〈R2

e,free〉

Rmax


︸ ︷︷ ︸

confinement

(23)

Pside = kBT
∑
i

ci (Rout) (24)

where 〈...〉z is the average over the cylinder cap and L−1 is the inverse Langevin function.

Note that the Maxwell pressure does not contribute to the pressure on the cylinder wall

due to the imposed Neumann boundary condition. The Langevin function rather than

the commonly employed Gaussian stretching approximation is used because of the high

extension that the chains can reach at high ionization degrees.20 A detailed discussion

of the different contributions can be found in the Ref.51 The pressure in the reservoir
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is calculated from the concentrations in the reservoir using the ideal gas law

P res = kBT
∑
i

cres
i . (25)

2.2.2 Ideal cell gel model (ideal CGM)

The ideal CGM is implemented using the same approach as the PB CGM, in the

limit of vanishing electrostatic interactions εr → ∞. For numerical stability we set

εr = 104, effectively suppressing all electrostatic interactions, yielding the ideal-gas

limit and homogeneous density profiles inside the cylinder. Thus, our ideal CGM takes

into account the chain stretching, entropy of confinement, the Donnan partitioning of

ions, and acid-base equilibrium via the Henderson-Hasselbalch equation. Admittedly,

one could construct an even simpler ideal gel model. However, for the purpose of

comparison it is advantageous that our ideal CGM employs identical approximations

to the stretching pressure and affine deformation as the PB CGM.

3 Results

3.1 Determination of the swelling equilibrium

To determine the volume of the gel at free swelling equilibrium, we employ a pressure-

concentration protocol, similar to the one used in previous works.20,24,25,32,43,61,62 We

perform a set of simulations at various volumes of the gel, defined by the simulation box

length (L in the gel MD, Lz in the other models), in order to obtain the pressure-volume

curves. We locate the swelling equilibrium by fitting the curve with an empirical smooth

function f(x) = a+ b/ tan (x− c) where a, b and c are fit parameters. The intersection

of the fit function with P gel(L) − P res = 0 yields the volume per chain at the free

swelling equilibrium, Veq. To obtain the ionization degree and other observables at free

swelling equilibrium, we use the simulation with the box size closest to the determined

value of Veq. Fig. 3 (left panel) shows that, as the pH in the reservoir is increased,
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Figure 3: Pressure P gel−P res as a function of simulation box length L for various models at
selected conditions, as indicated in the figure. Left panel: simulation model of the periodic
network gel model at one selected salt concentration and several pH values. Right panel:
all models considered in this work at one selected value of pH and salt concentration. The
dashed curves represent the fits which were used to determine the free swelling equilibrium.
Vertical dashed lines represent the box length which corresponds to free swelling equilibrium.
A full set of these curves for all simulated systems is provided in Ref.51

the intersection with P = 0 shifts to higher volumes, indicating an increased swelling

of the gel as its ionization increases. Fig. 3 (right panel) shows that different models

yield slightly different shapes of P (L) curves, however, they follow the same general

trend as a function of pH and added salt (see Ref.51 for other values of pH and csalt).

In the following, we show how the ionization of the gel at free swelling equilibrium is

related to the pH value in the reservoir, and how these two quantities determine the

pH-dependent swelling of the gel.

3.2 pH-dependent ionization

Fig. 4(a,b) shows that the degree of ionization of the gel is shifted to higher pH val-

ues, as compared to the Henderson-Hasselbalch equation (HH, ideal titration curve).

Equivalently, it can be viewed as if the ionization of the gel is suppressed when com-

pared to the ideal ionization at a given pH. The shift of the curves decreases as the salt

concentration in the reservoir increases (see also Ref.51 for other salt concentrations).
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Figure 4: Degree of ionization as a function of pH in the reservoir (top row) and pH in the
gel (bottom row) at low salt conditions (csalt = 0.01M, left column) and high salt conditions
(csalt = 0.1M, right column).
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Although these two general trends are well known from various experiments,14,15 the

variation of the ionization degree as a function of pH is not easy to measure directly.

Therefore, it has been often inferred indirectly, typically from the variation of the gel

swelling as a function of pH or from estimated values of the Donnan potential. These

trends originate from two effects that have been termed the Donnan effect, caused by

the Donnan partitioning of H+ ions between the gel and the reservoir, and the poly-

electrolyte effect, caused by direct electrostatic interactions between charged species

(monomers and small ions).26

The well-known trends are qualitatively reproduced by all models, however, it is

also clear that each model predicts a different deviation from the HH equation, increas-

ing in the order ideal CGM < PB CGM < chain MD ≈ gel MD. For example, at low

salt concentration csalt = 0.01 M and pH = 5 the ideal curve predicts α ≈ 1, the ideal

CGM predicts α ≈ 0.5 and the particle-based simulations both predict a very low ion-

ization, α ≈ 0.2. The discrepancies in the predictions from the aforementioned models

originate from the different treatment of electrostatic interactions. As a reference, we

used the Henderson-Hasselbalch equation (HH) with pH in the reservoir as input. The

ideal CGM model accounts for the Donnan effect within the ideal-gas approximation

but completely neglects electrostatic interactions. Therefore, the ideal CGM curve is

shifted to higher pH as compared the HH model, and this shift originates only from

the Donnan partitioning of H+ ions. The PB CGM accounts for Donnan partitioning

and for electrostatic interactions on the mean-field level, which yields a lower bound to

the exact result. Therefore, the shift predicted by the PB CGM is higher than from

the ideal CGM. Finally, the two particle-based models (chain MD and gel MD) explic-

itly account for electrostatic interactions between individual charges and also for the

Donnan partitioning. Consequently, both chain MD and gel MD models predict very

similar shifts, which are greater than from the PB CGM. Furthermore, a comparison

of Fig. 4a and Fig. 4b reveals that the ideal CGM and PB CGM capture about 50%

of the full shift at low salt, whereas they capture a much smaller portion of the full

shift at higher salt concentration. To understand the origin of these differences, it is
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necessary to examine the Donnan and polyelectrolyte effects separately.

3.2.1 Effect of electrostatic interactions on the ionization

To demonstrate the role of the polyelectrolyte effect, in Fig.4(c,d) we plot α as a

function of pH inside the gel, effectively subtracting the Donnan effect. The value

of pHgel was calculated using Eq. 5 from the known pHres and concentrations of H+

ions inside and outside the gel. As expected, Fig.4(c,d) shows that the ideal CGM

result plotted as a function of pHgel coincides with the ideal HH result. Other models

do not coincide with HH and the ideal CGM. Shifts in the ionization, predicted by these

models, can be used as a measure of the polyelectrolyte effect on the ionization. Here, we

observe that the PB CGM predicts a much smaller shift than the particle-based models,

whereas the latter remain consistent with each other. The polyelectrolyte effect is only

suppressed by an increase in the salt concentration, as evidenced by comparing csalt =

0.01 M in Fig.4c and csalt = 0.1 M in Fig.4d. This suppression can be attributed to

the electrostatic screening, which affects mostly interactions among monomers that are

separated by more than the Debye screening length (3 nm at csalt = 0.01 M and 1 nm at

csalt = 0.1 M). Notably, the polyelectrolyte effect is dominated by interactions between

the nearest monomers, whereas the electrostatic screening affects mostly interactions

between groups that are separated by 3-10 monomers along the chain. Therefore, in

the relevant range of salt concentrations, the electrostatic screening only weakly affects

the magnitude of the polyelectrolyte effect. However, Fig.4(c,d) clearly demonstrates

that the approximation used for the electrostatic interactions is the key factor which

determines the ability of a particular model to predict the polyelectrolyte effect.

3.2.2 pH in the gel due to Donnan partitioning

We quantify the Donnan effect by plotting the difference between the pH value in the

gel and in the reservoir, pHgel − pHres, which is caused by the Donnan partitioning.

Fig.5 shows that, at low salt csalt = 0.01 M, the Donnan effect can lead to a difference

of about one unit of pH between the gel and the reservoir. This difference is small at
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Figure 5: Difference between the pH values in the gel and in the bulk as a function of pH
in the bulk at low concentration of added salt (left) and high concentration of added salt
(right). The distinct curves were obtained using different models, as indicated in the legend.

low pH, when the gel is non-ionized, however, it becomes significant at pH & pK, as

the gel ionization increases. The difference pHgel − pHres is approximately constant at

intermediate pH, 7 . pHres . 11, and it starts to diminish at pHres & 12. At high pH

values the gel is fully ionized but the Donnan potential decreases as the ionic strength of

the reservoir increases due to the additional NaOH, although the amount of added salt

remains constant. At a higher salt concentration, csalt = 0.1 M, we observe the same

dependence of pHgel−pHres on pH, however, its magnitude is much smaller, accounting

for less than 0.5 units of pH. Thus, the shift caused by the Donnan effect is large at

low salt concentration and it diminishes as the salt concentration is increased. By

comparing the Donnan and the polyelectrolyte effects at various salt concentrations,

we conclude that at low salt concentration the Donnan effect is comparable to the

polyelectrolyte effect. At high salt concentration the Donnan effect almost vanishes

and the shift of ionization is almost exclusively due to the polyelectrolyte effect. This

observation is consistent with our previous study of weak polyelectrolyte solutions in

equilibrium with a reservoir.26
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Furthermore, Fig.5 shows that various models differ in predicting the magnitude

of the Donnan effect, especially at pH values slightly above the pK. The field-based

cell gel models, ideal CGM and PB CGM, predict a rather sharp onset of this effect

within about 2 units of pH, reaching a saturation at pH ≈ 5 ≈ pK + 1. In contrast,

the particle-based models predict a more gradual onset of the Donnan effect, reaching

a saturation value only at pH ≈ 8 ≈ pK + 4. This difference is caused by coupling of

the Donnan partitioning of ions and swelling of the gel, discussed in the next section.

3.3 Swelling of the gel

3.3.1 pH-dependent swelling

The swelling of polyelectrolyte gels is predominantly determined by the difference in

osmotic pressures between the gel and the reservoir, and by the electrostatic interactions

between the charged species. However, the osmotic pressure difference depends on the

Donnan potential, which in turn depends on the ionization degree of the gel. The latter

depends on pH in the gel, which in turn depends on the Donnan potential, resulting

in a complicated feedback loop. In this section, we systematically investigate how this

coupling affects predictions from various models of gel swelling.

To compare swelling properties of the hydrogels, we define the swelling ratio in two

ways: (1) Based on the volume of the gel, QV = V/V0, which is directly proportional

to the mass-based ratio used in experiments. Here, V0 is the dry volume of the gel

as estimated from a random packing of equally sized WCA-spheres (packing fraction

approx. 64%); (2) Based on the end-to-end distance of the gel strands, QRe = Re/Rmax,

assuming an affine deformation of the gel network upon swelling. In all models that

assume an affine deformation, QV = Q3
Re
· Vmax/V0 where Vmax/V0 is constant, Re is

fixed, and the volume per chain can be calculated as V = R3
e/A. Only in the gel MD

model, the chain ends are not fixed and their positions are allowed to fluctuate in all

three dimensions. Therefore, QV and QRe in the gel MD model are related in a more

complicated way, reflecting the fact that the affine deformation is not strictly followed
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Figure 6: Swelling ratio of the gel as a function of the pH value in the reservoir expressed in
terms of the chain extension QRe = Re/Rmax (top row) and in terms of the gel volume QV =
V/V0 (bottom row) at low concentration of added salt (left column) and high concentration
of added salt (right column). The distinct curves were obtained using different models, as
indicated in the legend.
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upon gel swelling.20

Fig.6 shows that all models qualitatively capture the increase of swelling at pH ≈ pK

and its decrease at a high pH. This decrease can be understood as a consequence of

the increasing ionic strength due to the addition of NaOH, which decreases the Donnan

potential.14,15,17 By comparing QRe predicted by different models in Fig. 6 (a) and

(b), we observe that both particle-based models agree almost quantitatively, except for

the lowest pH values, where the gel is neutral. At low salt, the ideal CGM predicts

an increase at pH ≈ pK that is steeper and occurs at lower pH values than in the

simulations. In the saturation region at intermediate pH, the ideal CGM overshoots

the maximum swelling. In contrast, the PB CGM predicts a lower swelling than the

simulations at pH ≈ pK, although it predicts a higher ionization of the gel at the

same pH values. Presumably, this seemingly contradicting observation is caused by

a stronger Donnan partitioning in the PB CGM, as seen in Fig. 5. It affects both,

ionization degree and swelling, however, because of the non-linear coupling, we observe

a cancellation of errors in the mean-field approximation which predicts lower swelling

despite higher ionization at the same pH values. The comparison of QRe from different

models at high salt yields a similar picture, except that the ideal CGM predicts a

swelling closer to the gel MD model, whereas the chain MD model predicts a lower

swelling than the gel MD model in the whole pH range.

Unlike QRe , a comparison of QV in Fig. 6 (c) and (d) displays a different picture

than QRe . All models seem to disagree at low pH values, predicting a swelling in the

order chain MD < gel MD < PB CGM = ideal CGM. At intermediate and higher pH

values, the chain MD and gel MD models agree at both, high and low salt conditions.

The PB CGM agrees with both particle-based models at low salt whereas it predicts

a higher swelling at low salt. Clearly, alleviating the assumption of affine deformation,

as we have switched from QRe to QV, has a notable impact on the comparison. This

approximation has a particularly strong impact on the predicted swelling at low pH

values and low degree of ionization, when the network is highly flexible and positions of

the nodes can be far from their average positions on the diamond lattice, as evidenced
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neutral acid ionized acid small cation small anion periodic image

Figure 7: Snapshots of the gel MD model at free swelling equilibrium for a reservoir salt
concentration of cres

salt = 0.01M and various pH values of the reservoir. The black box bounds
the unit cell. The particles are not shown to scale.

by simulation snapshots in Fig. 7. In addition, the different treatment of excluded

volume causes differences between the particle-based and the field-based models at low

pH values. At high pH, the structure of highly swollen gels is closer to the ideal diamond

lattice, with the network nodes placed close to the actual location of lattice nodes. This

is also supported by simulation snapshots in Fig. 7. Therefore, the relation V = R3
e/A

is a good approximation at high swelling, whereas it fails at low swelling, as has been

shown also in Ref.20. Then, the approximation for the electrostatic interactions is

the key factor that determines the differences between the models. Consequently, both

particle-based models predict the same QV at pH & pK, whereas the field-based models

predict a higher swelling. Interestingly, all these differences cancel in the PB CGM at

csalt = 0.01 M, where it predicts almost the same swelling as both particle-based models

in the whole pH range, except at the lowest pH values.
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Figure 8: The volume-based swelling ratio (top row) and the degree of ionization (bottom
row), predicted from various models, as a function of added salt at pH = 6.

3.3.2 Salt-dependent swelling

Finally, we investigate the mechanism of non-monotonic swelling as a function of added

salt that has been observed in various experiments on polyelectrolyte hydrogels14,15,

polyelectrolyte brushes21,31, and micelles.17 For this purpose, we extended the range

of investigated salt concentrations to very low values of csalt at selected values of pH.

In Fig.8(a,b) we show that, at pH = 6 & pK, the swelling first dramatically increases

at low salt, csalt . 10−2 M, then it goes through a maximum and starts to decrease

at csalt & 10−1 M. All models predict a similar trend in the swelling as a function of

salt concentration, except that the ideal CGM overshoots the maximum swelling, which

was discussed already in the previous section. At pH = 8� pK, the swelling starts to

increase at lower salt concentrations, followed by a broad maximum at intermediate salt

concentrations, and eventually a decrease at high salt concentrations. On the contrary,

both, swelling ratio and degree of ionization, are practically unaffected by the added

salt at pH = 4 (see Ref.51 for the corresponding figures).

Based on analytical theories and mean-field calculations, the following explanation
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of this phenomenon has been established:21 as the salt concentration is increased, the

Donnan potential decreases, resulting in an increasing ionization of the gel, which causes

an increase in the swelling. Simultaneously, the increased salt concentration causes a

decrease in the osmotic pressure, however, this decrease is overcome by the increasing

ionization. The maximum swelling is reached when the gel becomes almost fully ion-

ized. From this point on, a further increase in salt concentration does not increase the

ionization of the gel, instead, it decreases the osmotic pressure, causing a decrease in

gel swelling. This explanation is qualitatively confirmed by our simulation results, as

can be inferred by correlating the swelling ratios in Fig.8(a,b) and ionization degrees in

Fig.8(c,d). At both pH values, the increase in swelling at low salt concentrations follows

the trend of the increasing ionization degree, whereas at high salt concentrations the

swelling decreases while the ionization degree is not affected.

Despite the qualitative agreement with the mean-field picture, our comparison re-

veals notable differences between the distinct models, which can be tracked down to

the employed approximations. Let us first focus on pH = 6 & pK, comparing Fig. 8a

and Fig. 8b. The ideal CGM that neglects electrostatic interactions, predicts a much

steeper increase in the ionization, and a concomitant increase in swelling already at

csalt ≈ 10−4 M. The PB CGM predicts an increase in ionization at about 10-times

higher concentration than the ideal CGM, and concomitantly it also predicts an in-

crease in the swelling at a higher salt concentration. The explicit-particle models pre-

dict a more gradual increase in the ionization, so that the full ionization is not reached

even at csalt ≈ 1 M. Interestingly, the gel swelling from particle-based models starts to

increase at lower salt than from both, PB and ideal CGMs, and it reaches a maximum

at csalt ≈ 10−3 M, when the ionization degree is only α ≈ 0.3. Both particle-based

models predict that the swelling starts to decrease already at csalt ≈ 10−2 M, although

the ionization degree is only α ≈ 0.5, and the latter continues to increase as the salt

concentration is further increased. No such thing is observed in the ideal and PB

CGMs, which predict that the maximum swelling occurs at α & 0.8. Thus, although

all models predict the non-monotonic swelling as a function of added salt, they ascribe
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it to different effects. Thus, we observe that the explanation of the increase in swelling

as a function of salt concentration changes qualitatively if electrostatic interactions are

considered explicitly, instead of applying the mean-field approximation. The field-based

models predict a much higher degree of ionization, thereby ascribing the swelling to a

strong Donnan effect, while underestimating the role of electrostatic interactions. The

particle-based models predict a lower degree of ionization and concomitantly weaker

Donnan effect. Nevertheless, the field-based models predict the same swelling as the

particle-based models, which is a consequence of cancellation of errors caused by the

approximate treatment of electrostatic interactions. On the contrary, the decrease in

swelling at high salt is treated consistently in all models, irrespective of the approxi-

mation for the electrostatic interactions.

4 Conclusion

We introduced a hierarchy of models for weak polyelectrolyte hydrogels at different

levels of approximation and computational complexity, which allowed us to study the

swelling of these gel models as a function of salt and pH, and we could in detail inves-

tigate the coupling of the reservoir to the acid-base equilibria inside the gel and to the

Donnan partitioning of small ions between the gels and the supernatant salt solution.

On the most detailed level, we used a periodic network gel model (gel MD) which takes

into account the acid-base ionization equilibrium and the exchange of small ions with a

reservoir. This model employed the usual coarse-grained particle-based representation

of a polyelectrolyte and small ions in implicit solvent, simulated using Langevin dynam-

ics. The gel strands were connected to an infinite network with a diamond-like topology,

similar to how strong polyelectrolyte gels have been simulated in previous works. In

addition, our periodic network gel model included for the first time the acid-base reac-

tions and exchange of ions with the reservoir by using the recently developed G-RxMC

method. The periodic network gel model served as a reference for the more approximate

models. As the first mean-field step, we reduced the network to a model of single chain
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in a cell under tension, termed the single-chain cell gel model (CGM). This gel strand

was simulated in a square cuboid box under PBC and the gel swelling was calculated

from the imposed chain extension by assuming an affine deformation. Otherwise, the

chain MD model accounts for the acid-base equilibria, electrostatic interactions and

partitioning of ions on the same level as the gel MD model. As a second mean-field

step, we replaced the particle-based representation of electrostatic interactions by a

field-based one, representing the gel strand as a homogeneously charged cylinder un-

der tension surrounded by a cloud of counterions. We calculated the distribution of

counterions and ionization degree of the gel by solving the Poisson-Boltzmann (PB)

equation coupled to the Donnan partitioning, therefore, we called this model PB CGM.

Finally, we turned off the electrostatic interactions in the PB CGM to obtain an ideal

CGM which neglects all interaction but still accounts for the gel connectivity, for the

Donnan partitioning and for the acid-base equilibrium using the Henderson-Hasselbalch

equation. A comparison of predictions obtained with these different models allowed us

to assess the effect of various approximations on the obtained results.

All models qualitatively reproduced the known trends in ionization degree of the gel

as a function of pH and salt concentration. The ionization degree of a polyelectrolyte gel

is not easy to measure experimentally, however, these trends qualitatively follow from

a common chemical knowledge. A quantitative comparison of the ionization degrees

predicted by different models revealed significant differences between these predictions.

The highest ionization at a given pH was predicted by the ideal CGM that neglects the

direct electrostatic interactions but accounted for the Donnan effect on the ionization

due to the partitioning of H+ ions. The other models revealed that, in addition to

the Donnan effect, the ionization is further suppressed due to electrostatic repulsion

between charges on the polyelectrolyte chains, termed the polyelectrolyte effect. The

PB CGM predicted a weaker polyelectrolyte effect than the two particle-based models

(gel MD and chain MD), which included explicit electrostatic interactions between the

particles. By measuring the difference between the pH in the gel and in the reservoir,

we have shown that the Donnan effect is strong at low salt concentrations and weak at
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high salt concentrations. In contrast, the polyelectrolyte effect is only weakly affected

by the salt concentration. Therefore, an approximate treatment or a complete neglect

of the electrostatic interactions caused a significant under-estimation of the shift in the

ionization degree, as compared to the Henderson-Hasselbalch equation.

All models qualitatively reproduced the known trends in gel swelling, caused by an

increase in ionization of the acid groups as a function of pH. As expected, the ideal

CGM that predicted a higher ionization than the other models, predicted also a higher

swelling at the same pH. However, the swelling predicted by the mean-field PB CGM

was consistent with the two particle-based models (gel MD and chain MD), despite

significant differences between the predicted ionization degrees as a function of pH.

This unexpected agreement could be explained by a cancellation of errors in the mean-

field treatment of electrostatics and Donnan partitioning. Additional inconsistencies in

the predicted swelling, especially at very low degrees of ionization, could be tracked

down to the assumption of the affine deformation, which was used in all models except

the periodic network gel model.

The cancellation of effects in the ideal and mean-field models was most evident

when comparing the predicted swelling and ionization degrees as a function of salt con-

centration at a fixed pH value. The non-monotonic swelling as a function of salt is

caused by an interplay between the ionization, Donnan potential and osmotic pressure.

The Donnan potential decreases as the salt concentration is increased, resulting in two

effects with competing impact on gel swelling: (1) the ionization degree increases; (2)

the osmotic pressure decreases. At low salt concentrations, the first effect dominates,

resulting in an increasing swelling as a function of salt. At high concentrations, the

second effect dominates, resulting in a decreasing swelling as a function of salt. In-

terestingly, all models consistently predict the increase and decrease in gel swelling

as a function of salt. Although they all predict an increase in swelling at similar salt

concentrations, they simultaneously predict an increase in ionization degree at salt con-

centrations which differ by an order of magnitude. These results demonstrate that the

earlier success of field-based models in predicting the salt-dependent swelling of weak
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polyelectrolyte gels does not imply that these models correctly capture the key effects

and that electrostatic interactions can be safely neglected. The particle-based models

demonstrate that electrostatic interactions significantly affect the ionization degree of

the gel, whereas their effect on gel swelling effectively cancels with other effects which

contribute to the net result.

Finally, our comparison of models has shown that both, field-based and particle-

based models, consistently predict the swelling of weak polyelectrolyte gels as a function

of pH and salt concentration. However, they significantly differ in the predicting the

ionization degree, which is one of the key aspects that determine the gel swelling. Thus,

if one is interested only in the prediction of gel swelling, any of these models serves the

purpose. In such a case, the choice of the model might be based on the computational

demands, which significantly differ between the models. The ideal CGM and the PB

CGM can be used almost interactively because they require seconds to minutes of

computer time. In contrast, the particle-based models require typically days to months

of computer time. However, their main advantage is that they also provide the correct

prediction of ionization degree as a function of pH and salt concentration. Therefore, if a

correct physical explanation of the observed effects is desired, the particle-based models

should be used. Among the particle-based models, the computational cost of the single-

chain CGM is lower by a factor of at least 16 as compared to the periodic network gel

MD model, while their results are quantitatively consistent. They become inconsistent

only at low ionization degrees of the gel because the affine deformation assumption is

not accurate under these conditions. Thus, our study demonstrated convincingly the

impact of various approximations on the predictions of swelling and ionization states

of weak polyelectrolyte hydrogels as a function of pH and salt concentrations. This

improved understanding can be used as a guidance to decide which approximation

is suitable to describe a particular experimental system. And lastly, it will help to

correctly explain experimental observations using predictions from various models.

34



5 Availability of data

The simulation data and scripts are available free of charge from Ref.51
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