Rate Expressions in Mean Field Microkinetic Models
Incorporating Multiple Types of Active Sites

Gregory Collinge®9*, Devyani Sharma®?, Jean-Sabin McEwen?P¢de* and Mark Saeys9%*

a8The Gene & Linda Voiland School of Chemical Engineering and Bioengineering, Washington State
University, Pullman WA 99164, USA

b Department of Physics and Astronomy, Washington State University, Pullman, WA 99164, USA

¢ Department of Chemistry, Washington State University, Pullman, WA 99164, USA

dnstitute for Integrated Catalysis, Pacific Northwest National Laboratory, Richland, WA, 99352, USA
¢ Department of Biological Systems Engineering, Washington State University, Pullman, WA 99164,
USA

fDutch Institute for Fundamental Energy Research (DIFFER), P.O. Box 6336, 5600 HH Eindhoven,
The Netherlands

9 Laboratory for Chemical Technology, Ghent University, Technologiepark 914, 9052 Gent, Belgium

* Corresponding authors:

Mark Saeys; +32 9-331-1754 (phone), mark.saeys@ugent.be

Jean-Sabin McEwen; 509-335-8580 (phone), 509-335-4806 (fax), js.mcewen@wsu.edu
Gregory Collinge; 509-993-6086 (phone), gbcollinge@gmail.com

Abstract

It is well known that heterogenous catalysts exhibit a distribution of sites/structures, some more
active than others but more than one often being important to the underlying reaction mechanism(s).
The inclusion of this reality in mean field microkinetic models has been largely avoided in favor of
lattice-based models like cluster expansions where in principle different types of sites can be explicitly
defined. Here, we develop a thermodynamically self-consistent theory of multi-site microkinetics from
the first principles of statistical mechanics to show how multiple site types can be represented in mean
field microkinetic models. The theory incorporates local enthalpies and entropies, lateral molecular
interactions, and global entropy; generating thermodynamic activities for any number of site types that
deviate significant from those of idealized models. We provide the resultant rate expressions for rates
of adsorption/desorption and surface diffusion between the site types. Contrary to what is typically
assumed, even when a species has access to many different sites or binding configurations, only one
rate, which is driven by the average adlayer chemical potential, can be defined for desorption from the
surface. The approach in this work correctly describes adsorption/desorption and diffusion for a multi-
site model of a heterogenous catalyst and differs from the commonly used law of mass action.

1. Introduction

The development and use of microkinetic models is ubiquitous in heterogenous catalysis.*
However, few such models incorporate multiple types of potential binding sites.?# This is unsurprising
since the work of Boudart®> © on the kinetics of nonuniform surfaces (i.e., one with more than a single
type of binding site) suggested that they should produce the same kinetics as uniform surfaces if one
assumes a two-step catalytic reaction and a Boltzmann distribution of variable-affinity binding sites.
Boudart’s conclusions would therefore seem to obviate the need for multiple sites in microkinetic
models. However, it is becoming increasingly clear that multiple active centers exist that are relevant
to the kinetics of such systems,® 4 7-2% and recent work has highlighted the critical role of metastable
state structures in heterogeneous catalysis.3-32 So, a proper formulation is still required.

Kinetic models with multiple site types (and other mathematically similar structures) have been
rigorously formulated and explored in the work of Kreuzer and various co-workers.®* These models
are generally built by treating the adlayer as an interacting, spatially-resolved lattice gas that is then
inserted into the grand canonical partition function. The system’s time-dependent properties can then
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be determined using transfer matrix3>-3’ or stochastic Monte Carlo (MC) methods®® 39 depending on
the level of complexity built into the model. While such models permit a detailed exploration into the
microscopic origins of adsorption/desorption behavior, their complexity makes the modeling of large
chemical reaction networks a largely intractable problem, whether including multiple site types or not.
Despite the recent development and availability of powerful kinetic Monte Carlo (kMC) software, e.qg.,
Zacros*%-43 for simulating these types of models, it is still clear that challenges remain for increasing
the complexity of the systems one can study with such a methodology.*

If surface diffusion is fast compared to adsorption/desorption, the chemical adlayer can be assumed
to be in quasi-equilibrium where spatial correlation between surface sites disappears. This allows one
to project the complex space of adsorbate configurations onto a single set of collective variables: the
areal coverages of each species adsorbed on the surface. In the cases where this assumption is valid
(or valid enough to reasonable approximation), the adlayer can be described by its “mean field.” This
mean field is a single free energy value assigned to the entire adlayer, representing essentially the
statistical average of the underlying spatially-resolved Hamiltonian at some constant set of adsorbate
coverages, or as we will show, a constant set of adsorbate and site-type coverages. This allows one
to describe all thermodynamic and kinetic properties as a function described as a function of
macroscopic coverages alone, permitting the construction of mean-field microkinetic models (MF-
MKMSs). To be certain, the lack of spatial correlation represents a significant limitation on such models,
and other kinetic methodologies have been developed in an attempt to mitigate these limitations,*> 46
but it is clear that the utility and conceptual simplicity of standard MF-MKMs will continue to make them
indispensable to researchers and industrial chemical engineers, alike. Therefore, it is important to
determine how these models should properly incorporate multiple site types.

In this work, we derive MF-MKM rate expressions for site-to-site diffusion and
adsorption/desorption that are valid when multiple site types are present. In the derivation of these
rate expressions, we find it is both possible and necessary to explicitly define the otherwise implicit
mean-field free energy of the adlayer. This quantity is central to ensuring what we will term
thermodynamic self-consistency, which is an extension of thermodynamic consistency and detailed
balance®* that seeks to guarantee that equilibrium values, as predicted by minimization of the system’s
free energy, are reproduced when the MF-MKM is chemically isolated and allowed to come to
equilibrium (i.e., when forward and reverse rates of reaction are equivalent). To enhance the
physicality of the MF-MKM, its entropy contribution is highly generalized within a (mean-field) lattice
gas paradigm where site blocking effects are fully incorporated analytically. The forms of the resulting
rate expressions are found to deviate considerably from those typically assumed unless one treats all
adsorbates as two-dimensional ideal gases (i.e., non-interacting free translators). Nonetheless, their
analytical nature ensures they can be easily implemented in any MF-MKM.

2. Theory and Formulation
2.1 Assumptions and Model Setup

When we speak of site types on a surface, the terms can be broadly applied. In fact, the
mathematical formulation presented here is equally applicable to any sort of “deposition” of any
molecular entity into any n-dimensional space. For instance, instead of “coverage” of adsorbates,
concentration of species inside a bulk solid or even just inside empty 3D space could be used.
Additionally, the adsorbate could simply occupy multiple chemical states instead of spatially distinct
sites, in which case rates of diffusion can be interpreted equivalently as rates of conversion from one
state to another. This is illustrated in Figure 1, where we use red circles and blue triangles to represent
site types and/or states, with diffusion or conversion represented by purple curved arrows. Thus, while
we will continue referring to them as “sites” and “site types”, it should not be construed as a limitation
of the model. Due to this generalization, even amorphous surfaces/spaces like step defected surfaces
or multi-faceted nanoparticles can be modeled provided spatial correlation can be sufficiently
averaged out to produce a valid mean field. While we will restrict ourselves to the case of a single
molecular species (the “adsorbates”) occupying a surface, the results are equally valid if multiple
molecular species are present.



a. Model Representation

site types within 1
unit cell (u.c.):

b. Representing Diffusion from Site to Site
e.g. O diffusion on an FCC(111) surface from top to hollow sites

c. Representing Conversion from State to State
e.g. Keto-enol tautomerization of adsorbed phenol

Figure 1. lllustration of how (a) the “site types” (red circles or blue triangles) in our model and “diffusion” of an adsorbate
(yellow oval) can be interpreted as both (b) diffusion from site-to-site, such as oxygen adatom diffusion from top to
hollow sites on an FCC(111) surface or (c) conversion from state-to-state, such as the keto-enol tautomerization of
phenol on the FCC(111) surface. In (b) and (c), red spheres are O atoms, black spheres are C atoms, white spheres
are H atoms, and light pink spheres are H atoms colored different to aid the eye. The grey and green spheres are both
the FCC(111) top surface layer, colored different to enhance contrast with the adsorbates. Purple arrows represent the
movement needed to create diffusion or conversion.

With this in mind, we first take a surface made up of a very large but finite number of unit cells
(u.c.), N, ., onto which some number of adsorbates of a single species, N, are adsorbed. Defining unit

cells is a convenience that allows us to define the total coverage as 6 = NN , but this is not strictly

required—total surface area and thus surface density could be defined instead. On this surface is
some number of total adsorption sites with multiple potential site types. The site types will be
superscripted with A, B, C, etc. (leaving subscripts available for molecular identity) and the number of
each site type per unit cell is denoted as n®, n®, n(©| etc.; which, in the case where sites are not
X

homogenously distributed, can be computed as % where Ngx) is the total number of X sites on the
entire surface. A simple example of potential site types are the top, bridge, and hollow sites of
FCC(111) surfaces (where nP) = 1, p(ridge) = 3 gnd phellow) = 2y Qur goal is to determine the
proper expression for rates of diffusion from one site type to another and for adsorption/desorption
when a variety of such site types are occupied.

We define rates according to transition state theory, so that rates of diffusion from, e.g., site type X
to site type Y, and rate of adsorption/desorption from, e.g., an X site to some reservoir, are given by:

kgT 1 ¥
I'xoy = LTe_B[ny_uX—»Y] (1a)
) le Gre.
¥
IX—res = %T e—B[Hx_res—llx—»res] (1b)
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where ry_y is rate of diffusion from site tybé X to site type Y, ry_es IS the rate of desorption from site
type X to some reservoir appropriate to the adsorbate and system in question; kg and h are the



Boltzmann and Planck constants, respectively; T is the absolute temperature; g, is the partition
function of the transition state associated with movement along the reaction coordinate (usually taken
to be that of an ideal 1D gas or an imaginary vibrational mode); B = (kgT)™! is the thermodynamic
beta; uky and pi__.. are the chemical potential of the transition state complex associated with diffusion
from site type X to site type Y and the chemical potential associated with the desorption (or adsorption)
of adsorbates from site type X to the appropriate reservoir (e.g. the gas phase), respectively; and pyx_y
and py_,..s are the corresponding chemical potentials associated with the driving force for diffusion
and desorption, respectively, whose functional forms we make no assumptions about a priori. This
therefore means we make no assumption about the functional form of reactants’ chemical activities
either, which are generally taken to be equal to their molecular concentrations according to the law of
mass action. We will show that these “driving force chemical potentials” are not path dependent as
implied by the “X - Y” in px_y, but this presumption is not made here to ensure we do not bias our
derivation to that result. Regardless, it will be the elucidation of these chemical potentials that
ultimately defines these rates.

Site-to-site diffusion is neglected in mean-field microkinetic models because it is inconsequential
to the (free) energy of the system. That is, if the coverage of adsorbates is not changed by diffusion,
which is the case in single-site models, the average energy of the adsorbates do not change either—
they are all moving through the same mean field. However, when multiple sites are present on the
surface, the coverages of the site types will indeed change upon diffusion from site type to site type.
This means that this type of diffusion is in fact of consequence even in a mean field model—because
the mean field is changed. We show this in Figure 2, which illustrates how even if diffusion is from
one unit cell to a nearby one, it only matters if the adsorbate changes site type. This also implies that
only the adsorbates occupying the same types of sites must be assumed to be in quasi-equilibrium
instead of the entire adlayer in a multi-site mean field model. The consequence of this will be shown
in Section 3.
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Figure 2. lllustration of how site-to-site diffusion between the same types of sites (A and C) and different types of sites
(B and D) effect mean-field microkinetic rates. In the illustrations, each large open circle is a supposed surface atom
with the surface unit cell delineated by dashed grey lines. As in Figure 1, red circles and blue triangles are site types
A and B, respectively.

2.2 Derivation of Chemical Potentials



To determine the chemical potentials in Equation 1, our strategy will be to ensure what we term
“thermodynamic self-consistency”: the state of the system at equilibrium, according to equality of rate
expressions, should match that predicted by equilibrium statistical mechanics. Simply put, this means
we will require that when all rates of diffusion and rates of adsorption/desorption (Equation 1a and 1b,
respectively) reach the same value, the same equilibrium is reached that one finds using the partition
function of the same system. Such a requirement obviously requires that one have access to the
system’s global partition function. We start constructing this by first defining the total free energy of a
single configuration, @, of adsorbates. To model this free energy, we will use a mean-field treatment
of a lattice gas Hamiltonian38 4749, which is itself a sum over occupied sites that accounts for the

presence of lateral interactions and includes the local partition function of each occupied site.
site types

P, = Z N (VX —kpTIn[q®]) | + Ny Viae @)
X

where N is the total number of adsorbates occupying site type X, such that ¥y N® = N is the total
number of (same molecular identity) adsorbates on the surface; VX is the binding energy of an
isolated adsorbate bound to an X site; q® is its local molecular partition function describing its
thermally accessible degrees of freedom within a single X site; and Vj,, is a term (with units of energy
per unit cell here) that accounts for non-ideality and typically takes the form of a multinomial expansion
of site coverages in a mean-field treatment of a lattice gas. F is an extensive variable as written, so it
will be useful to normalize the free energy on the number of unit cells to give an intensive variable:
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Figure 3. lllustration of how various restrictions on the adsorbates in the system produce (A) a microcanonical, (B) a
canonical, and (C) a grand canonical ensemble, with each building off the next in terms of complexity. The shapes
shown are the same as those used in Figure 1 and Figure 2. The topmost boxes containing sites with no adsorbates
present represent all available empty sites of the site type contained within while the middle boxes with adsorbates
present represent all occupied sites. The bottommost box is, as labeled, a reservoir where the adsorbates reside when
outside the surface. Dashed borders around each box represents permeability and arrows represent where exchanges
are permitted.



which also allows us to formally define 8 =

X sites. Coverages are thus defined on a per unlt cell basis, ensuring that the basis for defining
coverage is never ambiguous even when there are different numbers of adsorption sites per unit cell.
It is not a requirement that the coverages be bounded between 0 and 1. We should note that it is
common to assume that q® is that of a harmonic oscillator, which is independent of coverage.
However, in general, ¢® could be found using an anharmonic model or made coverage dependent to
capture further non-idealities.

Equations 2-3 describe a local free energy that would define a local partition function for a single
adlayer configuration. However, in any system at equilibrium, all of its properties will be described by
its global partition function, which is a thermodynamic description of the entire system that includes
the additional entropy arising from all possible adlayer configurations. We must therefore define the
underlying global partition function. To do this, we work in stages: first considering the micro-canonical
case, then the canonical case, and finally the grand canonical case. This is graphically illustrated in
Figure 3.

2.2.1 Microcanonical Ensemble

If the number of a species bound to one of its available site types, N N® . N® are kept fixed,
the (mean-field) energy of the system will stay fixed regardless of the configuration the adsorbates
take on the surface. Even if we account for the local degrees of freedom as in Equation 2, any
temperature used will map to a unique local free energy (i.e., F,.). Thus, since the surface size,
number of adsorbates, and energy of the system are kept fixed, we are nominally dealing with a
microcanonical ensemble. We can define the canonical partition function corresponding to this
microcanonical ensemble by explicitly including the constant energy of the ensemble in it, which will
be useful in the next steps. This produces the “microcanonical” (uc) partition function, Q,., as

Que = Q™o (4)

where ( is the number of degenerate energy states, dependent upon the total number of adsorbates
on the surface. Note that Q is in fact the “true” microcanonical partition function here, and, as we will
see, is the source of the adsorbates’ global entropy and thus chemical activities. We will return to the
derivation and functional forms of € in Section 2.3. For now, however, we borrow the result from that

section that this term can always be written as
site types

Q= [(D(X)]Nu.c. (5)
L]

where w® is the contribution to the number of degenerate energy states from adsorbates occupying
site type X. Since all the terms in Equation 4 depend on variables that are kept fixed here, the free
energy of this microcanonical ensemble is directly determinable as

Fuc = —kgTIn(Qyc) = F4 — kpTIn()

site types

= Fic = Ny [Fuc — kgT z ln(w(X))
X

and this gives its global entropy as
site types

(62)
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X X
where the first term in parentheses is the sum of local entropies arising from thermally-induced
fluctuations of each bound adsorbate; while the second term, involving w®, corresponds to the only
source of non-thermal global entropy, specifically resulting from the configurational space spanned by
the adsorbates on the entire surface.



2.2.2 Canonical Ensemble

We now allow adsorbates to move from one site type to any of the other site types present but
continue to keep the total number of adsorbates on the surface fixed. This is shown in Figure 3B.
While the total number of adsorbates, N, does not change, the population of occupied site types, N&®,
does. Since this can result in a change in the local free energy (see Equation 2), we are now working
with a canonical ensemble. We will assume three site types, A, B, and C, are present, which will
provide the minimal requirements to generalize the result at the end. The canonical partition function,
Qcanon- IS then given as

N-N® N N-NW N
_ — -BF
Qanon = ), 0, Que= ) ), e
N® =g NA =o N®B =9 N@A =g 7
N-N® N (7)

_ [0® ® @ BFuc|Nue
N®B =0 NA)=0

where the constraint that N + N® + N© = N is implicitly imposed, and we have factored N, . out
of each term to create a single exponent. Since N is held constant, only two of the three site type
occupations can be independently defined, i.e., there are only two independent variables, which is
reflected in the presence of only two summations. These are N and N® in Equation 7, but any two
could be arbitrarily chosen (which will become an important element in the next section). In general,
there will always be k — 1 independent N® variables given k total site types.

In the thermodynamic limit, N, . approaches infinity, and it is therefore appropriate to perform a
change of variables from discrete values (e.g., number of adsorbates populating site type X, N®) to
continuous values (fractional coverage of site type X, 8%) via

N® = XN, . (8a)
which allows the summations in Equation 7 to be replaced with integrals
GEE;X_G(A) Ggﬁgx
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where we account for the fact that maximum coverages, efﬁgx and eg‘f;,( (relative to the fixed total
coverage), may be some value other than unity. In the thermodynamic limit where N, . approaches
infinity, the integrand in Equation 8b becomes heavily peaked around the maximum value of
[w®w® w©eFFuc]. This is due to the exponential dependence on N, . which exaggerates the
maximum value to the point where the integrand becomes a Dirac delta. That is, as N, . approaches
infinity, the value that maximizes [w®w® w©@e FFuc] will be the only value that gets integrated,
making this value equivalent to Q.ynon- That is,
Qcanon = lel.c.[max(e_BFuc)] (80)

where we have collected the wy terms back into the exponent. Maximizing the integrand of Equation
8b requires that the critical points of the integrand be met as suggested by Equation 8C. This
establishes the minimum criteria for equilibrium in a canonical ensemble where a fixed number of
adsorbates can move freely between sites. Specifically, the critical points can be found by solving

— (N2 A) (y(B) (1y(C) a—BFyc [Nue _ A) _ _aa(C
o (Nic[o@oP @) =0, do® = ~do® (9a)
0 N
2 A B C) n—BFu.c. u.c. _ B) _ _ c
06(®) (N“-C-[w( Jo®e©e ] )e,e(A) =0, do® =—dp@ (9b)

where we have noted, on the right-hand side, the differential relationship that arises due to the
counterbalance between the dependent variable (6(©) and the independent variables (6, 8(®)
through 6@ + 6® + 9(© = 9. After application of the chain rule, Equations 9a and 9b reduce to
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<a955) =0 Ao = ~d6® (90)
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where we have substituted the results from Equation 6a into Equation 9a and 9b, and again noted the
relationships among differentials.

These critical points comprise the basis for ensuring thermodynamic self-consistency within this
formulation. At equilibrium, when all rates are equal to one another, these critical points must be
satisfied. Equation 9c indicates that when the coverage of A sites differentially increases while keeping
the coverage of B sites and total coverage constant, the differential change in free energy resulting
from this increase and the concomitant decrease in coverage of C sites must be zero at equilibrium.
In order to keep the coverage of B sites and total coverage constant, an adsorbate must implicitly
move from a C site to an A site (reflected in the relationship between differentials shown). This
suggests that the thermodynamic driving force for diffusion between A and C sites should vanish when
the system reaches specifically the critical point in Equation 9c, while that for diffusion between A and
C sites should vanish when the system reaches the critical point in Equation 9d. We can make this
mathematically explicit by recasting the differentials in Equations 9c¢ and 9d in terms of chemical
potentials of adsorbates occupying the various site types (we show the derivation in Section S1 of the
SI). This gives that

(E)FHC) N < OF ¢ ) ( OF ¢ >
00W Joom T [\INW /iy \INO /) yo
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06(®) 0,08 e \oN® N N© ON© N NB)

where careful attention to subscripts on the differentials is required. Recalling that F,. is indeed the
extensive canonical free energy, we are able to identify the differentials in square brackets (center
expression) as the usual chemical potentials (the right hand side) corresponding the addition of one
adsorbate to the system at a specific site type while keeping all others constant. Inserting Equations
10a and 10b into Equations 9c and 9d, respectively, gives that each critical point is respectively
satisfied when

(aFuc> =0, do® = —4e© (9d)
S,Q(A)

= Ny [p@® — p©] (10a)

= Nu.c.[u(B) - U(C)] (10b)

u® = © (11b)
which will be exactly met if the rates of diffusion from A to C sites (and vice versa) and B to C sites
(and vice versa) are defined as:

kBTLe_B[p‘fAC_u(A)] kBTLe_B[p‘fAC_u(C)]
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where we can now see that ry_y depends solely on the chemical potential of p® with the only term
unique to the specific pathway connecting sites X and Y being the chemical potential of the transition
state: uf(Y.This result is perhaps unsurprising since requirements for equilibrium are defined by the
equality of chemical potentials. However, since we have now shown that the free energy of the system
can be defined explicitly as in Equation 6a, its partial differentials can be explicitly assessed.
Performing this differentiation to get, as an example, p®, produces

JF
A — [k = (A1) (A2) (A3)
<6N(A)>N(B)’N(C) (133)
aV
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site types
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where p@D (A2 and u®3) represent contributions, respectively, from the mean-field electronic
ground state energy; from the thermal part of the local free energy; and from the non-thermal global
entropy, which we will show manifests as adsorbate chemical activity in rate expressions. If ¢® in
Equation 13c does not exhibit coverage dependence in any way, p®? reduces to simply
—kgT In(q™), but if one wishes to incorporate a coverage dependence, the full set of differentials
would need to be assessed.

Note that rates corresponding to diffusion between A and B sites are conspicuously absent from
Equation 12a and 12b. These rates are established by observing that we could have equally chosen
to make either the coverage of A sites or the coverage of B sites, 6 or 6, the dependent variable
in Equation 8b; making 6(© the dependent variable was arbitrary. As we demonstrate in Section S2 of
the SI, this means we will always be able to match up each possible rate pair to exactly one unique
critical point regardless of the number of site types invoked.

2.2.3 Grand Canonical Ensemble
Finally, we allow the system to permit exchange of adsorbates with a reservoir kept at some
constant chemical potential, which we will denote as g, illustrated graphically in Figure 3C. This is
expanding the previous canonical ensemble into a grand canonical ensemble. The grand canonical
partition function, E, is thus
Nmax N—N® N

(11
I

Quc eB HresN (14)
N=0 NB)=g NA =g
where the new summation runs over the total number of adsorbates on the surface up to some
maximum, N,,., allowed by the surface.
As before, we wish to operate in the thermodynamic limit (N, . — ) where variables become
continuous. That is, we define
N = 6N, (15a)
to create total coverage, 0, as a continuous variable. However, if total coverage changes, the site
coverages, 80X, must necessarily change in some way as well, making them inappropriate
independent variables in conjunction with 6. We circumvent this by defining site factions, y¥, as the
fraction of adsorbates present that occupy each site type:
BN, = y®ON, (15b)
Each site fraction runs from 0 to 1, inclusively, and all possible site-type coverages can be found within
this domain regardless of the total coverage. Substituting Equations 15a and 15b and their differentials
into Equation 16 and converting the summations to integrals, produces
Omax 1_Y(A) 1

E = f f J‘Nacez [w(A)w(B)w(c)e_B(Fu.C._urese)]Nu'c' dy(A)dy(B)de (16)
0 0 0

which is once again heavily peaked around the maximum value of the integrand. We note that 6, is
the absolute maximum coverage allowed on the surface, and the definition of site fractions obviates
the need for determining the relative maximum coverages for each site type. As in the canonical case,
we can thus achieve the minimum requirements for equilibrium by satisfying the critical points of the
integrand. After differentiating with respect to the each of the three independent variables in Equation
16 (while holding all others constant), we produce
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— pc =0, do® = —_4e©@ (17b)
00(®) )
d
. 3 2 —B(F c_lJ-resNu.c.e) =
90 (Nu.c.e [e " ])y(A),y(B) 0

= [% N2 ([e_B(Fuc_uresN)])y(A)’y(B)] =0

oF 2kgT
= Z{ ) }+ures, dN® = y®aN
aN y(A),y(B) Nulcle

where we have again combined all ®® into the exponent to convert F, . to F,c and differential
relationships that exist due to site balance are again shown to the right of each critical point. We have
taken advantage of the fact that 6 is constant in Equations 17a and 17b to show that these two critical
points are identical to those already found in the canonical case (Equations 9¢ and 9d). Thus, meeting
these critical points is still a necessary condition to attain full equilibrium in the open system, and the
results from Section 2.2.2 still apply. However, the critical point in Equation 17c¢ is new, resulting from
the introduction of total coverage, 6, as an independent variable. The presence of the term in curly
brackets makes this critical point seemingly odd, too, as it depends on both temperature and total
coverage. This term is a finite size effect artifact: any finitely sized surface would need to account for
this term. Thankfully, however, we operate in the thermodynamic limit, where this term approaches
zero as N, .. approaches infinity at any finite temperature, giving

)
(a—;‘f) = lres, AN® =y®dN (17d)
y(A),y(B)’y(C)

which says that the differential addition of another adsorbate to the system occurring at constant
fractional occupation of site types must equal the chemical potential of the adsorbate reservoir at
equilibrium (since y® + y® 4 y(© = 1, one cannot hold y® and y® constant without also holding
y(© constant as well). Since all y® are held constant, and N + N® + N© = N, we arrive at the
differential relationships shown to the right in Equation 17d. These differential relationships are the
only way to satisfy the restriction that all y® remain constant and essentially says that
adsorption/desorption events do not directly perturb the fractional occupation of site types in a multi-
site mean-field model. This analysis also implies that since there’s only one total coverage term per
molecular species, there can only ever be one critical point, and therefore pair of rates, associated
with adsorption/desorption of that species regardless of how many site types are present on the
surface. This is an important result because it is tempting to assume that each site type exhibits its
own desorption rate independent of the other rates of desorption, yet this analysis clearly shows that
one cannot have this and ensure thermodynamic self-consistency at the same time. We must therefore
recast the rate expression corresponding to adsorption/desorption as that of a general surface-to-
reservoir event, giving

(17¢c)
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0F
kgT 1 _B[uzur —res = ]
Fsurfores = %qTe f ( oN )y(A),y(B)‘y(C) (18a)
r.c.
kBT 1 _ ¥ _
Tres—surf = TT e B[usurf—res Hres] (18b)
Ar.c.

which satisfies Equation 17d when rg, f_res = I'res—surf- NOte that we have replaced the presumed
individual transition states chemical potential, u¥__ .., for adsorption/desorption from each site with a
common transition state chemical potential, u, ., that connects the surface and reservoir. We will
return to the interpretation of ¥ . in the Discussion section. Nonetheless, we can see that

OF ¢ . . . . . . . .
( - ) in Equation 18a is effectively a desorption chemical potential for the entire surface of
AN /(&) y(B) (©)

N adsorbates. While its analytical expression can be found by differentiating Equation 6a with respect
to the total number of adsorbates, it is easier and more instructive to determine its relationship to the
site type chemical potentials. Using the same procedure used in Section 2.2.2 (see Section S1 of the
SlI), we can recast this partial derivative as

(giﬂ :¢m<GRW> +¢m<GRW> +y©<BRW>
oN & y(B) 4(© ON@W NGB N(© ON®) N@&) N(© ON© N®) NB)
OF .
= <—“> = y W@ 4y BB 4 y©©
& y(B) ()

where again attention to subscripts on the differentials is required. This gives the general result that

for an adsorbate of any single species, in a k-site model, its desorption chemical potential is given by
site types

oF
or _ X)X 19b
= (aN)an y& Z yoru ( )

where we have dropped the “uc” from the subscript of F,,. since it is now clear that this expression is
the mean field free energy of the adlayer regardless of which ensemble is being probed. We can see
via inspection of Equations 19a or 19b that when diffusion rates reach equilibrium according to
Equation 10 (i.e., when p® = p® = p© = ... = |® = ;D) the desorption chemical potential

becomes exactly the equilibrated chemical potential, p©?. Since Zf(ite YPeSy(X) = 1, Equation 19b

reduces to X3¢ VP y®ea) = (e which is precisely as designed. We will return to the rationale

and implications of desorption rates taking the form shown in Equation 19a in the Discussion section.

(19a)

2.3 Derivation of Mean-Field Global Entropy, Q

We now return to the definition of Q in Equations 4 and 5. This term represents the total number of
configurations N adsorbates can take on a surface made up on N, . unit cells and n® sites of type X
per unit cell. Since Q is defined in the microcanonical case of Section 2.2.1, the total number of
adsorbates, N, and occupation of site types, N&®), can be treated as constant. As a result, the number
of configurations that N® adsorbates can take, %, need only account for the sites that are currently
blocked by adsorbates at non-X sites. This makes the number of configurations, 0%, that N&®
adsorbates can take independent of the number of configurations, Q™ that N) adsorbates can
simultaneously take. The site X-bound adsorbates have access to the remaining unblocked surface
area. This means () can be written as a product of combinatorics for each site, i.e.,

Q=0Wa® o (20)

In a mean field treatment of these configurations, any restrictions on site occupation due to the

presence of other adsorbates (i.e., lateral interactions) are averaged out and expressed in the lateral
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interaction term, Vi, shown in Equation 2. However, if adsorbates completely block other adsorbates
from co-adsorbing nearby, that particular interaction would have to be treated as an infinitely repulsive
lateral interaction term that cannot be subsumed into V,, (the average of any set of values that
contains an infinite term is infinity). A similar argument exists for finite but very large lateral
interactions. As a result, this type of site blocking has to be accounted for in each Q® of Equation 20.

As already mentioned, Q will be shown to control the chemical activity of adsorbates. To show the
importance of this, we consider first what Q is for a 2D gas/free translator (“Case 0”), the simplest
possible model, incorporating no site blocking effects or restriction on movement/diffusion. We will
prove that this is the model tacitly assumed in most MF-MKMs in the literature. We will then look at
four possible more-realistic site-blocking cases due to co-adsorption: (I) mutually exclusive co-
adsorption, (ll) self-exclusive co-adsorption, (lll) self-inclusive co-adsorption, and (IV) mutually
inclusive co-adsorption. These cases are illustrated in Figure 4. Sterling’s approximation:

N! = NNe~N (21)
is used throughout.
CASE 1 CASE 11

Mutually Exclusive Self-Exclusive

W& 2SI e
> 12"5{@” w&:‘@
S ae e

\\ Account For Site BloAckly No Site Blocking Account for Always
.

= . / Availéble Sites
a® = (Ve =N =N a® = (M) i
CASE 111 CASE 1V

e o
} @ . ]”0'9
6‘@-@@3‘@3 %35y 0 we

Account For Site Blocking No Site Blocking Account for Extra
~.Co-adsorption Sites

—~.y

&
Q(a)=( Ny — 4NA) — 4N« ) Q*H)=(‘Nur)

Figure 4. Different site-blocking cases for co-adsorption of a molecular species. Available A sites, B sites, and C sites
are represented by red circles, blue triangles, and green squares, respectively. Blocked sites are colored in black. Here,
O® is defined as an example, and the numbers of A sites, B site, and C sites per unit cell are: n® =1, n® = 4, and
n© = 2. Caseslandll, (A) and (B), require that “always available sites”, (C), be accounted for in Q®. Cases Ill and
IV, (D) and (E), require that “extra co-adsorption sites”, (F), be accounted for in Q®.

CASE 0: Free Translator

To evaluate Q for a free translator, we look specifically at the translational contribution to the free
energy and disregard any rotational or vibrational degrees of freedom that may be present since they
do not often contain a significant coverage dependence. For an adsorbate bound to site X acting as a
2D gasl/free translator, its free energy is, after application of Sterling’s approximation,

(X) _N® [y _ dyc €
Fer =N <V kgTIn 7‘5 PYeS) (22a)
where FS;) and V& are the free energy and binding energy, respectively, of an adsorbate occupying
. . . h .
an X site; Ay, is the thermal wavelength, given by Ay, = Tt where m is the mass of the adsorbate;

and e is Euler's constant, i.e., exp(1). Differentiation with respect to N® produces the 2D free
translator chemical potential

12



a
) = v® — kgTIn [A‘%C] + kg TIn[6®)] (22b)
h
in which the second term in square brackets can be identified as the molecular partition function, q®,
for a single adsorbate acting as a free translator confined to the unit cell. It is the only thermal
contribution to the free energy (aside from the Boltzmann-derived linear dependence on T). Thus, we

can conclude that the other terms in square brackets in Equation 22a are X, giving:
N(X)

® = (£ 22¢
Q (e(x)) (22c)

Note that when Equation 22b is inserted into Equation la, we arrive at the usual, phenomenological
form of rates typically assumed in MKMs based on the law of mass action (the familiar Polanyi-Wigner
expression), with chemical activity equivalent to a linear dependence on coverage (implying an activity
coefficient of unity), namely

kp' q%s x
BV X)
I'xsy —_h <_q(x) (e )9 (22d)
q#

where (ﬁs = (QT) is the partition function of the transition state perpendicular to the reaction

coordinate. It is not difficult to show that the typical 2" order rate law for a bimolecular reaction is the
X _

result of treating both reacting molecules as ideal 2D gases. For the example of 2H* = Hp, p;”, =
2ug§) = Zugé), and that produces
kgT ([ qf_ ® 2
rxoy = T H-H (eB[ZVH* ]) [egi)] (226)

2

|

where subscript H* indicates that the quantity is that of a single isolated hydrogen atom. Therefore,
when we use rates of the form shown in Equations 22d and 22e in a MKM, we are tacitly assuming
adsorbates behave as non-interacting 2D free translators, i.e., as an ideal gas. Such an assumption
should be considered carefully as it is generally incompatible with the presence of a surface and
diffusion barriers. See Section S3 of the Sl for comparison of these to an ideal lattice gas formulation
along with further discussion related to the physicality of rates of the form shown in Equation 22d.

CASE [|: Mutually Exclusive Co-adsorption

Table 1. Case I-IV Example Site Blocking Schemes reflected in Figure 4.

Occupation | Blocks | Blocks Blocks
of a(n)... A sites B sites C sites

Case |

A site 1 4 4

B site 1 4 2

C site 2 4 5
Case |l

A site 1 0 0

B site 0 4 0

C site 0 0 5
Case Il

A site 1 4 4

B site 1 1 2

C site 2 4 1
Case IV

A site 1 0 0

B site 0 1 0

C site 0 0 1
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In this first of the more realistic cases, co-adsorbates block a pre-defined number of other sites
beyond the bound site. Examples of this include the adsorption of small, strongly bound molecules,
e.g., CO and NO, onto metal surfaces, where adsorbates typically block all sites within at least the first
nearest neighbor radius, if not also within the second nearest neighbor radius. An example of this is
illustrated in Figure 4A, where we have defined the number of configurations adsorbates can take on
all B sites (2®) within the figure as a concrete example. Table 1 breaks down the exact site blocking
produced by occupation of each of the three site types according to this example, along with the other
cases presented here (which can be found in Section S3 of the SI).

We will now construct @, 0®  and Q©, the terms representing the number of configurations
adsorbates can take when occupying A, B, and C sites, respectively. This is a counting problem, and
so we can take advantage of combinatorics to define these terms. In particular, we must find the

number of combinations, given by the binomial coefficient, (Z) that N adsorbates occupying X sites

can take on a surface with N, . unit cells when N and N® adsorbates already occupy a certain fixed
number of Y and Z sites, respectively. In a typical lattice gas formulation, one would simply define the
upper index of the binomial coefficient as the number of total sites and the lower index as the number
of adsorbates. With sites blocked, the upper index must have the blocked sites subtracted. If we take
these considerations into account, the following expression are produced:

—N® —2N©
a® = (Mue 71,2 (232)
—N®@ _N©O
Q® — (Nu.c. E(B) N ) [4](N®] (23b)
2 4 2
Z ——N®@ _ZN®
Q© = (5 Nuc. 5 N 5 N ) [5] [N(C)] (23c)
N©

where we see that the coefficient on the first term in the upper index (e.g. the E in %Nu.c. of Equation

23c) of each binomial coefficient represents the maximum coverage up to which adsorbates can
occupy only X sites. This term arises from the total number of unit cells that an adsorbate effectively
occupies. In the case of A and B sites, an adsorbate occupies the equivalent of one unit cell, but in
the case of C sites, adsorbates occupy 2.5 unit cells. We can consider this fractional number of unit
cells as an effective footprint for that site. The remaining sites are then assessed against this maximum
coverage, i.e., by determining the fractional amount of these ‘footprints’ that are blocked by occupation
of the other site types. In the case of site C, whose own footprint has 5 C sites in it, an occupied A site
blocks 4 of these C sites from mutual occupation. Thus, 4/5 of the C site footprint is blocked per
adsorbate occupying A sites. Likewise, occupying a B site blocks 2/5 of the C site footprint. The upper
index is modified to reflect this blocking scheme as seen in Equation 23c, and the same
arguments/analyses apply to the other two sites, giving Equations 23a and 23b.

The final terms in square brackets in Equations 23a — 23c account for the freedom of movement
each adsorbate has within its own footprint. The binomial coefficients effectively count the number of
configurations that N®) adsorbates can take amongst all available X-site footprints as opposed to sites.
However, since an adsorbate blocks its own sites, these sites are always available for occupation by
that adsorbate, see Figure 4C. Since movement to one of these sites simply produces an identical
footprint with exactly the same number of sites/footprints blocked, the binomial coefficient is
unchanged, and these “always available” sites must therefore be counted separately. In the case of A
sites, there is only 1 A site per footprint, and so there are no new configurations to account for.
However, both B and C sites have extra sites that are always available within their own footprints: 4
sites per occupied B site and 5 sites per occupied C site. As a result, the number of new configurations
is given (per adsorbate occupying an X site) by the product of always available sites within each

®
footprint: [b(X)]N , where b® is the total number of X sites blocked by occupation of an X site.
Application of Sterling’s Approximation to the binomial coefficients in Equations 23a — 23c gives
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where the terms in large square brackets represent w®, »®, and w@, respectively; which can be
inserted into Equation 6 to fully define the free energy and entropy of the entire surface; or
differentiated with respect to each site coverage and inserted into Equation 13 to yield the chemical
potential and chemical activity of each occupied site.
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I-UIEJ‘
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Figure 5. Resulting nonthermal entropy (kg ln(w(x)), specifically) for each site type, A (red curves), B (blue curves),
and C (green curves) for co-adsorption site-blocking (A) Case 0, (B) Case |, (C) Case Il, (D) Case lll, and (E) Case IV
in units of kg. Here, both site coverages for non-variable sites are fixed at 0.1 ML. Because of the small domain and
range of the entropy expressions under Case | and I, a zoomed in view is provided inset each panel.
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Derivation of Cases Il — IV is similar to that of Case | and shown in Section S3 of the Sl. The
resultant nonthermal entropy (second term in Equation 5b) for each case—including that of a 2D free
translator, Case O—are compared in Figure 5. The thermal entropy contribution from each site that
comes from the site partition functions (first term in Equation 5b) is not included here because it is
system dependent. Additionally, it is from the nonthermal entropy that the chemical activity of each
site is derived, while the thermal entropy is typically subsumed into the preexponential factor. Because
the extent of the surface is explicitly accounted for, the allowed coverages are bounded on both ends
by zero and the upper index of the associated combinatoric. Case 0, on the other hand, is only
bounded at zero and is otherwise unbounded—toward negative infinity—as coverage increases, which
is an aphysical prediction for a finite surface or volume. This unbounded entropy occurs because 2D
free translators behave as an ideal gas having access to the entire surface regardless of how many
adsorbates are present: there is no limit to the number of adsorbates that can fit into the system. The
entropy trends toward negative infinity because 2D free translators are indistinguishable, and the
number of degenerate energy states increases exponentially (more accurately: factorially) with the
number of indistinguishable adsorbates, causing an unbounded decline in the number of unique
configurations responsible for the adsorbates’ entropies according to the ideal gas model. Additionally,
while Case 0 has a maximum in its entropy contribution at an intermediate value (like for Cases | —
IV), its maximum is at 1 ML, which would often correspond to saturation coverage in many systems.
In fact, because there is no way to entropically set an upper bound in Case 0, this result cannot change
regardless of what the system is or the active site it represents. If we artificially bound the coverage to
1 ML, Case 0 acts qualitatively like the other, more physical cases, which possibly explains why this
approximation has been used as successfully as it has in the literature.

3. Results and Discussion
3.1 Demonstrated Thermodynamic Self-Consistency

We will now construct example MF-MKMs for a simple adsorption/desorption process of a
monatomic gas to/from a surface with three site types: A, B, and C. Each MF-MKM system will be
exposed to a single reservoir chemical potential so that steady state total coverage and site fractions
correspond to their equilibrium values. These can then be compared against those predicted via
minimization of the system’s free energy, allowing us to assess the error in models that might stem
from a lack of thermodynamic self-consistency, while showing the ease of congruence when one uses
the expressions derived here. We will look at two scenarios. The first scenario is one in which the
adsorbates are treated as non-interacting 2D translators, where a model consistent with the diffusion
and adsorption/desorption rates derived here (Equations 11 and 18) can be compared against a
version where individual desorption rates are used instead (as opposed to a single desorption rate as
defined in Equation 18a). To avoid convoluting effects, this scenario is contrived to exhibit
thermodynamic self-consistency. The second scenario is one in which adsorbates are treated more
realistically, with one model accounting for realistic site blocking to produce coverage dependence
(i.e., chemical activity) and another assuming the chemical activity of each site is equivalent to its
coverage as the law of mass action would typically suggest.

By defining the free energy of the system explicitly (via Equation 5), we can determine the
equilibrium coverage and distribution amongst site types by minimizing the systems’ free energy and
comparing them to what the microkinetic models predict. The total free energy of the entire system is
defined as

Fotal = Fsurf + Fres (25a)
where Fg,¢ is the free energy of the surface + adsorbates, and F.. is the free energy of the gas
reservoir. Without lateral/molecular interaction, adsorption will be Langmuirian, resulting only in
saturation coverage. So, a 2-body lateral interaction term will be applied equally to all sites to provide
some variation in equilibrium coverages, giving

C
Fourf = Nuc. [V(A)e(A) + VBB + y©p© 4 2 Vined? — 8WkgTIn(q®)

(25b)
—0®kgTIn(q®) — 8@kgTIn(q®) — k, TIn(0®w® (@) ]
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where V@, v® and V(© are the “zero coverage” adsorption energies of the adsorbate occupying the
A, B, and C sites, respectively; c is the coordination number of the surface; and V;,, is the lateral

interaction energy (i.e., V]at=§\/int92). We could define F..; as Np.s but to have the

adsorption/desorption rate expressions resemble those typically encountered, we choose to define the
free energy explicitly as that of an ideal (3D) gas:

KpT
Fres = FO + kTN ln( . ‘; ) (25¢)
h'res

where F%; is the free energy of a molecule in the reservoir prior to adsorption, which is treated as the
reference energy for the entire system and is thus equal to O here; and P.., is the (partial) pressure of
the molecule in the reservoir. As written, Equation 25 is extensive, dependent on the size of the
system, N, .; but chemical potentials and the minimization of F .., are not. We will thus divide by N, ..
to produce the analogous intensive variable, which will be the value reported when free energies are
shown. Note that holding pressure constant in Equation 25c makes all free energies specifically Gibbs
free energies.

SCENARIO 1

To make these models (which we will denote as model o and ) as similar to those usually used in
microkinetic modeling as possible, the adsorbates are treated as ideal 2D translators in the first
scenario. This means in any given configuration, an adsorbate occupying site A, site B, or site C will
experience the same unhindered translational movement. This movement will be restricted only to
sites of the same type, however, to inject some physicality back into the model. The molecular partition
functions for all other degrees of freedom will be set to unity for simplicity. Thus,

2@

q® =55 (26a)
h
a®

q® = ST (26b)
h
©_ %

0_9s 26¢)

q (
A
where agA), aéB), and aéc) are the areas of site A, B, and C, respectively. For our purposes here, we

X _ n® .
S Tt i@ duc This then

allows the additional entropy gained from movement between unit cells to be captured in the »® an
»® terms. From Equation 22c, these are

will define as the fraction of the unit cell covered in those sites, i.e., a

@ _ (e V7 (26d)
o® = ()
- ()" (262)
) =(—

®

e N(C)
© _ (€ (26)
© = (5)

After inserting Equations 26a — 26e into Equation 25, the chemical potentials of an adsorbate
occupying site A and site B are found by differentiating F, ¢ with respect to N®® N® and N© (shown
in Equation 12) to give

*)
a
n@ =v® 4 cv, .0 —kgTIn [ST + kgTIn[6@W] (27a)
At
2®
nu® =v® 4 ¢y 0 —kgTln [}\StT +kgTIn[6®)] (27b)
h
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(27¢)

©
a

@ =vO 4 ¢v;, 0 —kgTIn [% + kpTIn[6©)]
h

The chemical potential of the reservoir is found by differentiating F,..; with respect to N, but because
N is the number of adsorbates removed from the reservoir, we must also reverse the sign to yield

kgT
Hres = kBTln< > (27d)

h res
Since we are interested in comparing equilibrium values and general trends, we will define the

chemical potential of any activated complex based only on the partition function of the degree of
freedom corresponding to the reaction coordinate. Thus,
whg = —kpTIn[qf ] (28a)

which, due to the presence of qf_c_ in the denominator of Equation 1, is equivalent to assuming the
transition state has zero degrees of freedom perpendicular to the reaction coordinate and is otherwise
at the energetic zero of the system. The transition state for adsorption/desorption is, as usually done,
assumed to belong to an ideal gas molecule moving along a reaction coordinate of arbitrary length, &,
confined to a volume equal to this length multiplied by the area of a unit cell. This gives that

da
IJ‘zurf—res - kBTl < Atuc) (28b)
h
or, for desorption from a single site type
Sa(x)
wE_os = —kgTIn % (28¢)
h

which will be used in Model B. Note that the adsorption/desorption transition state is also at the
energetic zero of the system since we assume adsorption to be unactivated. This means that in this
scenario, the activation barriers for diffusion and desorption will be similar in magnitude.

For adsorption/desorption, qﬁ.c. must be defined explicitly. It is the partition function at the transition
state projected along the reaction coordinate, which in this case, is simply an ideal 1D gas confined to

4, hamely
6

Qe =7 (28d)
th
Substituting Equations 26 — 28 into Equations 12 and 19
produces the rate expressions to be used in our microkinetic model:
MODEL a
kgT ory _ kT (A0 | [8] gy
= = eB Y] = 2B 1, 4 1B 4 O] [Zth| [—— | eB[V*+cVint®]

Ta-B = Tasc = =~ h n'** +n'® +n ] it e t (29a)

T2 1 [a(B)’
Irgoa = I'psc = kB B[H(B)] [H(A) +n® + n(c)] ﬂ _6 CB[V(B)J’CVi“te] (29b)

h [ du.c. | _n(B)_

2 7 1)
Feon = Tog = BT oBlW©] _ —B (@ +n® 4 n©] |20 | (O] pvOrevine]  (29¢)

h [ayc| [n©)]

kgTa
Feustores = So(1 — 9) B u_c B[y(A)u(A)+y(B)u(B)+y(C)u(C’]
® 0 (29d)
a1 1e® G(C) ¥
=5,1 _9) [nm) +n(B)+n(C)][ (A)l [ (B)l [ (C)l eBlY® (V) +cVin ) +y ) (VD +cVinc0) +y© (VO +cVin0)]

resau.c. (296)

Tres—ssurf = 30(1 -0)———
v 2mtmKkgT

where one can now note the importance of the number of site types per supercell, n®, as they appear
explicitly in each expression except for the adsorption rate (Equation 29e). Note that we have
appended a direct sticking coefficients, S,(1 —6), which accounts for the (in)efficiency of energy
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transfer to and from the surface when an adsorbate impinges on it. To ensure detail balance, the
sticking coefficient must also affect the desorption rate. Its presence does not affect thermodynamic
self-consistency; it is a purely kinetic term. Note however that this is the simplest sticking scheme as
it does not subsume the effect of lateral interactions between the adspecies.

We will compare this to a more common version of the rate expressions where individual
adsorption/desorption rates are provided for individual site types. The diffusion rates will be
unchanged. This gives:

MODEL
TAsres = 50(1 — g(A))kB_Tie B[HA res—H® )] =5 (1 _ G(A)) kBTaS B[V(A)+cvlate]e(A) (30a)
.C. h
r.c P a(A)
Ires—»A = SO(]- - e(A)) e (30b)
1/ 21'[ka
B)
Bores = 50(1 _ g(B)) kpT 1 — e B[HB res—hE )] =5 (1 _ g(B))kBTaS B[V(B)+cvlate]e(s) (30c)
qr.c. ®) h
B
Iressp = So(1—0®) \/Z“’L_i (30d)
mm B
©
kgT 1 kgTa
Ieores = 50(1 — Q(C)) B —B[uc res—H(€ )] =5 (1 _ G(C)) B 5 B[V(C>+cvlate]9(c) (30e)
qr.c. © h
Prega
Iresoc = SO(1 - B(C)) Zr:[SmlS( (30f)
B

where supposed sticking coefficients have again been added according to the rate being defined.
We can now show how Model B is setup in the only way that satisfies thermodynamic self-
consistency using individual desorption rates, which can be generalized as:

site types
Tres—surf = faTa—res T fBIBores T fclcores = Z fxrxores (31a)
X
where
site types
Z f =1 (31b)
X
and is only valid if and only if
Fa-res = I'Bores = I'Cores (31c)

which is the case at equilibrium where p® = ® = ;(© put is otherwise violated when the system is
outside equilibrium conditions. Thus, Model B is thermodynamic self-consistent because (1) diffusion
rates are properly defined according to Equation 12 so that Equation 31c is satisfied at equilibrium,
and (2) because we have defined transition state chemical potentials for each desorption/adsorption
rate (Equation 28b and 28c) that are proportional to the fraction of the surface covered in X sites,

which satisfies Equation 31b so that
site types

Z q:)t(—>res = qtesesurf (310)
X

¥ ¥ .
where qf_ s = e Bkores = fy and qf ¢ = e BHresssurr = 3T YPqE it will become clear how

the coincidental validity of Model  nonetheless produces aphysical behavior in the kinetics.

The rate expression in Equations 29 and 30 allow us to define the system of ordinary
differential equations (ODESs) that comprises each microkinetic model, which is established via mole
balance around each site type and the surface/reservoir. These are
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MODEL o

do® 1d0]
2t - Ta-B T Tasc +rpon + Ieon +y® at (32a)
de® [dO]
= 'B-A " TBoc tTlasptTrcopt y® at (32b)
de© d0]
dr . Fcoa T TeosB T Tasc igoac F y© ar (320)
do o
E = —Tsurfores T I'res—surf (32d)
MODEL p
4o
dt = —Ta>B —Tasc T TBoA T Tecsa — Tasres T 1lres—a (33a)
de®
2t 'B-a T TBoC +Tra-B 1 TcsB — I'Bores T I'ressB (33b)
de©
dt = —Tcsa — TesB T Fasc T B — Teores T resoc (33C)
do
E = —Ta->res — I'Bores — I'cores T Tres»A T I'res»B T I'resoc (33d)

It is desirable to recast these into the identified independent variables of 6 and y®:

de® dy® doe
a a Y o
Substituting Equation 34 into Equations 32 — 33 and rearranging produces
MODEL a
dy® _ “Ta-B ~Tasc +Igoa +Tcoa (35a)
dt 6
dy® _ ~TBoa —TBoc +TasB +Teos (35b)
dt 6
dt 6 6
dt = —Tsurfores T Tresosurf (350)
MODEL B
de
dy®  —Tasp —Tasc +Toa tTcua — Tasres + Tres—a — y® [E] (36a)
at 6 do
dY(B) _ —TIB-A —I'B»c T Ta-B T IcsB — IBores T+ I'res—»B — y(B) [E] (36b)
dt 0 do
dy© _ —T'coa = FeoB + Tase + TBoc — Feores + Tresoc — ¥(© [E] (36¢)
o o
E = —Ta-res — I'Bores — I'cores 1 Tres»A T I'res»B 1 I'resoc (36d)

where model a is well simplified (upon division by 8, the ODEs in Equation 35a — 35c simplify yet
further), and model B is made much less simple, hinting at its inappropriateness. In practice, we will
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use a molar balance to define the full set of equations needed for all models (replacing one of the
ODESs); but in principle, this is optional. The parameters used in Equation 25 are shown along with
the initial values of each variable are shown in Table 2.

Table 2. Parameters and initial values used in MF-MKMs of Model o and 3 for Scenario 1.

Parameter Value
T 300 K
Pres 1 bar
m 30 g/mol
auc. 25 A2
V&) -1.00 eV
v(®B -0.90 eV
v(© -0.85 eV
n® 1
n® 3
n(© 6
Vint 0.20 eV
initial value: 6 0.001
initial value: y® 1/3
initial value: y® 1/3
initial value: y(© 1/3

Having access to the free energy (per unit cell) of this system as a function of total coverage
and site fractions (Equation 25), we are able plot this and the corresponding chemical potentials of
each site type, as well, which allows us to further characterize the physicality of the models. The results
for Model o and Model  are shown in Figure 6.
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Figure 6. Solution of the (A-C) Model o and (D-F) Model  MF-MKMs for Scenario 1, showing (A,D) the integrated
value of the total coverage (8, solid black line) and site fractions A, B, and C (y®, solid red, blue, and green lines,
respectively); (B,E) the site coverages (6%, solid red, blue, and green lines, respectively) alongside the total coverage
again (0, solid black line) for comparison; and (C,F) the corresponding plots of the system’s mean field thermodynamics:
solid black lines are the effective desorption chemical potential (ug,f) given in Equation 19, solid red, blue, and green
lines are site type chemical potentials (1), the solid purple lines are free energies on a unit cell basis. In (A — F),
equilibrium values as determined from minimization of the free energy (Equation 25b) and are shown as same-color
horizontal dashed lines. Note that the simulation time (x-axis) is shown on a log scale.

As seen in Figure 6A, integration of Model o produces values of 6 and y® (solid lines) that match
their predicted equilibrium values once steady state is reached around t = 10?2 ps—just as demanded
by thermodynamic self-consistency. The corresponding values 6% are shown in Figure 6B, revealing
the dynamic behavior of diffusion between site types. Sensibly, as coverage increases, diffusion
increases toward sites that exhibit lower chemical potentials (A and B sites, see Figure 6C). However,
we can see that the early kinetics are not dominated by diffusion but by adsorption, which greatly
outpaces both desorption and diffusion until the coverage increases to ~0.57 ML around t = 1 ps, at
which point rates become comparable and we see total coverage and site fractions move toward
equilibrium in tandem—with clearly different kinetics involved as the rates abruptly change.
Interestingly, ~0.57 ML is the total coverage for which the equilibrium site fractions are 1/3, 1/3, and
1/3—the initial values used. This means that the system’s initial kinetics are driven by its attempt to
minimize the free energy at the initial site fraction values used. As (initial) adsorption rates will almost
always outpace diffusion rates, this suggests initial site fractions should in general be chosen as those
that minimize the free energy at the chosen initial total coverage instead of arbitrary values unless
there is good reason to believe the surface starts off in an unequilibrated state. Overall, however, the
kinetic behavior of Model o is sensible and does not display any aphysicality beyond perhaps that
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caused by initializing the system in an arbitrary manner. It takes ~1.3 ps to reach the kinetic change
over from adsorption dominated to diffusion dominated at ~0.57 ML, and another ~100 ps to reach
equilibrium from there. Given that transition states were set at a very high value of 0.0 eV, the diffusion
barriers are very large (on the order of ~1.0 eV), and slow diffusion kinetics between site types are
thus expected.

Compared to Model a, the integration of Model 3, shown in Figure 6D and Figure 6E, is markedly
aphysical in that the highest chemical potential site (site C see Figure 6F) is initially preferentially
occupied over the other lower chemical potential sites, with the lowest chemical potential site (site A)

even being preferentially depleted. This is a result of defining individual adsorption rates (Equations

30b, 30d, and 30f) with transitions states that are proportional to the site type area, a(SX), and thus to

n® | which is largest for site C (n(®© = 6). This makes the site C adsorption rate largest regardless of
its binding strength (i.e., chemical potential). In the extreme, this suggests that a nominally inert
support (e.g. SiO2) would experience preferential adsorbate binding to it over its supported active
nanoparticles simply because the support constitutes the majority of the surface area. Arbitrary
corrections could be added to correct for this, but this fact itself makes it clear that such rate
expressions are flawed—supporting the validity of Equation 19. As seen in Figure 6F, this is despite
the underlying thermodynamics of Model 3 appearing to behave qualitatively similarly to Model o.
While a clear kinetic changeover occurs around t = 0.9 ps, similar to that seen in Model a, this point
does not correspond to the minimization of the free energy at the initial site fractions or those reached
at t = ~0.9 ps. Instead, the change in kinetics is merely the result of C site adsorption coming to
equilibrium with the reservoir (where its individual desorption and adsorption rates reach the same
value), leaving the next highest surface area site, site B, to dominate adsorption until it comes to
equilibrium with the reservoir, as well. We see a maximum in 8(©) and 6® (solid green and blue lines
in Figure 6E, respectively) where adsorption/desorption equilibrium is reached for each site type. This
suggests that only at these points, where net adsorption reaches zero, can diffusion work to “fix” the
site fractions (since diffusion rates are properly defined in Model B still). This also leads to the awkward
result that once C sites reach their equilibrium value, the desorption rate (now balanced by the
adsorption rate) becomes greater than the adsorption rate of either A or B sites, making the existence
of multiple adsorption/desorption rates even more specious. Overall, the results of Scenario 1 show
the kinetic behavior of each model is significantly different despite both models exhibiting
thermodynamic self-consistency (which is contrived in Model f3).

SCENARIO 2

In this scenario, we will treat adsorbates more realistically and compare to a model MF-MKM that
treats the adsorbates according to the law of mass action, assuming reactant chemical activity to be
proportional to coverage/concentration of adsorbates and empty sites. While the molecular partition
function of the adsorbate occupying a certain site type would typically be that of a harmonic oscillator,
we will neglect this term in both models since large differences in vibrational frequencies would be
required to significantly affect the sites’ energetics and is outside the scope of what we wish to
demonstrate here anyway. To be clear, these partition functions are important to the thermodynamics
and kinetics of real systems and cannot be neglected outside this academic exercise.

Model a in Scenario 2 will mimic Model o in Scenario 1 but with the adsorbates treated as
lattice gases, using a simplified mutually exclusive co-adsorption scheme for the configurational
entropy term (Q®) so that the effects of site blocking can be included. Note that including site blocking
restricts the maximum total or site coverages to 1 ML, which is the tacit assumption when expressing
the sticking coefficient as S,(1 — 0): the leading “1” is the maximum coverage. Depending on the
adsorbate in question, such an assumed maximum coverage may be more or less realistic, but we will
assume a general case here. Model § in Scenario 2, on the other hand, will treat adsorbates according
to the law of mass action, as stated previously. As opposed to that used in Model  of Scenario 1,
Model B of Scenario 2 will exhibit a single desorption rate similar to Model a, but without the entropy
contributions of Q™ since the activity will be expressed via the law of mass action.

23



We will take the initial site fractions to be their equilibrium values at the initial total coverage of
0.001 ML, as the results of Model a in Scenario 1 suggests we should. Unsurprisingly, at such a low
coverage, primarily the low chemical potential A sites are populated—a much more physical prediction
than that of Model B in Scenario 1. To show how lateral interactions can lead to a significant change
in these site fractions, we will now also include specific repulsions between occupied sites of the same
type (we designate these interactions as V*® to represent the average 2-body interaction between
an occupied X site and other occupied X sites) such that the stronger the zero-coverage binding
energy (V®) is, the more repulsions it experiences. This will drive the site fractions to change more
significantly as total coverage increases.

MODEL o
Table 3. Site Blocking Scheme for Scenario 2, Model o.
Occupation | Blocks | Blocks | Blocks
of an... A sites B sites C sites
A site 1 3 6
B site 1 3 6
C site 1 3 6

We define the free energy of the system again as in Equation 25, but with q® = q® =q© =1

and the lateral interactions modified as discussed above. This gives the free energy of the surface as
Feur = Nuc [V(A)Q(A) +V®g® 4 y©g© +§(V<AA)[9<A>]Z + V(BB)[Q(B)]Z + V(CC)[G(C)]Z + Vintez) — kT In(@®a®w©) ] (37)

where o®, »®, and w© are derived from a mutually exclusive site blocking scheme (Case | in

Section 2.3) where each adsorbate blocks the equivalent of one unit cell and all sites found within; this
makes the maximum site coverage of each site equal to 1 ML. The explicit site blocking scheme can

be found in Table 3. For Q™) this produces

—N® _N©O A
Q@ = (Nu.c. E(A) N ) [n@] ] (38a)
which, after Sterling’s approximation, gives
Nu.c.
_e(B)_e(C))
1—g® _ @ }
oW = [( ) (38b)

A
@A) °
(hw) -0 J

with ©® being the term in square brackets. After differentiation of the free energy thus defined, the
site type A chemical potential is
e(A)(1 —pW — G(C))(l —pW _ e(B))

n®(1-9)3
which is a significant deviation from an ideal 2D gas chemical potential where the final term in
Equation 39 would simply be kBTln[e(A)]). Note that the form of this expression prevents the total
coverage, or any individual site type’s coverage, from exceeding their common maximum coverage of
1 ML due to negative logarithmic arguments outside this bound. In this way, we have introduced the
saturation coverage of individual adsorbates as a thermodynamically and thus kinetically important
physical quantity. An analogous set of expressions can be obtained for the other two site types.

To make diffusion kinetics in Scenario 2 slightly more realistic than in Scenario 1, we will also
include a common nonzero transition state chemical potential, u*, which will be inserted into each site
type’s diffusion rate expression. The rates of diffusion from, e.g., A sites and adsorption/desorption
from the entire surface are then

kgT o kgT[8W(1— 0@ —9@)(1 -0 —g®
rasg = T'ase = %eB[“( ] = % ( n(A)(l 3(9)3 ) e

u® = v@® 4 [y e® 4 v, 6] +kpTIn [ (39)

—B[ui— (VW +c[vAVe@ v, 6])]

(40)
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KpTauc g[y@),a),4y®),®) 1y©,©)]

Tsurfores = 90(1 — G)T}\tTe (41a)
h
Presau.c
Tresosurf = 90(1 — 0) ———= (41b)
\/ 2mmkgT

where u* will be defined as a single energy located at -0.50 eV (which produces barriers of ~0.50 V).
We see in Equation 40 that diffusion rates are still proportional to their site type coverage (i.e.,
concentration), which is 0@ above, as the law of mass action would suggest. However, it is also
directly proportional to the number of empty B and C sites here. This is due to site blocking: when the
adsorbate leaves the A site, it also increases the availability (and therefore entropy) of B and C sites,
and so this effect is reflected in the global entropy and thus the rates. The presence of (1 — 0)3 in the
denominator is not due to site blocking and instead reflects the entropy gained by all 3 sites associated
with simply making the surface emptier. Clearly, in the diffusion rates, this term cancels out at
equilibrium, but removing it would distort the underlying difference in chemical potentials driving
diffusion as this is a real feature of the entropy of the system. Inserting Equation 40-41 into Equation
35 produces the system of ODEs for Model o of Scenario 2.

MODEL B

The model that will be compared against Model o is based on the law of mass action, which
suggests that the rate should be directly proportional to the concentration of species leaving and also
proportional to the concentration of empty sites of the site type that the adsorbate is diffusing toward.
To decouple effects, we will use a single desorption rate in the spirit of Equation 19 but with chemical
activity determined on the basis of mass action rather than on Q%). Using the site blocking scheme
shown in Table 3, we therefore produce

AL = kl;_T(e_B[lﬁ_(v(A)+C[V(AA)e(A)+vinte])]) e(A)(l —pW _ e(C)) (42a)
Fpoa = kl% (e_B[”t_(V(B)+c[V(BB)9(B)+Vime])]) G(B)(l —_p® _ e(C)) (42b)
KT ot (v 4 c[v (AR g(a) 4y,
FaLc = T(e Blut— (VA +c[viAte +th9])]) 0@ (1 —0® — p®) (42¢)
Feop = kfl_T (e—B[u*—(V(C)+c[V(CC)9(C)+Vint9])]) G(C)(l —9® _— e(C)) (42d)
rgoc = kl;_T (e_B[Iﬁ_(V(B)+C[V(BB)9(B)+Vinte])]) G(B)(l —pW _ e(B)) (42e)
Teop = k%(e_B[ﬂ*_(V(C)+C[V(CC)G(C)+Vinte])]) e(c)(l —pW _ O(C)) (42f)
kgTa
Fourfores = SO(]. . 9) % }\l%.c. (eB[Zxy(X)(V(X)+C[V(XX)9(X)+Vth9D]) 0 (429)
h
Presa
r R — S (1 _ 9) res“u.c. 42h
res—surf 0 m ( )

which can be inserted into Equation 36 to yield the system of ODEs for Model 3. The remaining
parameters of Model o and Model B of this scenario can be found in Table 4.

Just as with Model o in Scenario 1, we can see in Figure 7A-7C that Model . in Scenario 2 exhibits
thermodynamic self-consistency, reproducing equilibrium values as determined by minimization of the
system’s total free energy. Model B of Scenario 2 (Figure 7D-7F), on the other hand is not
thermodynamically self-consistent despite the free energy being minimized to nearly the same value
(see solid purple lines in Figure 7C and Figure 7F). However, the correct ordering of site fractions
and nearly the same total steady state coverage is achieved, showing that the law of mass action can
produce qualitatively similar results despite predicting the wrong absolute values at steady
state/equilibrium (provided that a single adsorption/desorption rate pair is also used, which is the case
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here). We also now see a single kinetic regime in both models, in contrast to Scenario 1, demonstrating
the important effect of starting from an equilibrated surface when initializing the system. Looking at
Figure 7B and Figure 7E, we see both models exhibit a transient local maximum in the site A coverage
as total coverage increases and changes the system from favoring A site occupation to C site
occupation, which is caused by the stronger repulsions between occupied A sites, eventually negating
its stronger binding energy. However, since the entropic effects of site blocking are not imbedded in
Model B, the final C site coverage (6(®)) is only ~28% greater than the final A site coverage (6()) when
Model a predicts it should be ~72% greater. While site coverages might not seem to be very different
in absolute terms, such a discrepancy can have significant effects on surface chemistries that involve
one site type but not the other. This demonstrates that great care must be taken in choosing a site
blocking scheme (and free energy) that accurately reflects the physics of the real system under
investigation. Overall, the results of Scenario 2 highlight the importance of site blocking and entropy
and suggests that the law of mass action is not an entirely appropriate basis for diffusion rates in MF-
MKMs of reactive surfaces exhibiting multiple types of sites or states.

Table 4. Parameters and initial values used in MF-MKMs of Model o and B of Scenario 2.

Parameter Value
T 300 K
Pres 1 bar
m 30 g/mol
Auc. 25 A?
V&) -1.00 eV
V(B -0.90 eV
v(© -0.85 eV
n® 1
n® 3
n(© 6
y(As) 0.20 eV
V(BB 0.10 eV
v (€0 0.05 eV
Vint 0.10 eV
uky -0.50 eV
initial value: 6 0.001
initial value: y® 0.92242
initial value: y® 0.06022
initial value: y(© 0.01742
a) Site Fractions that minimize the free
energy at the initial total coverage,
6=0.001.
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Figure 7. Solution of the (A) Model o and (B) Model B MF-MKMs for Scenario 2: solid black lines are integrated values
of the total coverage (8), and solid red, blue, and green lines are the integrated values of site fractions A, B, and C,
respectively. (C/D) The corresponding plots of the mean field thermodynamics: solid black lines are the effective
desorption chemical potential given in Equation 19, solid red, blue, and green lines are site type chemical potentials,
the solid purple lines are free energies on a unit cell basis. In (A — D), equilibrium values as determine from the free
energy (Equation 37) and are shown as same-color horizontal dashed lines and denoted with same-color “eq”. Note
that the free energy is plotted on the same axis here. The simulation time (x-axis) is shown on a log scale and note that
the range is different from that used in Figure 6.

3.2 Response to Thermal Excitation

We will now demonstrate the fully range of the dynamic nature of multi-site MF-MKM Kkinetics using
Model o from Scenario 2. As seen in Figure 8, starting from its equilibrium solution at 300 K, the
temperature of the total system is abruptly changed (thermally excited) to 1070 K. This causes the
system to desorb nearly all its adsorbates, returning the surface to a practically clean state (6 =~0.001
ML, see Figure 8A). The abrupt change in temperature causes the chemical potentials of each site
type to come out of equilibrium (see Figure 8B) with a different chemical potential induced in each
site type. At 1070 K at the initial coverage, site C has the lowest chemical potential and site A has the
highest, and so diffusion proceeds to increase C site occupation. Once equilibrium between site types
is reestablished, around t = 0.01 fs, diffusion proceeds toward its final equilibrium value and y(© thus
goes through a maximum (and y® goes through a minimum), eventually arriving at their steady-state
equilibrium values. Once steady state is established, this procedure is then repeated, abruptly
changing temperature to those shown above the panels in Figure 8, allowing the system to come to
steady state again before the next temperature change is applied. The system is ultimately brought
back to 300 K to complete the cycle and show that the same equilibrium is reestablished. Note that
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surface sites equilibrate with each other (i.e., take on the same chemical potential) much prior to the
coming to equilibrium with the new reservoir chemical potential. This suggests that it could be
justifiable to treat diffusion between different site types as instantaneously quasi-equilibrated in certain
real systems.

The transient behavior in each temperature subsection of Figure 8 exhibits the same features
mentioned above except at 100 K. At such a low temperature and low starting coverage, diffusion
kinetics are slowed to such a degree that they can no longer respond to the disparity of chemical
potentials until adsorption raises the total coverage enough for lateral interactions to force diffusion to
C sites. This is the case at low temperatures in general: the increased coverage results in greater
lateral interactions that switch favorability from A sites to C sites at equilibrium. At higher temperatures,
the greater entropy of C sites (there are six times more C sites than A sites in this model) also switches
favorability from A sites to C sites at equilibrium. Thus, amongst the temperatures used here, only at
800 K is the total coverage and C site entropy low enough to maintain A site dominance at equilibrium.
This also demonstrates that “meta stable” sites can dominate the reactive adlayer even though they
are weaker binding at low coverages entirely due to the inclusion of global entropy and realistic
coverage effects. Overall, these are very sensible results given the parameters used and substantiate
the appropriateness of the rate expressions established here for multiple site types. It is outside the
scope of this current work to explore the variations one might see by changing binding strengths,
lateral interactions, number of sites, and site blocking schemes, but it should be clear that a very rich

and physically meaningful kinetic space can be described using these rate expressions.
1070 K 600 K 400 K 800 K 100 K 300 K
1.0|_X_‘l
1o

0.8
0.6 1
0.4
0.2 1

0.0 1
0.0

6 (ML) or yX)

-0.5 4

-1.0 4

-1.5 -

u® (eV/adsorbate)

el (1070 K) smmmmm :

8 6 -4 -2 -4 -2 0-4 -2 0 -6 -4 -2 -4 2 0 -8 -6 -4 -2 0
log(Time [ps])
Figure 8. (A) Continuous solution of the Model o MF-MKM of Scenario 2 along with (B) the corresponding site type
chemical potentials, u®. The reservoir chemical potential at each temperature used to thermally excite the system is
shown as a horizontal dashed line in (B). The adsorbate partial pressure is set to 1 bar throughout. The x-axis of each
temperature subsection is on its own log scale to aid the eye. Corresponding site coverages are shown in Section S4
of the SI.

4. Discussion
We have derived the desorption rate of a single species with multiple binding sites or states as

kBT *i e_B[l‘lzurf—res _Zf(ite ypes y(X) IJ-(X) (43)
hqf

This definition leads to an intriguing inference concerning the single transition state, ¥, . .,
connecting the surface to the reservoir. From the point of view of thermodynamic self-consistency,
¥ ¢ .. is inconsequential as it appears as a factor on both sides of any rate pair, but its effect on
kinetics is significant. If desorption from each type of site is unactivated, one can imagine a common
transition state occurring at the “boundary” between the reservoir and the point above the surface
where the adsorbate just starts feeling the influence of the surface. Equation 43 would be consistent
with such a model, having a single transition state chemical potential. However, for activated
desorption, such a transition state is unacceptably aphysical. Thus, by analogy to Equation 19, we

Fsurf-ores =
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assert that the correct definition for this transition state is also a weighted sum of individual transition

state chemical potentials, that is,
site types

p‘i:urf—res = z y(X) I’J';l:(—res (44)
X

where i ___ s, as defined in Equation 1b, the chemical potential of the transition state associated
with desorption from individual site X. Such a definition means that the desorption rate from a multi-
site/state MF-MKM is in fact based on a weighted sum of activation free energies, giving
kBT 1 _ site types XA X)
Tsurfores = T;lz_e B[ZX y IJ'act] (453.)
qI‘.C.
where

BGEL = Wi—res — 1Y (45b)
which is a much more satisfying result from an interpretation point of view. Note that in order to ensure
thermodynamic self-consistency, p® must still be properly defined.

However, it is still perhaps counterintuitive that the desorption rate from a surface (or any
system) having more than one populated adsorption site (or state) should be a single rate at all and
not a sum of multiple desorption rates, one for each site. This can be rationalized by considering the
entire surface as one entity, which is in essence what the mean field assumption represents. When
molecules of the same species enter or leave this entity, we do not have spatial resolution and so
cannot assign to those molecules any specific sites directly—they must be inferred. Once the
molecules enter the reservoir, molecules of the same species are identical and do not carry with them
knowledge of where they came from. This of course does not mean that the rate of desorption is not
physically made up of individual desorption events from individual sites. Rather, what this work
demonstrates is that when a very large number of such desorption events occur, it is the average
chemical potential that determines the resulting desorption rate, because again, the surface is one
entity and must therefore exhibit only one chemical potential. This should not be a cause for alarm
since this is all one can experimentally measure anyway. Once enough desorbing molecules reach
the detector to be measurable, so many such desorption events (on the order of 10%3) have occurred
that any rate measured can only ever be an average. From this perspective, mean field models are
ideal, and now that we know what is being measured (the mean chemical potential of each molecular
specie’s adlayer), experiments can potentially be devised to uncover the site-specific nature of the
adlayers with the help of this theory and the models built around it.

Finally, we should note that a single desorption rate based on an average chemical potential
is analogous to the Widom insertion method®° often used in Monte Carlo simulated desorption. When
determining the desorption rate from a spatially resolved lattice, a probe molecule of the species in
guestion is inserted into all of its available binding sites/configurations and it is the average free energy
change associated with every insertion of that molecule that is used to define a single chemical
potential that is inserted into a single rate expression for desorption. In this sense, the desorption rate
derived here can be seen as an extension of this method to mean field microkinetics.

5. Conclusions

We have rigorously constructed a theoretical framework for the development of mean field
microkinetic models (MF-MKMs) where adsorbates have access to more than one adsorption motif or
binding site. Specifically, rate expressions have been derived from the first principles of statistical
thermodynamics and a principle we refer to as “thermodynamic self-consistency”, which requires that
equilibrium coverages of each site, as determined by minimization of the systems total free energy,
be reproduced by the MF-MKM of the same system. By comparing solutions of MF-MKMs built using
these rate expressions against those built using more commonly assumed forms, we conclusively
show (1) that the measured rate of desorption from a surface where multiple adsorption sites are
populated cannot be a simple summation of individual desorption rates, but rather must be a single
rate based on the average chemical potential of the surface adlayer, (2) that this chemical potential is
dependent on the relative distribution of the available site types as well as their occupation; and (3)
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that the law of mass action is an improper basis for determining the chemical activity/coverage
dependence of diffusion rates from one site to another. This latter point was touched on by Arnadéttir
and co-workers,%! though in a different context. We expect that this work will provide both experimental
and computational researchers the tools needed to uncover the kinetic role of multiple active sites or
states in catalytic systems.
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	Abstract
	It is well known that heterogenous catalysts exhibit a distribution of sites/structures, some more active than others but more than one often being important to the underlying reaction mechanism(s). The inclusion of this reality in mean field microki...
	1. Introduction
	Figure 1. Illustration of how (a) the “site types” (red circles or blue triangles) in our model and “diffusion” of an adsorbate (yellow oval) can be interpreted as both (b) diffusion from site-to-site, such as oxygen adatom diffusion from top to hollo...
	With this in mind, we first take a surface made up of a very large but finite number of unit cells (u.c.), ,N-u.c.., onto which some number of adsorbates of a single species, N, are adsorbed. Defining unit cells is a convenience that allows us to defi...
	We define rates according to transition state theory, so that rates of diffusion from, e.g., site type X to site type Y, and rate of adsorption/desorption from, e.g., an X site to some reservoir, are given by:
	where ,r-X→Y. is rate of diffusion from site type X to site type Y, ,r-X→res. is the rate of desorption from site type X to some reservoir appropriate to the adsorbate and system in question; ,k-B. and h are the Boltzmann and Planck constants, respect...
	Site-to-site diffusion is neglected in mean-field microkinetic models because it is inconsequential to the (free) energy of the system. That is, if the coverage of adsorbates is not changed by diffusion, which is the case in single-site models, the av...
	Figure 2. Illustration of how site-to-site diffusion between the same types of sites (A and C) and different types of sites (B and D) effect mean-field microkinetic rates. In the illustrations, each large open circle is a supposed surface atom with th...
	To determine the chemical potentials in Equation 1, our strategy will be to ensure what we term “thermodynamic self-consistency”: the state of the system at equilibrium, according to equality of rate expressions, should match that predicted by equilib...
	where ,N-,X.. is the total number of adsorbates occupying site type X, such that ,X-,N-,X...=N is the total number of (same molecular identity) adsorbates on the surface; ,V-,X.. is the binding energy of an isolated adsorbate bound to an X site; ,q-,X...
	Figure 3. Illustration of how various restrictions on the adsorbates in the system produce (A) a microcanonical, (B) a canonical, and (C) a grand canonical ensemble, with each building off the next in terms of complexity. The shapes shown are the same...
	Equations 2-3 describe a local free energy that would define a local partition function for a single adlayer configuration. However, in any system at equilibrium, all of its properties will be described by its global partition function, which is a the...
	If the number of a species bound to one of its available site types, ,N-,A..,,N-,B..,…,,N-,X.., are kept fixed, the (mean-field) energy of the system will stay fixed regardless of the configuration the adsorbates take on the surface. Even if we accoun...
	where Ω is the number of degenerate energy states, dependent upon the total number of adsorbates on the surface. Note that Ω is in fact the “true” microcanonical partition function here, and, as we will see, is the source of the adsorbates’ global ent...
	where ,ω-,X.. is the contribution to the number of degenerate energy states from adsorbates occupying site type X. Since all the terms in Equation 4 depend on variables that are kept fixed here, the free energy of this microcanonical ensemble is direc...
	and this gives its global entropy as
	where the first term in parentheses is the sum of local entropies arising from thermally-induced fluctuations of each bound adsorbate; while the second term, involving ,ω-,X.., corresponds to the only source of non-thermal global entropy, specifically...
	We now allow adsorbates to move from one site type to any of the other site types present but continue to keep the total number of adsorbates on the surface fixed. This is shown in Figure 3B. While the total number of adsorbates, N, does not change, ...
	where the constraint that ,N-,A..+,N-,B..+,N-,C..=N is implicitly imposed, and we have factored ,N-u.c.. out of each term to create a single exponent. Since N is held constant, only two of the three site type occupations can be independently defined, ...
	In the thermodynamic limit, ,N-u.c.. approaches infinity, and it is therefore appropriate to perform a change of variables from discrete values (e.g., number of adsorbates populating site type X, ,N-,X..) to continuous values (fractional coverage of ...
	which allows the summations in Equation 7 to be replaced with integrals
	where we account for the fact that maximum coverages, ,θ-max-,A.. and ,θ-max-,B.. (relative to the fixed total coverage), may be some value other than unity. In the thermodynamic limit where ,N-u.c.. approaches infinity, the integrand in Equation 8b b...
	where we have collected the ,ω-X. terms back into the exponent. Maximizing the integrand of Equation 8b requires that the critical points of the integrand be met as suggested by Equation 8C. This establishes the minimum criteria for equilibrium in a c...
	where we have noted, on the right-hand side, the differential relationship that arises due to the  counterbalance between the dependent variable (,θ-,C..) and the independent variables (,θ-,A.., ,θ-,B..) through ,θ-,A..+,θ-,B..+,θ-,C..=θ. After applic...
	where we have substituted the results from Equation 6a into Equation 9a and 9b, and again noted the relationships among differentials.
	These critical points comprise the basis for ensuring thermodynamic self-consistency within this formulation. At equilibrium, when all rates are equal to one another, these critical points must be satisfied. Equation 9c indicates that when the covera...
	where careful attention to subscripts on the differentials is required. Recalling that ,F-μc. is indeed the extensive canonical free energy, we are able to identify the differentials in square brackets (center expression) as the usual chemical potenti...
	which will be exactly met if the rates of diffusion from A to C sites (and vice versa) and B to C sites (and vice versa) are defined as:
	where we can now see that ,r-X→Y. depends solely on the chemical potential of ,μ-,X.. with the only term unique to the specific pathway connecting sites X and Y being the chemical potential of the transition state: ,μ-XY-‡..This result is perhaps unsu...
	where ,μ-,A1.., ,μ-,A2.., and ,μ-,A3.. represent contributions, respectively, from the mean-field electronic ground state energy; from the thermal part of the local free energy; and from the non-thermal global entropy, which we will show manifests as ...
	Note that rates corresponding to diffusion between A and B sites are conspicuously absent from Equation 12a and 12b. These rates are established by observing that we could have equally chosen to make either the coverage of A sites or the coverage of B...
	where the new summation runs over the total number of adsorbates on the surface up to some maximum, ,N-max., allowed by the surface.
	As before, we wish to operate in the thermodynamic limit (,N-u.c..→∞) where variables become continuous. That is, we define
	to create total coverage, θ, as a continuous variable. However, if total coverage changes, the site coverages, ,θ-,X.., must necessarily change in some way as well, making them inappropriate independent variables in conjunction with θ. We circumvent t...
	Each site fraction runs from 0 to 1, inclusively, and all possible site-type coverages can be found within this domain regardless of the total coverage. Substituting Equations 15a and 15b and their differentials into Equation 16 and converting the sum...
	which is once again heavily peaked around the maximum value of the integrand. We note that ,θ-max. is the absolute maximum coverage allowed on the surface, and the definition of site fractions obviates the need for determining the relative maximum cov...
	where we have again combined all ,ω-,X.. into the exponent to convert ,F-u.c.. to ,F-μc. and differential relationships that exist due to site balance are again shown to the right of each critical point. We have taken advantage of the fact that θ is c...
	which says that the differential addition of another adsorbate to the system occurring at constant fractional occupation of site types must equal the chemical potential of the adsorbate reservoir at equilibrium (since ,y-,A..+,y-,B..+,y-,C..=1, one ca...
	which satisfies Equation 17d when ,r-surf→res.=,r-res→surf.. Note that we have replaced the presumed individual transition states chemical potential, ,μ-X−res-‡., for adsorption/desorption from each site with a common transition state chemical potenti...
	where again attention to subscripts on the differentials is required. This gives the general result that for an adsorbate of any single species, in a k-site model, its desorption chemical potential is given by
	where we have dropped the “μc” from the subscript of ,F-μc. since it is now clear that this expression is the mean field free energy of the adlayer regardless of which ensemble is being probed. We can see via inspection of Equations 19a or 19b that wh...
	As already mentioned, Ω will be shown to control the chemical activity of adsorbates. To show the importance of this, we consider first what Ω is for a 2D gas/free translator (“Case 0”), the simplest possible model, incorporating no site blocking effe...
	CASE 0: Free Translator
	To evaluate Ω for a free translator, we look specifically at the translational contribution to the free energy and disregard any rotational or vibrational degrees of freedom that may be present since they do not often contain a significant coverage d...
	where ,F-FT-(X). and ,V-,X.. are the free energy and binding energy, respectively, of an adsorbate occupying an X site; ,λ-th. is the thermal wavelength, given by ,λ-th.=,h-,2πm,k-B.T.. where m is the mass of the adsorbate; and 𝑒 is Euler’s constant,...
	in which the second term in square brackets can be identified as the molecular partition function, ,q-,X.., for a single adsorbate acting as a free translator confined to the unit cell. It is the only thermal contribution to the free energy (aside fro...
	Note that when Equation 22b is inserted into Equation 1a, we arrive at the usual, phenomenological form of rates typically assumed in MKMs based on the law of mass action (the familiar Polanyi-Wigner expression), with chemical activity equivalent to a...
	where ,q-TS-‡.=,,,q-‡.-,q-r.c. -‡... is the partition function of the transition state perpendicular to the reaction coordinate. It is not difficult to show that the typical 2nd order rate law for a bimolecular reaction is the result of treating both ...
	where subscript ,H-∗. indicates that the quantity is that of a single isolated hydrogen atom. Therefore, when we use rates of the form shown in Equations 22d and 22e in a MKM, we are tacitly assuming adsorbates behave as non-interacting 2D free transl...
	CASE I: Mutually Exclusive Co-adsorption
	Table 1. Case I-IV Example Site Blocking Schemes reflected in Figure 4.
	In this first of the more realistic cases, co-adsorbates block a pre-defined number of other sites beyond the bound site. Examples of this include the adsorption of small, strongly bound molecules, e.g., CO and NO, onto metal surfaces, where adsorbate...
	We will now construct ,Ω-,A.., ,Ω-,B.., and ,Ω-,C.., the terms representing the number of configurations adsorbates can take when occupying A, B, and C sites, respectively. This is a counting problem, and so we can take advantage of combinatorics to ...
	where we see that the coefficient on the first term in the upper index (e.g. the “,2-5.” in ,2-5.,N-u.c.. of Equation 23c) of each binomial coefficient represents the maximum coverage up to which adsorbates can occupy only X sites. This term arises fr...
	The final terms in square brackets in Equations 23a – 23c account for the freedom of movement each adsorbate has within its own footprint. The binomial coefficients effectively count the number of configurations that ,N-,X.. adsorbates can take among...
	Application of Sterling’s Approximation to the binomial coefficients in Equations 23a – 23c gives
	Table 3. Site Blocking Scheme for Scenario 2, Model .

