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Abstract

We present a highly e�cient implementation of the electron-nucleus hyper�ne cou-

pling matrix within one-electron exact two-component (X2C) theory. The complete

derivative of the X2C Hamiltonian is formed, i.e. the derivatives of the unitary decou-

pling transformation are considered. This requires solution of the response and Sylvester

equations, consequently increasing the computational costs. Therefore, we apply the di-

agonal local approximation to the unitary decoupling transformation (DLU). The �nite

nucleus model is employed for both the scalar potential and the vector potential. Two-

electron picture-change e�ects are modeled with the (modi�ed) screened-nuclear spin�

orbit approach. Our implementation is fully integral direct and OpenMP-parallelized.

An extensive benchmark study regarding the Hamiltonian, the basis set, and the density

functional approximation is carried out for a set of 12�17 transition-metal compounds.

The error introduced by DLU is negligible and the DLU-X2C Hamiltonian accurately re-

produces its four-component �fully� relativistic parent results. Functionals with a large

amount of Hartree�Fock exchange such as CAM-QTP-02 and ωB97X-D are generally
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favorable. The pure density functional r2SCAN performs remarkably and even out-

performs the common hybrid functionals TPSSh and CAM-B3LYP. Fully uncontracted

basis sets or contracted quadruple-ζ bases are required for accurate results. The capa-

bility of our implementation is demonstrated for [Pt(C6Cl5)4]
− with more than 4700

primitive basis functions and four rare-earth single molecule magnets: [La(OAr*)3]
1−,

[Lu(NR2)3]
1−, [Lu(OAr*)3]

1−, and [TbPc2]
−. Here, the spin�orbit DLU-X2C Hamilto-

nian results in an excellent agreement with the experimental �ndings of all Pt, La, Lu,

and Tb molecules.

1 Introduction

The accurate description of electron-nucleus hyper�ne interactions in chemical systems is

essential for the interpretation of electron paramagnetic resonance (EPR) spectra and the

in silico design of novel magnetic materials. First principles prediction of hyper�ne spectra,

for example, can be used to facilitate the discovery of molecular qubits which exhibit so-

called �clock transitions�, a type of hyper�ne transition that is particularly resilient against

quantum decoherence,1,2 for quantum computing applications.3 Realizing methods which

e�ciently and accurately calculate the hyper�ne structure of high-interest systems and guide

synthetic e�orts is thus a prominent goal of the molecular magnetism community.

A variety of computational approaches are routinely employed to approximate the hy-

per�ne structure of molecules such as the complete or restricted active space self-consistent

�eld (CASSCF/RASSCF),4,5 density functional theory (DFT),6 and correlated wavefunc-

tion methods.7,8 Due to the known sensitivity of hyper�ne interactions to relativistic e�ects,9

scalar-relativistic corrections10 are also commonly included to di�erent levels of approximate

two-component theory, and used with a non-relativistic hyper�ne operator.11 These meth-

ods have been demonstrated to perform well for organic radicals and metal complexes with

valence shells of high orbital angular momentum.

However, calculating the hyper�ne interaction becomes signi�cantly more complex for
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systems containing heavy elements or nearly degenerate electronic states, where spin�orbit

coupling e�ects become large.11�21 For example, scalar-relativistic DFT was found to exhibit

large errors in the hyper�ne coupling tensor predicted for a series of La(II) and Lu(II)-based

organometallic complexes, likely due to the divergence of the relativistic spin density near the

nucleus and subsequent overestimation of the non-relativistic Fermi-contact term, resulting

in errors reaching an order of magnitude.22 These large errors also presumably occur in

CASSCF, which can be inferred from the unexpectedly large hyper�ne couplings recently

reported for a Tb(II)-based complex with similar electronic structure.23 Thus, to study

single molecule magnets, which include the prospective molecular qubit systems mentioned

previously, the method must accurately treat both scalar-relativistic and spin�orbit coupling

e�ects and also use the correct relativistic hyper�ne expression.

Four-component (4c) and two-component (2c) relativistic methods for calculating EPR

parameters at the DFT level have been previously explored, with the implementation by

Malkin et al.24 in a Douglas�Kroll�Hess (DKH) framework,25�27 the application of the zeroth-

order regular approximation28�30 (ZORA) by Autschbach and co-workers12,31 to the HFC

coupling constant, and the four-component level implementation in the groups of Malkin

and Kaupp32,33 representing major milestones. More recently, EPR parameters calculated

via the exact two-component (X2C) Hamiltonian34�40 were reported independently by the

group of Autschbach41,42 as well as Wody«ski and Kaupp.43 X2C represents a robust ansatz

with general application to chemical systems.17,44,45 However, the aforementioned X2C im-

plementations neglect the derivatives of the X2C renormalization and decoupling matrices

when calculating the derivative of the X2C Hamiltonian,46�50 introducing an additional ap-

proximation into describing the hyper�ne tensor. Furthermore, the cost associated with

these methods precludes their use for large chemical systems or materials. The relativistic

decoupling is performed in the fully decontracted or uncontracted basis which consequently

results in considerable memory demands and computation times for molecules with several

thousand basis functions51 due to the O(N3) scaling of the diagonalization of the 4c Dirac
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matrix, where N measures the system size.

Here, we introduce a new implementation of the quasi-relativistic X2C approach that

includes the full derivative of the spin�orbit X2C Hamiltonian and additionally utilizes the

diagonal local approximation to the unitary decoupling transformation45 (DLU) to achieve

highly e�cient calculations of the hyper�ne coupling matrix. To begin, we brie�y review the

expression of the relativistic hyper�ne coupling matrix before presenting the calculation of

X2C and DLU-X2C Hamiltonian derivatives as implemented in this work. We then demon-

strate our method's accuracy and the speed-up achieved by using DLU through comparison

of the hyper�ne matrix with that obtained from the 4c method of Gohr et al.33 for a series of

transition-metal complexes. E�ciency is further demonstrated for a larger platinum complex

[Pt(C6Cl5)4]− described with 4700 primitive basis functions. We additionally evaluate the

error introduced from neglecting the decoupling and renormalization matrix derivatives for

these systems. It is shown that the error introduced by DLU is smaller than the latter. We

go on to conduct an evaluation of commonly used relativistic all-electron basis sets and den-

sity functional approximations to identify best practices for general application to molecules.

Finally, we apply our method to compute the isotropic hyper�ne coupling constants for a

series of rare-earth single molecule magnets, demonstrating its novel capacity to describe

these systems of great interest.

2 Theory

2.1 Notation

As done previously for DLU-X2C,51�55 we use the matrix notation of Reiher and Wolf.20

Matrices in the space of spin-free or one-component (1c) basis functions {λµ} are indicated

asM, while matrices in the basis of two-component (2c) functions {φµ} are written asM. The

2c spinor basis functions are chosen as the direct product of the scalar basis functions with

spin functions, {λµ} ⊗ {α, β}. M refers to the corresponding matrices in the space of four-
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component (4c) functions. A split notation for large (L) and small (S) components is used.

The subscripts − and + refer to the so-called positronic and the electronic states. Cartesian

coordinates are denoted with u, v. Furthermore, atomic units are used throughout unless

explicitly stated otherwise. Gaussian-based units are used for the magnetic interaction. The

corresponding superscripts and subscripts refer to the derivative, i.e.

hNu =

(
dh

dmN,u

)
mN,u=0

(1)

Note that the derivatives are formed in the limit of a vanishing perturbation.

2.2 Hyper�ne Coupling Constant

The electron paramagnetic resonance (EPR) spin Hamiltonian13 for a given nucleus N reads

ĤEPR
N = ~IN

↔
AN ~S (2)

The hyper�ne coupling (HFC) matrix or so-called hyper�ne coupling tensor
↔
AN is de�ned

as the second derivative of the energy with respect to the electron spin ~S and nuclear spin ~I

AN,uv =
d2E

dIN,udSv
= gNβN

d2E
dmN,udSv

(3)

Here, gN denotes the nuclear g-factor, βN is the nuclear magneton, and ~mN is the mag-

netic dipole moment of nucleus N . In non-relativistic approaches, the hyper�ne coupling

is commonly split into the Fermi-contact (FC) and the spin-dipole (SD) interaction, see for

instance the discussion in Refs. 7. and 31. The Fermi-contact term only contributes to the

isotropic HFC constant and is commonly computed with the excess spin density ρα−β at the

origin of the nucleus, ~N , according to

AFC
N,iso =

4π

3
gNβN〈Ŝz〉

−1
ρα−β( ~N) (4)

5



Note that this expression exploits the point charge model. In contrast, the spin-dipole

interaction contributes to the anisotropy

ASD
N,uv =

1

2
gNβN〈Ŝz〉

−1∑
µν

Pα−β
µν 〈λµ|r̂−5N

[
r̂2Nδuv − 3 r̂N,u r̂N,v

]
|λν〉 (5)

with ~rN = ~r− ~N and the excess spin density matrix Pα−β
µν . Additionally, δuv is the Kronecker

delta and r is the shorthand notation for |~r|.

In a quasi-relativistic 2c framework, the spin derivatives are evaluated using three gener-

alized collinear calculations12,41,56,57 or the generalized non-collinear approach24,32,33,58 with

the spin aligned along a coordinate axis. Herein, we adopt the latter ansatz as the non-

collinear formalism incorporates spin polarization e�ects and is straightforwardly applicable

beyond Kramers doublets. Also, this approach is commonly used in 4c calculations.32,33,58

The energy depends on the orientation of the magnetization vector, ~J =
(
~S + ~L

)
, along the

axis v. ~L denotes the angular momentum. The hyper�ne coupling matrix reads24,32,33

AN,uv =
gNβN

〈S̃v〉
dE(Jv, ~IN)

dIN,u
=
gNβN

〈S̃v〉
tr
[
hNu P (Jv)

]
(6)

〈S̃v〉 is the e�ective spin along the direction v and P denotes the two-component density

matrix. Thus, three SCF calculations with orthogonal magnetization Jv are required. The

e�ective spin is formally given by the electronic ground state and its term symbol. In case

of symmetry the three axes are already de�ned. For large or non-symmetric molecules, a

proper orientation of the molecule is required to directly obtain the HFC tensor in its diagonal

form.24,32,33 To evaluate Eq. 6 the derivative of the X2C or the DLU-X2C Hamiltonian is

required�similar to nuclear magnetic resonance (NMR) coupling constants.55,59 We will �rst

discuss the (full) X2C approach and then apply the DLU scheme. Here, we aim for a self-

contained derivation for an implementation-ready formulation. Emphasis will be put on the

derivatives of the unitary decoupling transformation.
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2.3 Derivatives of the X2C Hamiltonian

The formulation of the complete derivatives in one-electron X2C requires the following four

major steps. First, the Dirac equation is constructed in the presence of a magnetic perturba-

tion. Second, a (�nite) basis set is introduced to arrive at its matrix representation. Third,

the unitary decoupling step in the spirit of Foldy and Wouthuysen60 is carried out. Fourth,

the actual derivatives of the X2C Hamiltonian with respect of the magnetic perturbation are

formed using the product rule.

To account for magnetic perturbations, the generalized momentum operator ~̂π is intro-

duced according to the principle of minimal coupling61

~̂π = ~̂p+
1

c
~̂A = ~̂p+

1

c

∑
N

~̂AN (7)

where ~̂p is the linear momentum operator and ~A is the vector potential associated with the

nuclear magnetic moments. The vector potential in a �nite nucleus model is given by62,63

~AN(~r) = ~mN × ~∇NGN(~r) (8)

GN(~r) =

∫
wN(~RN)

|~r − ~R|
d~R (9)

where wN describes the shape of the nuclear charge distribution. For a Gaussian charge

distribution and a nucleus placed at the position ~N , the shape function wN reads

wN(~RN) =
(η
π

)3/2
exp

(
−ηR2

N

)
(10)

~RN = ~R− ~N (11)

Parameters for the exponent η in this model are available in Ref. 64. Replacing the lin-

ear momentum ~̂p by its generalization ~̂π in the one-electron Dirac�Hamilton operator and
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subsequent expansion in a restricted kinetically balanced (RKB) basis set65 according to

∣∣ψL
i

〉
=

∑
µ

cLµi |φµ〉 (12)

∣∣ψS
i

〉
=

∑
µ

cSµi
~σ · ~̂p
2c
|φµ〉 (13)

leads to the one-electron Dirac equation in a matrix representation

DC = MCE (14)

In the super-matrix form, this reads

V Π †

Π ( 1
4c2
W − T )


CL

− CL
+

CS
− CS

+

 =

S 02

02
1
2c2
T


CL

− CL
+

CS
− CS

+


ε− 02

02 ε+

 (15)

Here, S, T , and V are the overlap matrix, the kinetic energy matrix, and the scalar potential

matrix, for which we use the �nite nucleus model.64,66,67 These matrices are block-diagonal

in the two-component space. The generalized momentum matrix Π is not block-diagonal

and reads

Π †
µν =

〈
φµ

∣∣∣∣∣c ~σ ·
(
~̂p+

1

c
~̂A
)∣∣∣∣∣
(
~σ · ~̂p
2c

)
φν

〉
(16)

We note in passing that quadratic terms in ~̂A are obtained by an expansion according to

the restricted magnetic (RMB) balance condition.59,68 However, the impact of RMB is of

minor importance for the derivatives with respect to the magnetic moments41,55,69�72 and

the HFC constant is also evaluated with the RKB condition in 4c approaches.32,33 Matters

are di�erent for NMR shifts53,73�76 and magnetic circular dichroism.77 The relativistically
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modi�ed potentialW can be evaluated from four real matrices W0, Wx, Wy, and Wz as

Wµν =

 W0 + iWz Wy + iWx

−Wy + iWx W0 − iWz

 (17)

with

W0
µν = 〈λµ|p̂xV̂ p̂x + p̂yV̂ p̂y + p̂zV̂ p̂z|λν〉 (18)

Wx
µν = 〈λµ|p̂yV̂ p̂z − p̂zV̂ p̂y|λν〉 (19)

Wy
µν = 〈λµ|p̂zV̂ p̂x − p̂xV̂ p̂z|λν〉 (20)

Wz
µν = 〈λµ|p̂xV̂ p̂y − p̂yV̂ p̂x|λν〉 (21)

W0 is a symmetric matrix whereas Wx, Wy, and Wz are antisymmetric matrices. Within

the (modi�ed) screened nuclear spin�orbit (SNSO, mSNSO) approximation,78�81 the integrals

for the spin-dependent parts (Wx, Wy, Wz) are re-scaled to (approximately) account for

the missing two-electron picture-change e�ects.80,82

Application of the unitary decoupling transformation yields the X2C Hamiltonian34�40

h+ = R†LR (22)

with the matrix representation of the normalized elimination of the small component (NESC)

operator10,83�85

L = V +X†Π + Π †X +X†
(

1

4c2
W − T

)
X (23)

The decoupling matrix X is obtained in one shot by diagonalization of the Dirac matrix D

with the metric M and reads

X = CS
+(CL

+)−1 (24)
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The renormalization matrix R follows as39

R = S−1/2
(
S−1/2S̃S−1/2

)−1/2
S1/2 (25)

S̃ = S +
1

2c2
X†TX (26)

Note that the renormalization matrix is non-Hermitian yet positive de�nite.86

Di�erentiating the X2C Hamiltonian in Eq. 22 with respect to the magnetic moments

yields

h+,N = R†,NLR+R†LNR+R†LRN (27)

where the derivative of the NESC matrix is obtained in a straightforward manner using the

product rule

LN = Π †,NX + Π †XN +X†,NΠ +X†Π N

+
1

4c2
(
X†,NWX +X†WXN

)
−X†,NTX −X†TXN

(28)

The derivative of the generalized momentum matrix is given by the respective one-electron

integral derivatives55

(
Π †

µν

)N
u

=
1

2c

〈
φµ

∣∣∣(~∇NĜN × ~σ
)
u

∣∣∣(~σ · ~̂p)φν〉 (29)

In the non-relativistic limit and the point charge model (η → ∞), this integral expression

reduces to the well known form of the Fermi-contact, the spin-dipole, and the paramagnetic

spin�orbit interaction.87 The derivative of the decoupling and the renormalization matrix

arise for many-electron systems as the decoupling is performed in the presence of a pertur-

bation.46,48 As the decoupling matrix depends on the coe�cients, response equations are

used to form the derivatives. This formalism is similar to coupled-perturbed Hartree�Fock

theory,88,89 however, the response equations are solved in one step for X2C as only one-
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electron terms are involved. Consequently, the (one-electron) orbital rotation matrix O is

introduced to calculate the so-called perturbed coe�cients

CN
L− CN

L+

CN
S− CN

S+

 =

CL− CL+

CS− CS+


ON

−− ON
−+

ON
+− ON

++

 (30)

The elements of the orbital rotation matrix O−+ can be calculated as

(ON
−+)kl =

(D̃N
−+)kl

(E++)ll − (E−−)kk
(31)

where the notation D̃N
−+ indicates that the perturbed Dirac matrix is formed in the basis of

the unperturbed solutions according to

D̃N
−+ = CL,†

− Π †,NCS
+ +CS,†

− Π NCL
+ (32)

The numerical stability of Eq. 31 is ensured by the large energetic gap between the so-called

positronic and the electronic states. Using the normalization of the large component

C†L+ S̃ CL+ = I (33)

where I is the unit matrix, the derivative of the decoupling matrix follows as48,86

XN = (CS− −XCL−) ON
−+ C

†
L+ S̃ (34)

Therefore, the derivative of the decoupling matrix can be obtained by using simple basic

linear algebra subroutines (BLAS).90,91 We refer to the appendix of Ref. 53 for further

details on the derivation and a comparison of the di�erent approaches for the one-electron

response equations. Finally, the derivative of the renormalization matrix is evaluated based
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on10

RR = S̃−1S (35)

This yields the Sylvester matrix equation for the perturbed renormalization matrix

RRN +RNR = S̃−1S̃NRR (36)

with the derivative S̃N of the right-hand side given by

S̃N =
1

2c2
X†,NTX +

1

2c2
X†TXN (37)

The Sylvester matrix equation is solved with an eigenvalue decomposition method.86

2.4 Derivatives of the DLU-X2C Hamiltonian

The algebraic operations such as matrix multiplications and diagonalizations for the X2C

Hamiltonian and its derivatives are typically carried out in a large uncontracted basis. There-

fore, their computation leads to substantially increased demands when compared to the

ground-state energy calculation,52 which are in and of themselves computationally expen-

sive in the X2C scheme for a few thousand basis functions.51 Thus, we apply the DLU

scheme to reduce the computational overhead for the inclusion of the derivatives of X and

R. In the non-orthogonal basis set of the last subsection, the unitary decoupling matrix is

approximated according to52

ULL =
⊕
A

ULL
AA =

⊕
A

RAA (38)

USL =
⊕
A

USL
AA =

⊕
A

XAARAA (39)

Here, the atomic blocks are de�ned according to the atom center of the basis functions for the

respective matrix element of the one-electron integrals. We denote an atomic diagonal block
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as AA and a general atomic block as AB. Therefore, the atomic blocks of the Hamiltonian

are generally de�ned as

h+
AB = R†AALABR

†
BB (40)

which yields the working equation for the ground-state energy

h+
AB = R†AA

(
VAB + Π †

ABXBB +X†AAΠ AB

)
RBB

+R†AA

(
X†AA

[
1

4c2
WAB − TAB

]
XBB

)
RBB

(41)

Accordingly, only the atomic diagonal block of the Dirac matrix is diagonalized to obtain

XAA and RAA. Therefore, the formal scaling is reduced from O(N3) for the full X2C

Hamiltonian to O(N) for the atomic diagonal blocks and overall to O(N2) due to the number

of atom pairs for the atomic diagonal block. N measures the size of the system.

The derivatives of the DLU-X2C Hamiltonian for the HFC matrix follow as

h+,N
AB = R†,NAALABR

†
BB +R†AALABR

†,N
BB

+R†AA

(
Π †,N

ABXBB +X†AAΠ
N
AB

)
RBB

+R†AA

(
Π †

ABX
N
BB +X†,NAAΠ AB

)
RBB

+R†AA

(
X†,NAA

[
1

4c2
WAB − TAB

]
XBB

)
RBB

+R†AA

(
X†AA

[
1

4c2
WAB − TAB

]
XN

BB

)
RBB

(42)

To evaluate these derivatives, �rst the atomic diagonal blocks of the unperturbed decoupling

matrix XAA and the unperturbed renormalization matrix RAA are computed. Second, the

atomic diagonal blocks of the perturbed Hamiltonian are calculated by a straightforward

application of the response and Sylvester matrix, Eqs. 30�37. The atomic diagonal blocks

XN
AA andRN

AA are then used to perform the matrix multiplications in Eq. 42. Note that both

the atomic diagonal and atomic o�-diagonal blocks of the perturbed generalized momentum

matrixΠ N need to be evaluated. However, the one-electron integrals and integral derivatives
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themselves are negligible in terms of computational demands.

3 Implementation

We have implemented the DLU-X2C and X2C approach for HFC constants into the TUR-

BOMOLE92�95 quantum chemistry program suite. The derivatives of the decoupling and the

renormalization matrix are obtained based on the one-electron response routines of Refs.

52, 53, and 55. The integral derivatives are taken from the latter references, whereas

the parent (unperturbed) integrals were implemented in Ref. 52. Consequently, all inte-

grals are evaluated using Gauss�Rys96,97 and Gauss�Hermite integration. Parameters for

the Gaussian charge distribution are taken from Ref. 64 and the (modi�ed) screened nuclear

spin�orbit approximation is available to re-scale the spin-dependent contributions ofW .78�81

Nuclear g factors are calculated based on the available gyromagnetic ratios.98�100 A value of

c = 137.0359990840 a.u.101 is used for the speed of light in atomic units.

Our implementation in the ridft module51,52,102�106 is completely integral direct and makes

use of the OpenMP parallelization107 throughout all integrals and algebraic operations.108

The Intel R© Math Kernel Library (Intel MKL) is further used in this work. The resolution

of the identity approximation to the Coulomb integrals, RI-J ,102,109,110 and its multipole-

accelerated variant MARI-J 111 as well as to the exchange integrals, RI-K,102,112 and the

seminumerical exchange approximation104,105 are available. Furthermore, the integrals can

be calculated without these approximations.103,106 The conductor-like screening model113,114

(COSMO) is supported to simulate the counter ions in case of charged systems or to con-

sider the environment in solution. We note that two-component generalized Kohn�Sham

calculations require tailored grids for all-electron approaches and therefore we use the grids

of Ref. 115. Currently, functionals up to the fourth rung of Jacob's ladder,116�118 includ-

ing generalized gradient approximations (GGAs), meta-generalized gradient approximations

(meta-GGAs or mGGAs), and their respective (range-separated) hybrids, are supported. In-
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terfaces to Libxc119�121 and XCFun122 are further provided. We validated the implementation

by comparison to the scalar-relativistic approach123 and the non-relativistic limit.100,123

Pre-processing and post-processing scripts are available so that only converged unre-

stricted Hartree�Fock or Kohn�Sham (UHF/UKS) orbitals are required and the complete

two-component procedure can be carried out in a �black-box� fashion. The spin contributions

to the HFC matrix are evaluated at the end of each SCF calculation. The post-processing

script assembles the full HFC matrix and calculates the principal components. These may be

obtained with the rank-2 tensor
↔
AN

↔
A
T

N . The eigenvectors of this quantity form the principal

axis system of the HFC and the square root of the eigenvalues are the principal HFC values,

i.e. APAS
N,11, A

PAS
N,22, and A

PAS
N,33. Note that the sign information is lost in the rank-2 tensor, and

so the signs are determined by comparison to the one-component ansatz and by algebraic

considerations, i.e. the sign of the determinant of
↔
AN and

↔
A
PAS

N is identical.12 Another way

to transform the HFC matrix to a diagonal form is to form the symmetric contribution,

1
2

(
↔
AN +

↔
A
T

N

)
, and diagonalize it. Similar to the 4c implementation in ReSpect,124 our im-

plementation supports both ansätze.125 The isotropic HFC constant, AN,iso or simply AN , is

a third of the trace, AN = 1
3

∑
uA

PAS
N,uu.

4 Computational Details

To begin, we consider the general parameters of a relativistic calculation for a set of transition-

metal compounds in Sec. 5, i.e. the Hamiltonian, the basis set, and the method to treat

electron correlation. For the latter, we use DFT. Finally, applications to large molecular

systems are presented in Secs. 6 and 7. Note that the �nite nucleus model is used for the

scalar potential52 and the vector potential53,55 throughout the main text. MO and spinor

�les use the ASCII format (American Standard Code for Information Interchange). In the

Supporting Information, we further compare our approach to the generalized collinear ZORA

ansatz of Verma and Autschbach.12
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First, the quasi-relativistic two-component X2C and DLU-X2C Hamiltonian are com-

pared to the �fully� relativistic four-component Hamiltonian. This is done for the test

set of 17 transition-metal complexes compiled in Ref. 33, namely [MoNCl4]2−, [MoOF4]−,

[MoOCl4]−, [MoOF5]2−, [MoOBr4]2−, [WOCl4]−, [WOF5]2−, [WOBr5]2−, [TcNF4]−, [TcNCl4]−,

[TcNBr4]−, [ReNF4]−, [ReNCl4]−, [ReNBr4]−, [ReOBr4], [ReOF5]−, and [OsOF5]. Structures

are taken from this reference. The same basis sets as therein are employed. Therefore, the

uncontracted IGLO-III bases are used for N, F, and Cl126 while the Dyall-VTZ basis set

is used for Br127,128 and the Dyall-TZ bases are selected for Mo, Tc, W, Re, and Os.128�130

Herein, the HFC is calculated with the mSNSO-DLU-X2C and the mSNSO-X2C Hamilto-

nian in a �nite nucleus model. We note that all approaches employ the �nite nucleus model

for both the scalar and the vector potential. The PBE0131,132 functional (grid 5a,115,133,134

SCF convergence threshold 10−9 Eh) is chosen. While it was shown that an increased amount

of HF exchange improves the agreement with the experimental �ndings,33 we �rst assess the

error introduced by DLU and compare the X2C Hamiltonian to its 4c parent. Therefore, the

conventional PBE0 functional is chosen for simplicity. The impact of density functional ap-

proximations are considered in detail below. Additionally, scalar-relativistic calculations123

are carried out. We use the following nuclear g factors: �0.3653890 (95Mo), 0.2355696 (183W),

1.2632019 (43Tc), 1.2878813 (187Re), and 0.4399555 (189Os).

Second, we complement the study presented in Ref. 33 at the 4c level with our own

basis set study at the 2c level. The basis sets explored are given in Tab. 1. Note that

out of those listed, only the IGLO and the Dyall basis sets overlap in Ref. 33. We chose

the large even-tempered (ET) basis set of Ref. 144 as a reference. This basis sets employs

26085 basis functions (spherical AO representation) in total throughout the 17 molecules.

The choice of such a large ET basis set in place of experimental �ndings allows us to con-

sider the impact of the basis set without side e�ects. All basis sets except for the Dyall

and the x2c-type bases are taken from the Basis Set Exchange Library.148,149 Among the

chosen segmented-contracted relativistic basis sets, only the Sapporo bases are optimized
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Table 1: Considered basis sets and basis set combinations for the light (N, O, F, Cl) and
heavy elements (Br, Mo, Tc, W, Re, Os). The su�x �-unc� denotes that the bases are used
in the decontracted form. Note that the ccJ basis sets are only available up to Ne and thus
combined with the cc bases. NBF is the total number of spherical AO basis functions. The
even-tempered reference basis set uses 26085 basis functions for the molecular test set.

Basis Set Light Elements Ref. Heavy Elements Ref. NBF

1 IGLO-II-unc 126 Dyall-VDZ-unc 127�130 6421
2 IGLO-III-unc 126 Dyall-VTZ-unc 127�130 9176
3 pcJ-1-unc 135 Dyall-VDZ-unc 127�130 6895
4 pcJ-2-unc 135 Dyall-VTZ-unc 127�130 10 108
5 pcJ-3-unc 135 Dyall-VQZ-unc 127�130 12 614
6 cc-pVDZ-unc 136,137 Dyall-VDZ-unc 127�130 6440
7 cc-pVTZ-unc 136,137 Dyall-VTZ-unc 127�130 9425
8 cc-pVQZ-unc 136,137 Dyall-VQZ-unc 127�130 11 634
9 ccJ-pVDZ-unc/cc-pVDZ-unc 136�138 Dyall-VDZ-unc 127�130 6740
10 ccJ-pVTZ-unc/cc-pVTZ-unc 136�138 Dyall-VTZ-unc 127�130 9614
11 ccJ-pVQZ-unc/cc-pVQZ-unc 136�138 Dyall-VQZ-unc 127�130 11 644
12 Sapporo-DZP-2012 139 Sapporo-DKH3-DZP-2012 139,140 3369
13 Sapporo-TZP-2012 139 Sapporo-DKH3-TZP-2012 139,140 6213
14 Sapporo-QZP-2012 139 Sapporo-DKH3-QZP-2012 139,140 9804
15 Jorge-DZP-DKH 141 Jorge-DZP-DKH 141�143 3085
16 Jorge-TZP-DKH 141 Jorge-TZP-DKH 141�143 5038
17 x2c-SVPall-2c 106 x2c-SVPall-2c 106 3315
18 x2c-TZVPall-2c 106 x2c-TZVPall-2c 106 5095
19 x2c-QZVPall-2c 144 x2c-QZVPall-2c 144 8799
20 x2c-SVPall-2c-unc 106 x2c-SVPall-2c-unc 106 7614
21 x2c-TZVPall-2c-unc 106 x2c-TZVPall-2c-unc 106 9104
22 x2c-QZVPall-2c-unc 144 x2c-QZVPall-2c-unc 144 14 366
23 ANO-R-unc 145 ANO-R-unc 145 15 764
24 ANO-RCC-unc 146 ANO-RCC-unc 146,147 15 757

with the point charge model. Furthermore, the contractions of the Sapporo and Jorge basis

are optimized with the third-order Douglas�Kroll�Hess25�27 (DKH3) Hamiltonian. We note

that while the ANO-R basis is optimized for X2C, we employ it in a decontracted form

for consistency with the ANO-RCC basis, which is also commonly used in the decontracted

form (see for instance Refs. 41,46,74,150,151). As the cc, ccJ, IGLO, and pcJ basis sets

are optimized in non-relativistic calculations, they are employed in their decontracted form.

Generally, relativistic all-electron Hamiltonians require re-optimized contraction coe�cients

even for the light elements.106,115,144 The x2c-type basis sets are used in both their original
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segmented-contracted fashion and in a fully decontracted fashion. For the latter, we removed

functions to avoid linear dependencies and also excluded (nearly) identical functions from

the 2c extensions. These basis sets are available in separate �les as part of the Supporting

Information. We stress that this decontraction is only done to assess the �exibility of these

bases, as decontracting segmented-contracted basis sets may easily lead to linear dependen-

cies and convergence issues. Calculations are performed for the transition-metal complexes

with the previous settings, i.e. the mSNSO-DLU-X2C Hamiltonian in a �nite nucleus model

is employed. The thresholds are the same as for the Hamiltonian study and again the PBE0

functional is considered. The mean absolute percent-wise deviation (MAPD) and its stan-

dard deviation (STD) are chosen as indicators for the quality of the basis set according

to

MAPD =
N=17∑
i=1

|Atest
i,iso − Aref

i,iso|
|Aref

i,iso|
(43)

where Atest
iso and Aref

iso are the isotropic HFC constant for a given basis set and the reference.

Third, the performance of frequently used density functional approximations is stud-

ied for 12 of the 17 complexes considered previously. Here, we consider the S-VWN,152�154

KT3,155 BP86,156,157 PBE,131 TPSS,158 revTPSS,159,160 r2SCAN,161,162 BH&HLYP,157,163,164

B3LYP,163,165 PBE0,131,132 B97,166 B97-2,167 TPSSh,168 revTPSSh,159,160 TPSS0,168,169 CAM-

B3LYP,170 CAM-QPT-00,171 CAM-QTP-02,172 HSE06,173�175 LC-ωPBE,176 and ωB97X-

D177 functionals. Libxc119�121 is used for the range-separated hybrid functionals, KT3,

revTPSS(h), TPSS0, r2SCAN, and B97 throughout this work. We also use the PBE0

functional including 40% of HF exchange (PBE0-40HF) with XCFun.122 A review of the

construction of each functional is outside the scope of this work, and readers are encour-

aged to consult the above references for additional details on any DFA used in this study.

The x2c-QVZPall-2c basis set144 is selected and COSMO113,114 is applied using the default

parameters178 to compensate the negative charge. This ensures negative eigenvalues for oc-

cupied molecular orbitals and spinors. Having assessed the error of the basis set and the

Hamiltonian, the experimental �ndings179�190 collected in Ref. 33 serve as reference.
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In Sec. 6, the impact of the density functional approximation is also studied for a typical

application with the mSNSO-DLU-X2C Hamiltonian. Here, the Pt complex [Pt(C6Cl5)4]−

is considered with the uncontracted Dyall-VTZ basis set191 for Pt and the decontracted

pcJ-2 bases for C and Cl,135 as well as the segmented-contracted x2c-QZVPall-2c basis

set for all atoms.144 COSMO is again113,114 applied with the default settings178 to com-

pensate the negative charge. The structure is taken from Ref. 33. An SCF threshold

of 10−8 Eh is applied and large grids are used for the numerical integration of the XC

parts (grid 4a).115,133,134 Here, the following functionals are chosen. KT3,155 BP86,156,157

PBE,131 TPSS,158 r2SCAN,161,162 BH&HLYP,157,163,164 B3LYP,163,165 PBE0,131,132 PBE0-

40HF,33,131,132 B97,166 TPSSh,168 TPSS0,168,169 CAM-B3LYP,170 CAM-QPT-00,171 CAM-

QTP-02,172 HSE06,173�175 LC-ωPBE,176 and ωB97X-D.177 Libxc119�121 is used for the range-

separated hybrid functionals, TPSS0, B97, KT3, and r2SCAN. Furthermore, calculations

with the PBE0-40HF functional are carried out using XCFun.122 The nuclear g factor is set

to 1.2190420 (195Pt). We note that our computational setting with the Dyall-VTZ/pcJ-2

basis leads to 3284 basis functions in the spherical AO representation, whereas the calcu-

lations in Ref. 43 employed only 2205 basis functions (Dyall-TZ/IGLO-III). Moreover, a

signi�cantly smaller grid was employed in this reference, see Refs. 115, 133, and 134 for

the respective integration grids. The x2c-QZVPall-2c basis sets leads to 3003 contracted

functions and 4720 primitive functions.

In Sec. 7, we apply the DLU-X2C method to study a series of Ln-based single molecule

magnets reported in Ref. 22. The structures given in Ref. 22 were used for all calculations,

which were themselves optimized using DFT with the TPSS functional to a Cartesian gradi-

ent norm of 10−4 atomic units and con�rmed to be minima via vibrational analysis. Tailored

integration grids (grid 4a) are used.115 COSMO113,114 was employed to model solvation e�ects

using an epsilon value (εr) of 7.520, solvation radius of 1.30Å, and refractive index of 1.4050

(tetrahydrofuran, THF). D3 dispersion corrections192 were also used. SCF thresholds of

10−7 Eh for the energy and 10−7 a.u. for the root mean square of the density matrix indicate
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the convergence. This methodology to characterize the ground-state electronic structure has

been extensively used and validated in previous studies from our group on lanthanide and

actinide complexes.193�198 The 2c studies herein include the mSNSO approximation. Details

regarding the basis sets and functionals explored for the DLU-X2C calculations, as well as

comparisons with the computational methodology used to approximate the HFC in Ref. 22

are discussed in Sec. 7. The nuclear g factors are 0.7951560 (139La) and 0.6379065 (175Lu).

Finally, we apply the developed methodology to systems with more than one unpaired

electron. In Sec. 8, we study the compound [TbPc2]−, where Pc denotes bis(phthalocyaninato),

with six unpaired electrons (S = 3) using the same computational settings as in Sec. 7. Note

that fractional occupation numbers199 (FON) are used to accelerate the SCF convergence

with the r2SCAN functional. We employ the same structure as in Ref. 5, which was itself

determined in Ref. 200. The nuclear g factor is 1.3427523 for 159Tb.

5 Assessment of Accuracy

5.1 Comparison to Four-Component Results

The scalar-relativistic and the spin�orbit X2C Hamiltonians are compared to the parent four-

component Dirac�Kohn�Sham (DKS) ansatz in Tab. 2 for 17 transition-metal compounds.

Overall, the quasi-relativistic X2C and the DLU-X2C Hamiltonian su�ciently reproduce

the DKS results. The DLU error is negligible and typically amounts to about 0.1MHz. In

comparison, the impact of spin�orbit coupling amounts to 10�200MHz. As expected, spin�

orbit e�ects are less pronounced for the 4d elements than for the 5d elements. The Fermi-

contact term is the leading contribution for these molecules featuring a doublet ground-state

con�guration. The derivatives are of minor importance for the 4d elements (less than 1MHz)

but their impact rises for the 5d elements. For instance, the inclusion of the derivatives of

X and R changes the HFC constant by about 2�3MHz for the Re compounds. For this

assessment, the derivatives ofX and R were set to zero in the respective response equations.

20



Table 2: Principal components of the hyper�ne coupling constant in MHz. Non-collinear
4c results are taken from the Supporting Information of Ref. 33. �PCC� denotes that the
derivatives of X and R are neglected, whereas SR and SO refer to scalar-relativistic and
spin�orbit calculations. Experimental results179�190 were collected in Ref. 33.

Molecule Hamiltonian Aiso A‖ A⊥ Molecule Hamiltonian Aiso A‖ A⊥

[MoNCl4]
2− SR X2C 162.0 227.6 129.1 [TcNF4]

− SR X2C −589.3 −884.9 −441.5
SR DLU 162.1 227.6 129.1 SR DLU −589.3 −884.9 −441.5
SO X2C PCC 175.2 260.6 132.5 SO X2C PCC −647.9 −1024.6 −459.6
SO X2C 175.3 260.7 132.6 SO X2C −648.5 −1025.3 −460.2
SO DLU 175.3 260.7 132.6 SO DLU −648.6 −1025.4 −460.1
4c 176 262 133 4c −650 −1031 −460
Expt. � � � Expt. −734 −1129 −537

[MoOF4]
− SR X2C 139.3 216.1 100.8 [TcNCl4]

− SR X2C −463.9 −727.3 −332.2
SR DLU 139.3 216.1 100.8 SR DLU −464.0 −727.3 −332.3
SO X2C PCC 157.4 251.1 110.6 SO X2C PCC −498.1 −805.1 −344.6
SO X2C 157.6 251.3 110.7 SO X2C −498.6 −805.8 −345.1
SO DLU 157.6 251.3 110.7 SO DLU −498.6 −805.7 −345.0
4c 158 253 111 4c −500 −810 −345
Expt. � 268 � Expt. −561 −878 −402

[MoOCl4]
− SR X2C 109.1 177.8 74.8 [TcNBr4]

− SR X2C −437.4 −696.7 −307.8
SR DLU 109.1 177.8 74.8 SR DLU −437.5 −696.7 −307.8
SO X2C PCC 122.6 201.9 82.9 SO X2C PCC −432.8 −668.8 −314.8
SO X2C 122.7 202.1 83.0 SO X2C −433.3 −669.5 −315.3
SO DLU 122.7 202.1 83.0 SO DLU −433.3 −669.5 −315.3
4c 123 203 83 4c −437 −676 −318
Expt. 145 227 103 Expt. −488 −743 −360

[MoOF5]
2− SR X2C 142.2 217.7 104.4 [ReNF4]

− SR X2C −1482.2 −1967.0 −1239.7
SR DLU 142.2 217.7 104.5 SR DLU −1482.2 −1967.1 −1239.7
SO X2C PCC 164.6 256.8 118.5 SO X2C PCC −1793.8 −2756.3 −1312.5
SO X2C 164.7 257.0 118.6 SO X2C −1795.7 −2758.9 −1314.2
SO DLU 164.7 257.0 118.6 SO DLU −1795.7 −2758.9 −1314.2
4c 166 259 119 4c −1788 −2753 −1306
Expt. 183 279 135 Expt. −2117 −3079 −1637

[MoOBr5]
2− SR X2C 103.8 169.8 70.8 [ReNCl4]

− SR X2C −1003.4 −1429.2 −790.5
SR DLU 103.8 169.8 70.8 SR DLU −1003.0 −1428.8 −790.1
SO X2C PCC 112.8 176.2 81.1 SO X2C PCC −1229.4 −1996.5 −845.8
SO X2C 112.9 176.4 81.2 SO X2C −1231.1 −1998.7 −847.2
SO DLU 112.9 176.4 81.2 SO DLU −1230.7 −1998.4 −846.9
4c 114 178 82 4c −1225 −1994 −841
Expt. 128 184 99 Expt. −1544 −2263 −1184

[WOCl4]
− SR X2C −142.4 −212.2 −107.5 [ReNBr4]

− SR X2C −854.1 −1268.3 −647.1
SR DLU −142.4 −212.2 −107.4 SR DLU −853.9 −1268.1 −646.8
SO X2C PCC 193.2 316.1 131.8 SO X2C PCC −1010.7 −1645.3 −693.4
SO X2C −193.5 −316.4 −132.0 SO X2C −1012.3 −1647.3 −694.8
SO DLU −193.5 −316.4 −132.0 SO DLU −1012.0 −1647.2 −694.5
4c −193 −316 −131 4c −1009 −1646 −691
Expt. � � � Expt. −1340 −1994 −1013

[WOF5]
2− SR X2C −220.8 −298.7 −181.8 [ReOBr4] SR X2C −553.5 −959.4 −350.6

SR DLU −220.8 −298.7 −181.8 SR DLU −553.6 −959.4 −350.6
SO X2C PCC 293.8 439.3 221.1 SO X2C PCC −735.9 −1195.7 −505.9
SO X2C −294.1 −439.7 −221.3 SO X2C −737.3 −1197.6 −507.1
SO DLU −294.1 −439.7 −221.3 SO DLU −737.3 −1197.7 −507.1
4c −293 −420 −221 4c −733 −1197 −501
Expt. −331 −496 −262 Expt. � � �

[WOBr5]
2− SR X2C −116.6 −183.0 −83.4 [ReOF5]

− SR X2C −1162.3 −1651.0 −917.9
SR DLU −116.6 −183.0 −83.3 SR DLU −1162.4 −1651.1 −918.1
SO X2C PCC −167.1 −278.7 −111.3 SO X2C PCC −1604.4 −2469.0 −1172.1
SO X2C −167.3 −279.0 −111.5 SO X2C −1606.2 −2471.4 −1173.6
SO DLU −167.3 −279.0 −111.5 SO DLU −1606.3 −2471.6 −1173.7
4c −167 −279 −111 4c −1600 −2466 −1166
Expt. � � � Expt. −1959 −2878 −1499

[OsOF5] SR X2C −370.9 −541.6 −285.6
SR DLU −371.0 −541.6 −285.6
SO X2C PCC −518.5 −811.2 −372.2
SO X2C −519.2 −812.1 −372.8
SO DLU −519.3 −812.1 −372.8
4c −517 −811 −370
Expt. −627 −935 −480
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We note that neglecting these derivatives may result in error cancellation compared to the

4c results due to the picture-change e�ects of the two-electron integrals. From a formal

point of view, a rigorous treatment of two-electron picture-change e�ects201 together with

the decoupling derivatives should result in an excellent agreement with the DKS approach.

However, this also increases the computational demands for the 2c ansatz, as it requires

modi�cations of the two-electron infrastructure. Within the DLU scheme, the computational

costs for the one-electron response and Sylvester equations to calculate the derivatives of X

andR are drastically reduced. Therefore, they can be included with negligible computational

overhead.

5.2 Assessment of Basis Sets

As the central idea of X2C is to decouple the positive and the negative energy subspace after

the introduction of a basis set, a proper assessment of various relativistic basis sets is in

order. Here, we consider fully decontracted and segmented-contracted basis sets of various

cardinal numbers and assess their impact on isotropic hyper�ne coupling constants for 16 of

the 17 transition-metal complexes. [WOF5]2− is neglected in the statistical evaluation due

to convergence issues for the alignment of spin x and y with the ET basis. The MAPD and

STD are shown in Fig. 1.

First, all decontracted basis sets possess small errors�typically in the range of 1�3%

in MAPD. The ANO-R basis shows the smallest mean errors with 0.37% and a standard

deviation of 0.24%. Very similar errors are found for the quadruple-ζ combinations of the

correlation-consistent (cc, ccJ) and the Dyall basis sets. Here, the MAPDs amount to 0.49%

for both combinations. However, this comes at the price of an increased dimension of the

involved matrices. Even the comparably small IGLO-II/Dyall-VDZ combination features

more basis functions than the segmented-contracted triple-ζ bases, see Tab. 1. As the dif-

ferent basis sets for the light atoms do not substantially a�ect the HFC constant of the

heavy element, locally dense basis sets100,202,203 may be used to reduce the computational
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Figure 1: Assessment of various basis sets compared to an even-tempered reference for 16 of
the 17 transition-metal complexes. [WOF5]2− is neglected in the statistical evaluation due
to convergence issues for the alignment of spin x and y with the ET basis. MAPD and STD
denote the mean absolute percent-wise error and its standard deviation. For brevity, the
su�x �unc� is omitted for the combinations of the Dyall basis and the ANO basis sets. See
Tab. 1 for further details on the basis sets and their size.

demands, i.e. the large basis set is only used for the heavy element and a basis set of a

decreased cardinal number is employed for the light element.

Second, the segmented-contracted double-ζ basis sets feature notably large errors. Here,

the Sapporo-DKH3-DZP-2012 bases result in an MAPD of 35.93% and the Jorge-DKH-DZP

or x2c-SVPall-2c bases result in MAPDs of 70.91% and 80.83%, respectively. These basis sets

are thus clearly insu�cient for accurate calculations of hyper�ne coupling constants. Triple-ζ

basis sets are a major improvement in this regard and the errors are reduced to 8�16% with

the Sapporo and x2c-type bases. Notably, the Jorge-DKH-TZP basis still leads to a large

MAPD of 48.56%. The quadruple-ζ Sapporo and x2c-type basis sets perform on par with

the fully decontracted basis sets when comparing both the errors and number of functions.

The x2c-QZVPall-2c and Sapporo-DKH3-QZP-2012 basis sets employ 8799 and 9804 func-

tions for the 17 compounds. For the uncontracted Dyall basis sets, about 6500 (double-ζ),

9600 (triple-ζ), and 12000 (quadruple-ζ) functions are used throughout the molecular set.

23



Decontracting the x2c-QZVPall-2c basis does not signi�cantly alter the results, and conse-

quently this segmented-contracted basis set is su�ciently �exible�in contrast to the double

and triple-ζ basis sets. Decontracting the latter bases results in a major improvement and

the MAPDs are in the same range as those of the uncontracted Dyall and ANO basis sets.

Overall, these �ndings con�rm our previous studies for a smaller set of molecules and

the scalar-relativistic approach.123 Compared to other magnetic properties such as NMR

shielding constants,115,144 the good performance of the Sapporo basis sets is remarkable.

This is further notable as these basis sets are optimized with the point charge model and

�nite nucleus size e�ects may be pronounced for the hyper�ne coupling interaction of heavy

elements.32,204,205

5.3 Assessment of Density Functional Approximations

Furthermore, we assessed the accuracy of a variety of pure, hybrid, and range-separated hy-

brid (RSH) density functional approximations in predicting the isotropic hyper�ne coupling

constants with the spin�orbit DLU-X2C Hamiltonian for a subset of 12 transition-metal

complexes from the 4c study: [MoOCl4]−, [MoOF5]2−, [MoOBr4]2−, [WOF5]2−, [TcNF4]−,

[TcNCl4]−, [TcNBr4]−, [ReNF4]−, [ReNCl4]−, [ReNBr4]−, [ReOF5]−, and [OsOF5]. The re-

sulting MAPDs and STDs when compared to experimental reference data are visualized in

Fig. 2. Note that Harteee�Fock theory results in an MAPD of more than 100% and is clearly

insu�cient for these transition-metal complexes.

Unsurprisingly, pure density functionals without Hartree�Fock exchange performed the

poorest in the study, with MAPDs exceeding 20% for KT3, TPSS, PBE, BP86, and S-VWN.

The r2SCAN functional represents a notable exception to this with an MAPD of 16.76% and

STD of 13.08%, outperforming some hybrid and RSH functionals such as B3LYP, B97,

revTPSSh, and CAM-QTP-00. Despite being a hybrid, B3LYP performed rather poorly

with an MAPD of 19.50%. The range-separated version CAM-B3LYP improves on this

result marginally, but still falls in the latter half of functionals in ranking and is also the
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Figure 2: Assessment of various density functional approximations compared to the experi-
mental �ndings for a subset of 12 transition-metal complexes. MAPD and STD denote the
mean absolute percent-wise error and its standard deviation. Note that HF shows an MAPD
and a STD of 122.10% and 55.23%, respectively. Therefore, the HF results are omitted.

Pure Density Functionals Hybrid Density Functionals Range-Separated Hybrids

second worst RSH tested, with the �rst being CAM-QTP-00.

A clear trend that can be observed from the results is that functionals with HF exchange

seemed to yield more accurate isotropic hyper�ne coupling constants, which is evident in 9

of the top 10 functionals being (range-separated) hybrids. In particular, the modi�cation of

the PBE0 functional with 40% HF exchange produced the best MAPD and STD values by

a considerable margin for this subset of transition metal complexes, with the next most ac-

curate functionals being TPSS0, HSE06, and CAM-QTP-02. However, this large amount of

HF exchange in PBE0-40HF may negatively a�ect other properties and PBE0 may be a more

robust functional for general chemical properties. Interestingly, the use of a range separated

over global hybrid scheme did not systematically improve the results, and the BH&HLYP

and PBE0 functionals perform comparably well. These results agree with a recent functional

study of magnetizabilities for 28 small molecules206,207 and also other benchmark studies on

magnetic properties208�214 suggesting that inclusion of HF exchange is important for mag-

netic properties in general. These conclusions also hold for both spin�orbit DLU-X2C and
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previously reported ZORA results12 for the hyper�ne coupling constants of small mercury

compounds as shown in Table S2 of the Supporting Information.

6 Assessment of E�ciency and Further Studies

To test our implementation on a larger molecule, we study [Pt(C6Cl5)4]− consisting of 45

atoms depicted in Fig. 3. The isotropic HFC constant and the principal components are

listed in Tab. 3 at various levels of theory. Quasi-relativistic calculations are only performed

for the hybrid functionals as the pure density functionals yield scalar-relativistic results with

a comparably large deviation towards experimental �ndings. Note that we use the RI-J

approximation in the 2c calculations to increase the e�ciency of the approach. For the

SCF procedure, the auxiliary basis set of the RI-J approximation needs to �t the electron

density.109,215,216 Consequently, the universal (uncontracted) x2c-type �tting bases106,144 are

a reasonable choice for the uncontracted Dyall-VTZ/pcJ-2 orbital bases. This di�ers sig-

ni�cantly from the application of RI-J to post-Hartree�Fock or post-Kohn�Sham ansätze

and response properties.217�220 Here, the product of orbitals needs to be modeled by the

auxiliary bases. Indeed, the scalar-relativistic calculations of the Dyall-VTZ/pcJ-2 basis

con�rmed that the RI-J approximation can be used with the universal x2c-type �tting basis

sets. The errors from the RI-J approximation are smaller than those from neglecting the

derivatives of X and R as well as the DLU error according to Sec. 5.1. The x2c-QZVPall-2c

bases are combined with tailored auxiliary bases.144

Overall, the Dyall-VTZ/pcJ-2 and x2c-QZVPall-2c basis sets lead to similar results and

a large amount of HF exchange is generally advantageous for accurate HFC constants. Spin�

orbit e�ects are of great importance for the principal components of the HFC tensor, whereas

the impact on the isotropic constant is comparably small and typically amounts to 50�

100MHz. The pure density functionals signi�cantly underestimate the HFC constant with

r2SCAN again representing a notable exception. Yet, it is still outperformed by all hybrid
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Figure 3: Molecular structure of [Pt(C6Cl5)4]−. Colors: Pt yellow, Cl green, C grey.

functionals. B3LYP, PBE0, and TPSSh overestimate the HFC constant by 500�700MHz.

BH&HLYP and PBE0-40HF result in a good agreement with the experimental �ndings.

These two functionals perform best among the global hybrids similar to Sec. 5.3. Also, the

range-separated functional LC-ωPBE leads to better results than the related PBE0 func-

tional. In contrast, CAM-B3LYP does not substantially improve upon B3LYP. This con�rms

that range separation is not an a priori improvement, despite a comparably large amount

of HF exchange being necessary. This suggests that more sophisticated functionals such as

local hybrid functionals,222 featuring a position-dependent admixture of HF exchange, may

be useful for the HFC constant. A simple local mixing function based on the iso-orbital indi-

cator222 is generally not su�cient for the HFC of transition metals223 and more elaborate ap-

proaches208,224,225 may be helpful. A �rst ansatz with Johnson's local hybrid functional based

on the correlation length224 yields a scalar-relativistic HFC of 7165MHz (Dyall-VTZ/pcJ-2

basis set, grid 3a). Note that we used the seminumerical exchange methodology for the

evaluation of the respective XC terms208 as outlined by Plessow and Weigend.104 Similar to

our recent benchmark studies of the NMR coupling constants,208 ωB97X-D performs best

for the full spin�orbit DLU-X2C, RI-J method in predicting the principal components of the

hyper�ne coupling constant.
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Table 3: Principal components of the hyper�ne coupling constant and isotropic value in
MHz. Scalar-relativistic (SR) calculations are carried out with the exact Coulomb integrals
and the RI-J method. Two-component spin�orbit (SO) calculations only use the latter and
the mSNSO approximation. Experimental (Expt.) results are taken from Ref. 221.

Dyall-VTZ-unc/pcJ-2-unc x2c-QZVPall-2c

Functional Hamiltonian Aiso A11 A22 A33 Aiso A11 A22 A33

KT3 SR DLU 6106 5735 6255 6328 5951 5579 6089 6184
SR DLU, RI-J 6107 5736 6255 6330 5945 5574 6083 6179

BP86 SR DLU 5317 4943 5432 5576 5193 4822 5298 5458
SR DLU, RI-J 5316 4942 5431 5576 5192 4821 5298 5458

PBE SR DLU 5582 5204 5715 5826 5441 5066 5564 5694
SR DLU, RI-J 5579 5202 5712 5824 5439 5064 5561 5692

TPSS SR DLU 6006 5626 6154 6237 5879 5500 6016 6120
SR DLU, RI-J 6002 5622 6150 6234 5876 5497 6014 6118

r2SCAN SR DLU 8459 8238 8498 8641 8493 8277 8530 8673
SR DLU, RI-J 8465 8245 8504 8648 8487 8269 8527 8666

BH&HLYP SR DLU 7083 6890 7048 7311 7093 6900 7060 7320
SR DLU, RI-J 7089 6896 7054 7317 7100 6907 7066 7326
SO DLU, RI-J 7240 6327 7689 7705 7246 6335 7695 7707

B3LYP SR DLU 8087 7787 8105 8367 8091 7790 8112 8369
SR DLU, RI-J 8078 7775 8101 8357 8089 7787 8113 8367
SO DLU, RI-J 7950 7131 8262 8456 7949 7134 8264 8450

PBE0 SR DLU 7893 7673 7851 8155 7901 7681 7860 8161
SR DLU, RI-J 7888 7668 7846 8150 7906 7686 7866 8167
SO DLU, RI-J 7871 7029 8257 8327 7871 7033 8259 8320

PBE0-40HF SR DLU 7313 7129 7268 7542 7327 7143 7283 7554
SR DLU, RI-J 7319 7136 7274 7548 7333 7150 7289 7560
SO DLU, RI-J 7482 6590 7920 7935 7485 6595 7924 7935

TPSSh SR DLU 8077 7819 8073 8340 8101 7844 8097 8360
SR DLU, RI-J 8077 7817 8075 8339 8089 7826 8091 8346
SO DLU, RI-J 8000 7283 8345 8373 8002 7291 8263 8452

TPSS0 SR DLU 7696 7493 7652 7942 7717 7515 7675 7961
SR DLU, RI-J 7702 7500 7657 7948 7723 7522 7681 7967
SO DLU, RI-J 7815 7018 8208 8218 7824 7029 8212 8231

CAM-B3LYP SR DLU 7803 7546 7754 8109 7811 7555 7763 8115
SR DLU, RI-J 7808 7552 7759 8114 7816 7560 7769 8121
SO DLU, RI-J 7696 6800 8104 8184 7699 6802 8106 8189

CAM-QTP-00 SR DLU 6648 6465 6611 6868 6657 6475 6621 6876
SR DLU, RI-J 6654 6471 6618 6874 6664 6482 6628 6883
SO DLU, RI-J 6909 5951 7375 7400 6916 5960 7382 7406

CAM-QTP-02 SR DLU 7141 6905 7090 7429 7148 6912 7098 7435
SR DLU, RI-J 7147 6912 7096 7435 7155 6919 7104 7441
SO DLU, RI-J 7178 6219 7629 7685 7177 6222 7632 7677

HSE06 SR DLU 7749 7520 7715 8011 7757 7529 7726 8018
SR DLU, RI-J 7752 7522 7720 8014 7762 7533 7731 8023
SO DLU, RI-J 7720 6905 8089 8166 7722 6908 8089 8168

LC-ωPBE SR DLU 7315 7099 7231 7615 7319 7103 7236 7618
SR DLU, RI-J 7321 7105 7237 7621 7325 7109 7243 7624
SO DLU, RI-J 7438 6548 7872 7894 7435 6546 7869 7889

ωB97X-D SR DLU 7196 6930 7169 7488 7194 6927 7168 7485
SR DLU, RI-J 7201 6935 7175 7494 7200 6933 7174 7491
SO DLU, RI-J 7270 6421 7639 7749 7265 6419 7634 7742

Expt. 7322 6375 7735 7855 7322 6375 7735 7855

We note that the 2c DLU-X2C/PBE0 calculation of one spin contribution to the HFC

matrix of all atoms �nished in 5.5 to 6 hours for the Dyall-VTZ/pcJ-2 basis set (79�85 SCF

iterations based on converged UKS orbitals) on 24 OpenMP threads of an Intel R© Xeon R© Gold
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6212U CPU @ 2.40GHz (code was compiled with Intel R© Fortran Compiler 19.0.1.144). For

the x2c-QZVPall-2c bases, the calculations take 18.5 to 24.5 hours (70�103 SCF iterations).

For comparison, the wall time with 12 OpenMP threads amounts to 26.5 to 41.9 hours

for 64�106 SCF iterations. The calculation of the respective derivatives of the one-electron

Hamiltonian for the HFC matrix of all atoms amounts to 15.4 minutes and 41.7 minutes for

Dyall-VTZ/pcJ-2 and x2c-QZVPall-2c with the DLU scheme (24 threads). In comparison,

the full X2C ansatz takes 630 minutes and 1851 minutes, respectively. Hence, the speed-up

by the DLU scheme amounts to a factor of 41 and 44. Further speed-ups are possible by

selecting the corresponding nuclei of interest similar to NMR coupling constants55,100 and

NMR chemical shifts.213 This way the wall time for the DLU-X2C Hamiltonian derivatives

is reduced to 0.3 (Dyall-VTZ/pcJ-2) and 0.9 minutes (x2c-QZVPall-2c); a speed-up by a

factor of about 45�50 is observed. Thus, the e�ciency of our implementation is clearly

demonstrated and the derivatives of the decoupling can routinely be included in DLU-X2C

calculations. The computation time is clearly determined by the two-electron integrals in

line with previous DLU studies.51�53,55 Application of the MARI-J approximation111 and the

seminumerical exchange approximation104,105 reduces the time for the two-electron integrals.

However, it increases the number of SCF iterations for the Dyall-VTZ/pcJ-2 basis set from

79�85 to 82�130. The wall time amounts to 4.5�6.9 hours while changing the isotropic HFC

constant by −5MHz.

7 Application to Rare-Earth Single Molecule Magnets

Recently, the discovery of a series of La(II) and Lu(II)-based single molecule magnets:

[La(OAr*)3]1− (1), [Lu(NR2)3]1− (2), and [Lu(OAr*)3]1− (3) (OAr* = 2,6-Ad2-4-t-Bu-

C6H2O, Ad = adamantyl, t-Bu= tert-butyl, R = SiMe3 with Me = methyl) was reported.22

The three molecules are depicted in Fig. 4. It was demonstrated through EPR and KS-DFT

studies that variation of the s-orbital mixing present in the 6s/d singly occupied molec-
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Figure 4: Molecular structures of [La(OAr*)3]1− (1) (left), [Lu(NR2)3]1− (2) (middle), and
[Lu(OAr*)3]1− (3) (right), OAr* = 2,6-Ad2-4-t-Bu-C6H2O, Ad = adamantyl, t-Bu= tert-
butyl, R = SiMe3 with Me = methyl. H atoms are omitted for clarity. Colors: La cyan, O
red, C grey, Lu pink, N blue, Si brown.

ular orbital (SOMO) of these complexes could be used to tune their magnetic structure,

with [Lu(OAr*)3]− representing a desirable orbital con�guration through its possession of

a signi�cant hyper�ne clock transition of approximately 9GHz and its enhanced magnetic

relaxation times.

The scalar-relativistic DFT method used to approximate the hyper�ne coupling matrix

in this study qualitatively described the expected increase in isotropic hyper�ne coupling

constant with larger 6s character of the SOMO (arising from the Fermi-contact interac-

tion). However, the values themselves possessed errors of roughly one order of magnitude

when compared with experimental results, mostly attributed to the non-relativistic operator

used to calculate the HFC matrix giving rise to a large picture-change error.15 Herein, this

method will be denoted SR-NR-DFT. While such a method proved useful when paired with

experiment, improvements which can achieve quantitative accuracy are desired if in silico

discovery of optimal SMMs is to be realized.

To assess the potential improvement obtained from the present method, we applied our

DFT-based X2C approach to compute the hyper�ne coupling matrix for (1), (2), and (3),

comparing with the SR-NR-DFT and experimentally determined EPR results. For direct

comparison, the same computational methodology22 was used between the SR-NR-DFT and
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X2C calculations: The TPSS density functional158 was used with all-electron NMR-tailored

x2c-TZVPPall-s basis sets for the lanthanide atom (Ln) and x2c-SVPall-s basis sets for the

ligand atoms.115 In addition to the parent x2c-type basis sets, these feature additional tight

p functions and minimal extension for the outer-core and inner valence region. The �nite

nucleus model and DLU were used for both scalar-relativistic (SR) and spin�orbit (SO)

X2C calculations. These calculations were also repeated for the spin�orbit 2c extensions

of the x2c-type basis sets106 (x2c-TZVPPall-2c/Ln and x2c-SVPall-2c/H,C,N,O,Si). We

also repeated the calculations using the r2SCAN,161,162 PBE0,131,132 PBE0-40HF,33,131,132

CAM-QTP-02,172 HSE06,173�175 and the ωB97X-D177 functionals given the improvements we

observed above with the r2SCAN and hybrid functionals. Lastly, we performed calculations

using the x2c-QZVPall-2c basis set for the Ln atom144 to assess the accuracy of the method.

The results are given in Tab. 4.

Modest improvements are observed when going from the x2c-s to x2c-2c type basis sets

on the Ln atom for the SO methods, and also when using a hybrid or RSH as opposed to a

pure functional. Here, the triple-ζ basis sets are already su�cient for the SO calculations as

the application of the x2c-QZVPall-2c basis alters the HFC constants by about 20�30MHz.

Larger changes of up to 150MHz are found in the SR calculations. r2SCAN again outper-

forms TPSS which is consistent with the �ndings of Sections 5.3 and 6. In some cases, the

SR results for di�erent basis set and functional con�gurations are closer to experiment than

the SO results (e.g. x2c-TZVPPall-2c/PBE0-40HF), which is likely due to error cancella-

tion. This can be posited from the inconsistent corrections in the SR results when going

from pure to hybrid and RSH functionals, in contrast with a smoother convergence of the

SO method. The PBE0-40HF and RSH functionals tested with x2c-TZVPPall-2c basis set

perform similarly well when compared to experiment. The x2c-QZVPall-2c/ωB97X-D con-

�guration yields accurate results for both the SO and SR methods in all three compounds.

For SO in particular, deviations from experiment are lowered to tens of MHz or less. Overall,

the results demonstrate that the use of a relativistic hyper�ne �contact� operator with �nite
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nucleus corrects the majority of the picture-change error observed in SR-NR-DFT for these

complexes.

Table 4: Hyper�ne coupling constants calculated for Ln(II)-based single molecule magnets
at various levels of theory and compared with experimental results (Expt.).22 For brevity,
only the basis set of the Ln atom is given here. The x2c-SVPall-s and x2c-SVPall-2c basis
set is employed for the light elements. The SR-NR results are taken from Ref. 22. All values
are given in MHz.

Method Hamiltonian (1) (2) (3)

x2c-TZVPPall-s/TPSS SR-NR 8274 17 040 23 950
SR 1746 2259 3192
SO 1716 2227 3139

x2c-TZVPPall-2c/TPSS SR 1747 2258 3177
SO 1726 2236 3151

x2c-QZVPall-2c/TPSS SR 1746 2239 3168
SO 1724 2212 3139

x2c-TZVPPall-2c/r2SCAN SR 1777 2372 3248
SO 1749 2322 3202

x2c-QZVPall-2c/r2SCAN SR 1779 2375 3259
SO 1750 2323 3211

x2c-TZVPPall-2c/PBE0 SR 1756 2270 3194
SO 1804 2241 3241

x2c-QZVPall-2c/PBE0 SR 1839 2266 3266
SO 1823 2235 3252

x2c-TZVPPall-2c/PBE0-40HF SR 1843 2271 3300
SO 1809 2243 3261

x2c-QZVPall-2c/PBE0-40HF SR 1889 2355 3445
SO 1837 2233 3277

x2c-TZVPPall-2c/CAM-QTP-02 SR 2080 2504 3499
SO 2040 2464 3459

x2c-QZVPall-2c/CAM-QTP-02 SR 2100 2495 3499
SO 2074 2463 3471

x2c-TZVPPall-2c/HSE06 SR 1824 2297 3291
SO 1795 2262 3249

x2c-QZVPall-2c/HSE06 SR 1838 2283 3290
SO 1817 2257 3260

x2c-TZVPPall-2c/ωB97X-D SR 1901 2411 3501
SO 1870 2378 3459

x2c-QZVPall-2c/ωB97X-D SR 1929 2489 3655
SO 1867 2359 3472

Expt. 1840 ± 25 2443 ± 50 3467 ± 50
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Calculation of the spin�orbit DLU-X2C Hamiltonian derivatives for the x2c/TZVPPall-

2c/TPSS calculations took roughly two minutes for (1) and (3) (ca. 2000 basis functions)

and 16 seconds for (2) (ca. 800 basis functions) using 16 OpenMP threads of an Intel R©

Xeon R© Gold 6148 CPU @ 2.40GHz. In comparison, the derivatives took twenty minutes for

(1) and (3) and two minutes for (2) without DLU. The di�erences in isotropic hyper�ne

coupling constants predicted with and without DLU constitute less than 0.1% error intro-

duced in all cases. On average, 10�20 SCF iterations were needed for the SO calculations

based on converged UKS orbitals for x2c-TZVPPall-s/TPSS and x2c-TZVPPall-2c/TPSS,

whereas approximately 40�60 SCF iterations were needed for x2c-TZVPPall-2c/PBE0 and

x2c-QZVPall-2c/ωB97X-D.

8 Application to [TbPc2]
− with S = 3

So far, we have considered molecular systems with one unpaired electron, that is S = 1/2.

However, the Kramers-unrestricted non-collinear method is straightforwardly applicable to

systems with more than one unpaired electron.24 To illustrate this feature of our implementa-

tion, we apply the mSNSO-DLU-X2C approach to [TbPc2]−, a single molecule magnet with

six unpaired electrons. This system is notable for its large hyper�ne coupling arising from

strong magnetic anisotropy along the easy axis. Furthermore, its valence structure di�ers

signi�cantly from the Ln complexes studied in Sec. 7, where the spin density arises purely

from the 4f shell as opposed to the 5d/6s orbital. The molecular structure is depicted in

Fig. 5. Note that the electronic ground-state of [TbPc2]− is well separated from the excited

states.5

To study the HFC constant, we use the same methods as in the previous section.

That is, the TPSS,158 r2SCAN,161,162 PBE0,131,132 PBE0-40HF,33,131,132 CAM-QTP-02,172

HSE06,173�175 and the ωB97X-D177 functionals are employed. The x2c-TZVPPall-2c basis

set is used for Tb and the x2c-SVPall-2c basis set for all other atoms.106 This basis set setup
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Figure 5: Molecular structures of [TbPc2]−. Pc denotes bis(phthalocyaninato). H atoms are
omitted for clarity. Colors: Tb green, N blue, C grey.

is motivated by the results observed in the last section. The isotropic hyper�ne coupling

constants calculated at the DFT level are given in Tab. 5.

Generally, the scalar-relativistic ansatz is not able to deliver accurate results, as it consid-

ers only the Fermi-contact and the spin-dipole contribution. For systems such as [TbPc2]−

with S = 3, the paramagnetic spin�orbit term is the leading contribution, and the Fermi

contact term is minimal due to the primarily 4f valence structure.5 Therefore, our SR results

are almost universally o� by a few hundred MHz, and the error is greater than that observed

for the La and Lu complexes in Sec. 7. In comparison, the two-component calculations

result in good agreement with the experimental �ndings due to inclusion of this spin�orbit

term. Similar to the previous sections, PBE0-HF and ωB97X-D perform remarkably well. In

contrast, CAM-QTP-02 and HSE06 loose some ground for [TbPc2]−. r2SCAN is a notable

exception for the scalar-relativistic results. This �nding is likely caused by error cancellation

as the PSO term and spin�orbit e�ects are pronounced for [TbPc2]− in all calculations herein

and in the literature.5

The accuracy of our DFT-based X2C approach is on par with the multi-con�gurational

ansatz by Wysocki and Park employing spin�orbit mean-�eld operators in scalar-relativistic

low-order DKH.5 They obtained a HFC constant of ca. 6000MHz with an e�ective pseudospin

Hamiltonian of S = 1/2 and consequently mapping this for [TbPc2]− with S = 3 results in
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Table 5: Isotropic hyper�ne coupling constant for [TbPc2]− with the scalar-relativistic (SR)
and the spin�orbit (SO) DLU-X2C Hamiltonian. The latter uses the mSNSO approximation.
For brevity, only the basis set of the Tb is given here. The x2c-SVPall-2c basis set is employed
for the light elements. Experimental results (Expt.) are taken from Refs. 226 and 227, see
footnotes. All values are given in MHz.

Functional Basis Set SR SO

TPSS x2c-TZVPPall-2c 189.2 352.4
r2SCAN x2c-TZVPPall-2c 519.0 613.3
PBE0 x2c-TZVPPall-2c 52.0 440.1
PBE0-40HF x2c-TZVPPall-2c 26.4 510.5
CAM-QTP-02 x2c-TZVPPall-2c −4.0 445.7
HSE06 x2c-TZVPPall-2c 55.0 442.7
ωB97X-D x2c-TZVPPall-2c 135.9 488.0

Expt. 519a

Expt. 556a

a Result taken from Ref. 226
b Result taken from Ref. 227

500MHz. This shows that a sophisticated treatment of relativistic e�ects can be combined

with DFT for lanthanide molecules beyond Kramers doublets if the electronic ground state

is su�ciently separated from the excited states.

9 Conclusions

An e�cient implementation of hyper�ne coupling (HFC) matrix calculations in the quasi-

relativistic exact two-component (X2C) framework including the full spin�orbit X2C deriva-

tive and the diagonal local approximation to the unitary decoupling transformation (DLU)

has been reported. The method supports point and �nite nucleus models for the scalar and

vector potentials, is fully integral direct, and all integrals and algebraic manipulations are

parallelized using OpenMP. The hyper�ne coupling matrix can be computed in a �black-box�

fashion in the non-collinear approach through incorporation of post-processing scripts into

the TURBMOLE program suite.

Comparisons between the Dirac�Kohn�Sham (DKS) level and the X2C/DLU-X2C ansatz
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including the modi�ed screened nuclear spin�orbit approximation (mSNSO) were carried out

for 17 transition-metal compounds. The X2C calculations reproduce the DKS results well

in each case for lower formal cost, and is further accelerated by the DLU scheme, which

was found to introduce errors of just ca. 0.1MHz. Inclusion of the full X2C Hamiltonian

derivative led to corrections in the range of 1�15 MHz in the HFC, which did not always bring

the result closer to that of the DKS method. The worsening is likely due to the loss of error

cancellation from neglecting theX andR derivatives, and may be amended through rigorous

treatment of two-electron picture-change e�ects. When used with DLU, these derivatives

do not contribute signi�cantly to computational overhead, which is dominated by the two-

electron integral calculations.

In addition, an extensive study of general parameters, such as relativistic basis set and

density functional approximation (DFA) was conducted. The segmented-contracted x2c-

QZVPall-2c basis set was found to represent a balanced choice for both accuracy of hyper�ne

coupling constant and computational cost, performing similarly to its uncontracted version.

Other segmented-contracted bases, such as the Sapporo and Jorge bases, expectedly per-

formed better with increasing cardinal number, but were inferior to x2c-QZVPall-2c and

all uncontracted basis sets studied. In line with prior observations, Hartree�Fock exchange

was found to be critical for accurate calculations of hyper�ne coupling constants for the 12

transition-metal complexes studied in the DFA analysis. With the exception of r2SCAN,

global hybrid and range-separated hybrid functionals performed better in general than pure

functionals when compared with experiment. CAM-QTP-02 and ωB97X-D show the small-

est deviations from the experimental �ndings among the range-separated hybrids. However,

range-separated hybrid functionals were not necessarily better than global hybrids, and com-

mon functionals such as PBE0 and TPSSh (ranked 6 and 10 out of the 22 studied) can be

used without a signi�cant compromise to accuracy.

mSNSO-DLU-X2C calculations were also performed on the Pt complex [Pt(C6Cl5)4]−,

which echoed the necessity of including Hartree�Fock exchange in the density functional
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approximation used for accurate HFC matrix calculations. Furthermore, these calculations

demonstrated the substantial speedup achieved by application of DLU on X2C Hamiltonian

derivatives, reducing the computation time from 1851 minutes to 41.7 minutes for the Pt

complex at the x2c-QZVPall-2c level (3003 contracted and 4720 primitive basis functions)

using 24 threads on an Intel R© Xeon R© Gold 6212U CPU @ 2.40GHz.

We then applied the method to compute the hyper�ne coupling constants for a series

of three recently discovered Ln(II) single molecule magnets [La(OAr*)3]1−, [Lu(NR2)3]1−,

and [Lu(OAr*)3]1− with magnetic structure conducive to facilitating clock transitions. The

results drastically correct previously obtained isotropic hyper�ne coupling constants using

scalar-relativistic density functional theory and a non-relativistic Fermi-contact expression,

bringing the error down from thousands to tens of MHz when compared with experimental

results. As demonstrated in this study, the non-relativistic HFC operator is insu�cient for

heavy atoms with valence orbitals of low angular momentum and large spin density near the

nucleus. As this speci�c property is largely responsible for the desirable magnetic structure

of this series, our results rea�rm the observation that e�cient, �fully� relativistic or quasi-

relativistic ansätze are necessary to accurately describe the magnetic structure of candidate

molecular qubit systems. Notably, the segmented-contracted triple-ζ x2c-TZVPPall-2c basis

sets can be used for the lanthanide atom without a signi�cant compromise to accuracy.

The PBE0-40HF, CAM-QTP-02, and ωB97X-D functionals also perform well for the three

Ln(II) single molecule magnets. In contrast to the transition-metal complexes, the pure

density functionals already yield very reasonable results for these molecules.

The general applicability of the Kramers-unrestricted non-collinear ansatz is �nally demon-

strated for [TbPc2]− with six unpaired electrons. Here, the scalar-relativistic X2C Hamilto-

nian is clearly insu�cient as the paramagnetic spin�orbit contribution is the leading term,

and consequently a quasi-relativistic spin�orbit approach is needed for accurate results. The

PBE0-40HF and ωB97X-D functionals lead to an isotropic hyper�ne coupling constant of

508MHz and 484MHz, respectively. This is in remarkably good agreement with the ex-
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perimentally obtained result of 519MHz,226 and our results are on par with existing multi-

con�gurational methods.5

As an outlook, the implementations of the HFC matrix and NMR shifts in the X2C

framework can be used to calculate the EPR g-tensors according to24,228

guv =
d2E

dBudSv
=

2c

〈S̃v〉
dE(Jv, ~B)

dBu

(44)

with the external magnetic �eld ~B. Formally, the g-tensor should be computed using the

restricted magnetic balance (RMB) condition73 and gauge-including atomic orbitals (GI-

AOs).229,230 A respective implementation can be achieved through taking the spin densities

from the HFC routines and the one- and two-electron integrals from the X2C NMR shift rou-

tines,53,74�76 resulting in a calculation resembling two-component geometry gradients.52,80,103

The speci�c methodology and working equations will be elaborated on in future work.
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