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1 Abstract

Electrochemical reactors often employ high surface area electrocatalysts to accelerate volumetric
reaction rates and increase productivity. While electrocatalysts can alleviate kinetic overpotentials,
diffusional resistances at the pore-scale often prevent full catalyst utilization. The effect of
intraparticle diffusion on the overall reaction rate can be quantified through an effectiveness factor
expression governed by the Thiele modulus parameter. This analytical approach is integral to the
development of catalytic structures for thermochemical processes and has previously been
extended to electrochemical processes by accounting for the relationship between reaction kinetics
and electrode overpotential. In this paper, we illustrate the method by deriving the expression for
the potential-dependent Thiele modulus and using it to quantify the effectiveness factor for porous
electrocatalytic structures. Specifically, we demonstrate the application of this mathematical
framework to spherical microparticles as a function of applied overpotential across catalyst
properties and reactant characteristics. The relative effects of kinetics and mass transport are
related to overall reaction rates, revealing markedly lower catalyst utilization at increasing
overpotential. Subsequently, we generalize the analysis to different catalyst shapes and provide

guidance on the design of porous catalytic materials for use in electrochemical reactors.

Keywords: porous electrocatalyst, actitve area utilization, electrochemical engineering, Thiele

modulus, effectiveness factor



2 Introduction
Porous architectures have been strategically employed in heterogeneous catalytic processes to
enhance volumetric reaction rates by increasing active site density. However, there exists a
trade-off with mass-transport through the porous catalyst, which impacts the effective use of these
catalyst sites. Classical approaches in chemical reactor design and engineering introduce an
effectiveness factor to assess the ratio between the observed reaction rate and the reaction rate if
the entire catalyst surface area been exposed to bulk concentration conditions. Intuitively, particle
geometry (i.e., size and shape), catalyst surface reactivity, and intraparticle diffusion all impact the
effectiveness factor. A dimensionless parameter, commonly termed the Thiele modulus,
conveniently describes the relative balance between kinetic and mass transport resistances in the
catalyst particle, quantifying the relation between catalyst particle size and activity, and was
explored in Thiele’s seminal 1939 paper.' Specifically, the Thiele modulus is the ratio of a
reaction rate to a diffusion rate. At large Thiele modulii, overall reaction rate is limited by
diffusional resistance and the reaction is confined to the outer catalyst layers, whereas at small
Thiele modulus values, the overall reaction rate is limited by the catalyst volume (i.e., total amount
of accessible pore surface area). Generally, increases in this dimensionless group indicate mass-
transport-limited behavior and a more non-uniform concentration profile throughout the catalyst.
Historically, the Thiele modulus has been used to inform materials design for thermochemical
processes, wherein relevant reactions are driven by temperature and pressure, supporting the
development of effective porous media used in catalytic, separation, and adsorption
technologies.®’ This analytical approach can be extended to evaluate catalysts for electrochemical
processes, but the potential-dependence of reaction rates requires a reformulation of the traditional

effectiveness factor. Unlike temperature and pressure, which still impact reaction kinetics and



mass transport in electrochemical systems, potential primarily impacts the reaction rate as it
perturbs the free energy of the electrode-electrolyte interface, where the heterogeneous reactions
occur, but does not typically impact bulk electrolyte properties.®

Traditional reactor engineering approaches have been extended in the development of
effectiveness factors for electrochemical systems across multiple length scales. These approaches
have notably been explored in room temperature fuel cells for modeling the activity of
agglomerates, which can then be incorporated into macroscopic porous electrode models’® or
multiscale simulations.'? Giner and Hunter first introduced the concept of flooded agglomerates to
study Teflon-bonded gas diffusion electrodes, predicting the doubling of Tafel slopes in porous
electrodes at higher current densities due to mass transport limitations from oxygen diffusion.!!
Stonehart and Ross developed a framework to use effectiveness factors in porous layers to measure
the kinetics of electrocatalysts with high rate constants as well as measure their surface poisoning
by chemisorbed species, a demonstration which further accentuated the overlap between the fields
of electrocatalysis and gas-phase heterogeneous catalysis.!? Iczkowski and Cutlip used the Thiele
modulus for spherical agglomerates to determine the breakdown of overpotentials from ohmic and
transport losses in fuel cell cathodes.'® The work of Perry et al. modeled mass transport behavior
in both liquid-electrolyte and polymer-electrolyte fuel cell cathodes by using the rate expression
for spherical agglomerates embedded into the catalyst layer and adding the effect of ionic mass
transport in the electrolyte phase for the case of the liquid-electrolyte model.!# Further studies on
modeling agglomerates and effectiveness factors in room-temperature fuel cells have refined and
extended modeling and experimental approaches.!>23 In solid oxide fuel cells, Costagmagna et al.
modeled the active functional catalyst layer using an effectiveness factor approach, where the

modified Thiele modulus compared the ratio between rates of reaction and ionic charge transport



through the active layer;?*?* subsequently, Shin and Nam incorporated Butler-Volmer kinetics into
the rate expression,” Baek et al. used this framework to hypothesize performance degradation,?

and Nam investigated the influence of various charge transfer coefficients.?’

Recently,
effectiveness factor analysis has also been utilized in gas diffusion electrodes for CO, reduction to
model agglomerates®® and as part of the development of an analytical model of the catalyst layer.
29 Effectiveness factors have been applied to thermo-electrochemical cells,®® particulate bed
electrodes,’!*? electrocatalysis in metal-organic frameworks,* and in oxygen reduction
reactions.* The array of applications and incorporation across multiple modeling length scales
highlights the ubiquity of the Thiele modulus / effectiveness factor approach.

Accordingly, understanding and quantifying the utilization of micrometric porous
electrocatalysts of uniform composition employed to increase available surface area may be a
beneficial tool to evaluate new catalytic materials in novel or established systems where this
approach has remained unused. For example, recent efforts to improve the performance of redox
flow batteries have included the deposition of high surface carbonaceous microparticles onto the
surface of carbon-fiber bed electrodes.’>=° While some of the reported surface areas exceeding
500 m? g are 2-3 orders of magnitude larger than the low surface area fibrous scaffolds they are
deposited on (~0.1 — 10 m?> g),* cell-level performance improvements are comparatively
marginal. While a number of factors can impact flow cell performance,*'** this discrepancy
suggests incomplete catalyst utilization, or, specifically, that the benefits derived from increasing
surface area in this fashion have an upper bound. More broadly, understanding the interplay
between active surface area and diffusion is universally applicable and has utility in

electrochemical engineering. The diverse portfolio of electrode configurations (e.g., volumetric

matrixes,>** packed beds,*'? slurry electrodes**®) tailored to various objectives (e.g., removal



of trace contaminants,*’*® electro-assisted selective adsorbent design,*’ energy storage,**** flow
capacitors®'3) motivate the general mathematical framework presented in this study. This general
approach can be refined to specific electrochemical systems by appropriate selection of the
reaction term and/or modeling domain.

Here, we present the potential-dependent Thiele modulus to quantify the effectiveness factor
and utilization of porous electrocatalysts as functions of particle and reactant properties. We
develop formulations to assess effectiveness factors as a function of applied potential using both
Tafel and Butler—Volmer kinetics, and assuming one-dimensional reaction-diffusion through a
porous sphere. We then outline design principles for electrocatalyst sizing based on desired
utilization. Subsequently, we explore and quantify internal transport limitations arising from
diffusional processes within the catalyst and external transport limitations arising from mass
transfer from the bulk electrolyte to the outer surface of the catalyst. Finally, we extend the model
to other common catalyst geometries using a shape factor analysis. While the reactant and catalyst
conditions used in this work are based on an aqueous electrolyte at room temperature, the
mathematical framework is generalizable and applicable to porous electrocatalysts across a range

of conditions.



3  Model Development

3.1 Assumptions and formulation

The model described herein considers the effectiveness factor in porous, spherical electrocatalysts
(depicted in Figure 1). In this treatment, we contemplate a single-electron oxidation half-cell
reaction (i.e., free electrons are treated as reactants or products) under isothermal conditions using
full Butler—Volmer kinetics and the Tafel approximation. Alternative reaction orders and
combinations are not considered in this treatment but can be incorporated by changing the reaction
term, for which additional mathematical derivation may be needed. We assume dilute solution
theory holds for describing ion transport properties.*> By convention, oxidative currents are
positive, while reductive currents are negative. Three distinct concentration regions are considered,
specifically the bulk region (Coui), the external boundary layer from the bulk to the surface of the
catalyst (Cexternal), and the internal porous electrocatalyst (Cinernal). The electrolyte solution is
treated as a typical aqueous electrolyte consisting of a dissolved electroactive species with excess
supporting salt. Several assumptions are made about the catalyst particle and its interaction with
the surrounding electrolyte. Specifically, we assume that 1) the electrolyte wets the entirety of the
particle; i) the physical properties of the particle (e.g., porosity and tortuosity) are spatially
invariant and can be approximated by a single value; and iii) the species diffusion coefficient and
rate constant remain at the same values throughout the particle.>>3 As such, we inherently assume
that continuum behavior of the electrolyte holds throughout the catalyst and neglect non-idealities

that may arise in confined spaces of nanometric dimensions,’*¢

setting a lower bound on the
particle and pore sizes that may be considered via this approach. We neglect ohmic losses across

the particle as these contributions are usually minor in comparison to the charge transfer and mass

transfer losses. More specifically, potential gradient in the solid phase is assumed to be negligible



because the electronic conductivity in the catalyst solid phase is typically orders of magnitude
greater than the solution-phase conductivity,’’>%2° though we refer the reader to other works that
include gradients in the solid matrix in porous electrodes.”!'7*°¢! Furthermore, if the particle is
electronically conductive, only the electrolyte conductivity is significant, and if the cross-sectional

area traversed by the reactants and supporting salt dissolved in the solvent is identical, the ohmic

drop across the particle (A77 (V)) can be estimated as Equation (1):'2

nFD,; AC

Apz— a7 (1)
Ko

where n (-) is the number of electrons transferred, F (C mol™) is the Faraday constant,

AC (mol cm™) is the maximum possible concentration drop across the pellet, Ky (S cm™) is the
effective conductivity of the solution, and D,; (cm®s™) is the effective reactant diffusivity through
the particle. The effective diffusivity in the catalyst pores is assumed to be Deﬁp =&, / T Dyt »

where &€ . and T

cat

¢ are the porosity and tortuosity of the catalyst pellet, respectively, and Dbulk
(cm? s7!) is the molecular diffusivity of the reactant species in the bulk electrolyte absent the
influence of the catalyst particle.? Based on this expression, the order of magnitude ohmic loss is
<< 1 mV for reasonable ranges of bulk active species electrolyte concentrations (ca. 5 x 10~ mol
cm™, or equivalently, 0.5 mol L™), effective diffusion coefficients (ca. 10 cm? s7!), and effective
conductivities (ca. 0.2 S cm™) observed in typical aqueous electrolytes. Thus, as the catalyst size
is relatively small, the overpotential in the particle remains constant.!>!7:62 Considerations for

potential drop in the electrolyte phase on modeling domains of larger scale (i.e., catalyst layers

and diffusion media) have been extensively covered in prior art.%16:41.62.21
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Figure 1 — Modeling domain. A two-dimensional representation of the reactant concentration in
a spherical porous electrocatalyst. The concentration profile through the modeling domain can be
divided into three distinct regions, namely the bulk (Cyuik), the external boundary layer (Cexternal),
and the internal structure (Cinternal). Important physical properties of the electrocatalyst, including
bulk porosity (&), bulk tortuosity (7z..), and volumetric surface area (av), are listed on the

schematic. The pore-phase and the solid-phase of the catalyst are represented by blue and gray,
respectively.

3.2 Tafel Kinetics

First, consider a species A irreversibly oxidizing to species B in a single-electron half-cell reaction

(n=1) as shown in Equation (2):

A—> B+e (2)

The expression for the reaction rate assuming Tafel kinetics relating current to the applied

overpotential for the oxidation reaction can be written as Equation (3):

nF ©)



where ' (mol cm™ s7!) is the reaction rate, i (mA cm™) is the current density, K, (cm s™) is the

potential-dependent heterogeneous forward rate constant, and c4 (mol cm™) is the concentration

of species A.

The electrochemical rate constant, k r» can be written in terms of the standard heterogeneous rate

constant, k ‘ (cm s7') in Equation (4) as follows:®3

nkF
kfzkoexp[afn 77} 4)

where & ,(-) is the forward charge-transfer coefficient, R (J mol™' K7!) is the universal gas

constant, 7 (K) is the absolute temperature, and 7(V) is the overpotential, defined here as

n=E-E O, where E (V) is the potential and E;). (V) is the formal potential.

The derivation of the effectiveness factor for a porous sphere that is a function of the Thiele
modulus reflects traditional chemical engineering treatments,?* and, for completeness, is provided
in Section 1 of the Supporting Information. The non-dimensionalized differential equation with

boundary conditions of 1) reactant concentration at the surface of the sphere equal to the bulk

concentration, C,, . (mol cm™), and 2) zero-flux at the center of the sphere can be written as

Equation (5):

dyv 2dy dy
do’ " o dw #v =0 y(o=1) da)(w ) )

The dimensionless concentration and dimensionless position are defined as ¥ =¢, / C pux and

W= r/ Rp, respectively, where » (cm) is the coordinate radius, and R, (cm) is the particle radius;



the dimensionless number ¢ is the Thiele modulus, written for electrochemical rate constants with

units of cm s™! as Equation (6):

(6)

where a,(cm™) is the surface area to volume ratio, or volumetric surface area, of the catalyst

particle. We note that the inclusion of terms in the differential equation indicates that the scaling
of the kinetics and diffusion are on the same order of magnitude. The first boundary condition also
implies rapid mass transfer through the boundary layer compared to mass transfer inside the
sphere; this assumption is lifted in Section 4.2, where external transport limitations are explicitly

treated.

The solution to Equation (5) that gives the dimensionless concentration profile is Equation (7):

c, _ sinh(dw)

C 4 pulk ~ wsinh (¢)

The effectiveness factor, H, compares the observed reaction rate in the presence of diffusional

(7)

W:

transport limitations through the porous electrocatalyst ( 7ops) to the reaction rate in the presence

of bulk electrolyte concentrations ( 7"max ). The relationship is given by Equation (8):

(8)

where Vp (cm?) is the geometric volume of the particle. Substituting terms and rearranging leads

to an expression of the effectiveness factor for any first-order reaction in a sphere, Equation (9):

10
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Introducing the potential-dependent heterogeneous rate constant, kf, into Equation (6) yields a

modified Thiele modulus, Equation (10):

i° anFn
2(n)=R2 &5 / (10)
= e 257

where the equation can be separated into two dimensionless entities, an overpotential-independent

parameter, ? , and an overpotential-dependent parameter, E, shown in Equation (11):

k° a,nkFn
2 = 2E ; 2:R2—av ; E = S 11
# =7 EO)s 7 =R e) e Y an

7" 1is the conventional Thiele modulus squared without potential dependence, relating reaction

kinetics to diffusion through the characteristic length of the particle. Note the above derivation is
analogous for a reduction reaction. The formulation above is similar to the treatments that can be
found in references '4172%92 The combination of Equation (9) and the dimensionless expression
in Equation (11) result in a potential-dependent effectiveness factor for a porous sphere. Providing
input values for the parameters in Equation (11) enables evaluation of catalyst utilization, as will
be expanded upon in subsequent sections.

3.3  Butler—Volmer Kinetics

A similar derivation can be performed for a reversible single electron transfer (n = 1) described by

Butler—Volmer kinetics, as shown in Equation (12):

A& Bte (12)

11



Assuming that the reactant concentration at the outer surface of the particle can be approximated
by the reactant concentration in the bulk electrolyte (i.e., initially ignoring mass transport effects),

the reaction-rate flux is described by Butler—Volmer kinetics with Equation (13):
}"Z—szfC‘A_erB (13)

where k s (cm s1) is the potential-dependent forward rate constant (here, anodic), and k. (cms™)
is the potential-dependent reverse rate constant (here, cathodic). Analogous to k., the

electrochemical rate constant kr can be written in Equation (14) as:

—a nFn
k =k exp| 21 14
p I{ RT } (14)

Substitution of Equations (4) and (14) into Equation (13) leads to Equation (15):

— a.nkF —
r:koexp{ ’;?Tn}cfl—koexp[oz—nﬁ}cg (15)

With Butler—Volmer kinetics, the Thiele modulus now includes forward and backward reaction

rates, and is defined as Equation (16):

k° anFn —anFn
2(n) = R* &5 | exp| 22 +ex (’—j 16
¢’ (n)=R D@J p( e Pl 7 (16)

Similarly, the Thiele modulus can be deconvoluted into two dimensionless entities, shown in

Equation (17):




The effectiveness factor for the Butler—Volmer reaction is identical to Equation (9) with the only
difference being the use of Equation (16) as the Thiele modulus; the full derivation for the Butler—
Volmer effectiveness factor and recovery of Equation (16) can be found in the Appendix.
Computational analyses were executed in MATLAB® R2019a on a Dell Latitude 7280 laptop
computer with an Intel® Core™ i7-6600U processor (2 Cores, 2.60 GHz) and random-access
memory of 16 GB. All the calculations for multiples geometries (e.g., spherical, slab, annulus; vide
infra) and generated plots were run on a single script that required ca. 1.5 — 2 min to execute.

3.4 Model Output

We next examine use of the model for fixed parameters across varying applied oxidative
overpotential. Figure 2a shows the dimensionless concentration as a function of dimensionless

length at different overpotentials for the full Butler—Volmer (dashed lines) kinetics and the Tafel

approximation (solid lines) for a fixed ) ®— 1. The transfer coefficient is assumed to be 0.5 for

both the forward and reverse reactions, with a single-electron transfer. The modified, potential-

. . 2. . S
dependent Thiele modulus for various values of )" is shown as a function of overpotential in

Figure 2b, used to calculate the effectiveness factor in Figure 2c. As expected, an apparent
deviation at low overpotential between the kinetic treatments disappears at greater applied
potentials as the Tafel approximation becomes increasingly accurate. The deviation between the

effectiveness factor using Tafel and Butler—Volmer kinetics is initially exacerbated at low

. 2. . .
overpotential as )~ increases; however, the difference between effectiveness factors becomes <

1% at ca. 100 mV overpotential, which is observable in Figure 2c. Because the model outputs for
Tafel and Butler—Volmer kinetics are fairly similar, for simplicity, Tafel kinetics are assumed for

the remainder of this study.

13
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Figure 2 — Effectiveness factor through spherical porous electrocatalysts. (a) Dimensionless
concentration as a function of dimensionless length for various oxidative overpotentials. (b)
Modified Thiele modulus and (c) effectiveness factor as a function of overpotential for different

4 *values (zero-potential Thiele modulus). Solid lines are for Tafel kinetics, while dashed lines
indicate Butler—Volmer (BV) kinetics.
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4 Results and Discussion

In the following section, we apply the framework developed in Section 3 to size catalyst particles
and generate polarization curves. We consider two regimes where transport effects take place’
(also depicted in Figure 1). Internal transport limitations arise when the reaction rate greatly
exceeds the rate of reactant diffusion through the pore space of the catalyst particle. External
transport limitations result as the reactant diffuses from the bulk to the catalyst surface through
the boundary layer surrounding the particle. In Section 4.1, we consider solely internal transport
limitations; in doing so, we implicitly assume rapid external mass transport (i.e., external transport
limitations have a negligible effect). In Section 4.2, the assumption for rapid external mass

transport is lifted, and both internal and external transport limitations are assessed.

4.1 Internal Transport Limitations

We now use the effectiveness factor derived in Section 2 to estimate the interfacial current density,

I, in the presence of internal transport limitations, shown in Equation (18):
i=HnFkc, ., (18)

where H is the effectiveness factor. Substituting for & + and rearranging, we arrive at an expression

for dimensionless internal current density, Equation (19):

j a nkl
—01 =Hexp Ealalld] (19)
nFk"c RT

The dimensionless current density increases exponentially with respect to overpotential. In the
ideal scenario, H is 1. The presence of internal transport limitations, however, reduces the

dimensionless current density, lowering catalyst utilization.

15



The relation between current density and effectiveness factor can be used to size catalysts to match
a desired utilization efficiency, as shown in Figure 3. Lines in this figure represent the upper bound
of particle radius for a given desired particle-specific current density for fixed effectiveness factors
and volumetric surface areas. As particle radius increases, the efficiency (i.e., effectiveness factor)
decreases; thus, the current density must be lowered to attain the desired efficiency. Similarly, as
the volumetric surface area increases for fixed desired efficiency, the maximum allowable particle

2 o1

radius decreases accordingly. To generate Figure 3, fixed Deﬁ: 10 c¢cm? s! and

Capue= 5 * 107 mol cm™ (also 0.5 mol L") were selected as representative diffusivities and

reactant concentrations.>**%64 Ultimately, more precise values will depend on the specific
electrolyte system (i.e., electrolyte composition, reactant concentration) and catalyst properties

(i.e., tortuosity, porosity), which are combined into the effective diffusivity shown here.

16
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Figure 3 — Utilization and catalyst sizes. Particle-specific current density as a function of particle
radius for the desired effectiveness factor (Hmax) and fixed volumetric surface areas (a,).

D, =10%cm*s ™" and ¢, =5 * 10~ mol cm™ were held constant. The volumetric surface area

is denoted by the line color, while the effectiveness factor is denoted by the line style. As particle
volumetric surface area increases, the maximum allowable particle size at a given current density
decreases. Similarly, increasing the utilization efficiency results in a lower maximum particle size.

The influence of the effectiveness factor on catalyst performance can also be visualized using
polarization curves. Figure 4a shows the dimensionless internal current density as a function of
overpotential according to Equation (19), with the ideal case (no losses, H = 1) shown as the

dotted black line, while the bold red, blue, and green curves represent the polarization curves for

the three kinetic rate constants (k 0) of increasing orders of magnitude (107, 10#, and 1073 cm s~

!, respectively). Fixed values of R,=3 pm, D= 10" cm? s™', and @, = 10° cm™ were used

based on experimentally-informed parameters.>*3%%* The volumetric surface area, @,, is the

Vo

product of the catalyst particle density and BET-derived surface area from nitrogen physisorption,

17



based on approximate densities and surface area of porous carbon particles.®>-%7 The lightly shaded
lines in between the bold lines represent intermediate kinetic rate constant values. Increments
of 107 cm s~ were used to transition from the red to blue curves, while increments of 10 cm s
were used to transition from the blue to green curves. We note that while the rate constant was
varied in Figure 4, changing the particle size by the square root of the proportional change in the
kinetic rate constant has an equivalent effect on the effectiveness factor. As the kinetic rate constant
linearly increases, the dimensionless current density gradually consolidates. Figure 4b shows the
corresponding effectiveness factors which evince severe limitations. The magnitude of the
reduction in effectiveness is increasingly stark as the intrinsic kinetic rate constant increases, and
intraparticle diffusion becomes limiting. The results indicate that even if the entire surface area of
the catalyst particle were accessible for the electrochemical reaction, diminishing returns would

be observed due to internal diffusional resistances.

18
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Figure 4 — Tafel plots for several kinetic rate constants at fixed diffusivity, volumetric surface
area, and particle size. (a) Dimensionless internal current density as a function of overpotential.
The black, dashed curve represents ideal polarization (H = 1), while the solid red, blue, and green
represent the three different kinetic rate constants of 107, 10, and 1073 cm s7!, respectively. The
lightly shaded lines are increments in the rate constant, either 107 or 10# cm s™! as indicated in
the figure. (b) Effectiveness factor as a function of overpotential. The reaction rates follow the
same coloring scheme as in (a).
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4.2  External Transport Limitations

To account for the effect of external mass transport from the bulk concentration to the outer surface
of the catalyst particle, the total reaction rate on the interior of the catalyst particle is set equal to
the reactant flux to the external surface (i.e., no accumulation on the catalyst surface boundary due
to fouling, surface species absorption, etc.). Here, we assume that the particle is surrounded by
electrolyte of uniform concentration without hindrance or obstruction from other catalyst particles,
substrates, or other system components.>*> Assuming that contributions from reactions along the
outer surface of the particle are negligible compared to contributions from reactions throughout
the volumetric internal surface area of the particle,>*> and including the impact of the effectiveness

factor on the reaction rate throughout the particle, results in Equation (20) for the flux balance:

kmac (CA,bulk _CA,Smf) = kaach.surf (20)

where km (cm s7!) is the external mass transfer coefficient accounting for effects of diffusion and

convection, and @,(cm™) is the catalyst shape factor, defined as the ratio of the particle external

surface area to volume. Rearranging to solve for an expression for the surface concentration yields

Equation (21):
c = iy, c (21)
A, surf kmac +kaav A,bulk
Thus, the expression for the current density is now given by Equation (22):
Hk k a H
. _ Sm e —
1= HanfCA,swf = WHFCA’bMIk = 1+ " kfav an_f'CA,bulk (22)

a

m-c

20



Now, an expression for dimensionless current density including both internal and external

transport with Q as an overall effectiveness factor can be written as shown in Equation (23):

] o .nkF
nkk C 4t RT 1+HM

a

m-¢

The effect of bulk mass transport is seen in Figure 5a, where the mass transfer coefficient is varied

for fixed conventional Thiele modulus (7 ? ), and the current density at # = 0.3 V is shown on the

ordinate. As the mass transport coefficient increases, losses due to reactant transport from the bulk
to the catalyst surface decrease, and the dimensionless current density ultimately reaches a constant

value which is dictated solely by internal diffusive losses through the catalyst particle. In other

words, Q =~ H in the limit of a high mass transfer coefficient. As } increases, the limiting

dimensionless current density has a lower value, which reflects poor catalyst particle utilization,

as shown on a log-log base-10 scale with ¥ *in Figure 5b.
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4.3 Extension of Model to General Geometries

In practice, catalysts assume broad and irregular shapes. To accommodate the range of particle

morphologies, we describe a simple transformation that can be used to extend the aforementioned

framework to alternative geometries by using the catalyst volume (Vp) to surface area (.S4 ) ratio

as a characteristic length scale (L =V, / SA) in accordance with the seminal work of Aris.%® Here,

we use this facile strategy to analyze additional basic geometries (i.e., slab, cylinder, and annulus)
as a demonstration for our model generalizability, although we posit that more advanced
transformations with varying degrees of precision and complexity should also be compatible with
the model formulation. Derivations for slab and cylinder catalysts are described in detail
elsewhere;> % general equations for these geometries are presented in the Section 2 of the
Supporting Information. A noteworthy geometry for fibrous catalysts is a porous reactive
annulus that covers an impenetrable core. The porous reactive annulus can be realized via either
additive or subtractive synthetic strategies. In additive processes, the porous layer is deposited or

71-73 ywhereas

coated onto the fiber using particulate catalysts,*® conformal films,”® or porous mats;
in subtractive processes, the porous layer is formed by surface roughening or fiber etching by

thermal,’*”> chemical,’® or electrochemical’’ means.

23



»
>

D Pore-phase

/

// D Solid-phase
. Inert Core

Figure 6 — Annulus geometry. Schema showing the annulus geometry and coordinates. 7, is the

radius of the non-reacting core, whilesis the shell thickness. The dark gray signifies the non-
porous inert core. In the reactive porous phase, the blue and light gray represent the pore-phase
and solid-phase of the catalyst, respectively.

Although the annular film morphology and activity varies based on the synthesis route, the
mathematical framework described here broadly encompasses this category of materials. If the
porous layer surrounds an impenetrable and nonporous core as a concentric shell, the governing
equation for the 1D radial diffusion and reaction problem to solve for the dimensionless

concentration profile becomes Equations (24) and (25):7%7°

Fy & oy oy (- -
+ = =0; —(r=0)=0; r=1)=1 24
o’ Er+lor a4 ar( ) l//( ) @9
W= C4 . ;:I’—I’C. é::é ¢2:52 aka (25)

C A bulk g Te Dy

~

where ' (-) the dimensionless position, 7. (cm) the radius of the non-porous core, §(cm) the

thickness of the concentric shell, and ¢ (-) the ratio of the shell thickness to core thickness. A

schema of the annulus with labeled variables is shown in Figure 6. The full derivation and
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numerical evaluation of Equation (24) are provided in Section 2 of the Supporting Information.
The Thiele modulus in this form factor has a diffusion pathway across 5. We can examine the

limits of & to ascertain behavior of the annulus at relatively large or small shell thicknesses. As
&—-0 (ie, oK 1), the effectiveness factor approaches that of an infinite slab. As & = (i.e.,
o> I.), the effectiveness factor approaches that of a cylinder.

The numerical solution for an annulus with ég = 0.5 as a function of overpotential is shown in

Figure 7; effectiveness factors for an infinite slab, cylinder, and sphere corresponding to the same
characteristic lengths are also shown for comparison. At low overpotentials — and consequently
Thiele modulus — the effectiveness factor increases as the geometry transitions from the sphere
to the slab. At high overpotentials — and consequently high Thiele modulus — the effectiveness
factors collapse onto the same curve as diffusive limitations dominate and reactions are confined

to the external layer, causing all geometries to behave effectively as slabs. Figure 7 may also be

used to approximate irregular catalysts geometries using the L = Vp / SA parameter.
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Figure 7 — Generalizability for various shape factors. Effectiveness factor as a function of
overpotential calculated for a flat slab (grey), annulus (red), cylinder (blue), and sphere (green)
based on their characteristic lengths. The curves collapse onto each other at larger overpotential as
the reaction utilization shifts towards the outer edges of the catalyst independent of shape.
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5 Conclusions

Here we present a general strategy for quantifying potential-dependent effectiveness factors in
porous electrocatalysts. The methodology extends the traditional Thiele modulus approach to
include first-order electrochemical reactions, enabling investigation of the effect that diffusional
losses have on net reaction rate in porous microstructures. Using this framework, we assess
transport limitations both internally through a spherical particle — from the surface to the center —
and externally — from the bulk to the surface. We show how this approach may be used to target
ideal catalyst sizes to achieve desired reaction efficiencies, assuming bulk-averaged morphological
properties are known. Generally, the model suggests that low effectiveness factors manifest for
larger driving forces, even at the relatively modest overpotentials examined (< 0.3 V). This work
indicates that effective performance is not only dictated by the electrochemical reaction rate, but
also by the comparative rate of mass transfer within the system; thus, the insights gained from the
model findings highlight the existence of an upper-limit for effective surface area, and motivate
the development of hierarchical structured electrocatalysts to mitigate diffusional pore-scale
losses. To this end, a shape factor analysis is introduced to accommodate the breadth of catalyst
geometries that may be used in electrochemical reactors. Future studies aiming to build on these
methods should contemplate the role of electrolyte velocity and mass transfer coefficients on
performance, the extension to other electrolyte systems and reaction sequences, along with the
accurate estimation of the effective diffusion coefficient for liquid-phase reactions in highly

tortuous microscale catalysts.
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8 Appendix

Full Butler—Volmer Kinetics Derivation

Here, we derive the Thiele modulus for a single-electron reaction described by Butler—Volmer

kinetics. The reaction rate, ;, can be expressed as Equation (A1):

I_”kaCA—erB (Al)

which can be set equal to Equation (15) in the main text.
Performing a mass balance, we let the total concentration be defined as C (mol cm™) as shown in

Equation (A2):
C=C g+ Cppu = €4+ (A2)
Then, rearranging Equation (A2) and substituting into Equation (A1) results in Equation (A3):
r=kyc,~k (C-c,)=kc, +kc,~kC=(k, +k )c,~kC (A3)

Defining a dimensionless parameter K as follows in Equation (A4):

{aann}
exp| —
k RT a,+a, |nF
KX —exp (o, +a,)nFy (Ad)
k —-a.nkFn RT
"exp -
RT

Equation (A1) can be rewritten in terms of k s and concentration, giving Equations (AS) and

(A6):

_ k. k
r=(kj,+k,,)cA—k,C=[kf+?chA—EfC (AS)
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r=k 1+—c—k—fc—k PR | (PR G J Y U | A O A6
kY kT K A( 1}1{_" KN\ K+l (AS)

I+—
K

Performing a material balance on the porous sphere (mathematical treatment shown in Section 1
of the Supporting Information), and assuming that the reactant and product have equal effective
diffusivities through the particle, we arrive at the following differential equation for a spherical

particle, shown in Equation (A7):
D

d’c, 2dc, 1 C
: += A\ —ak,|1+— ——|=0 A7
‘ff’[ dr’ r dr} “ -’[ Kj(c’l K+1) (A7)

A solution requires rescaling the concentration appropriately to include the total concentration of

the species, y =c, _%. Non-dimensionalizing the length scale by @ = r/ Rp results in the
+

potential dependent Thiele modulus, Equation (A8):

1
ak (l+j
vivf 0
2 _p2 K)_ g ak a,nkn —a,nfn
9" =R =R {exp( RT +exp (A8)

De_ff ' eff RT

Which is equivalent to Equation (16) in the main text. Re-scaling of Equation (A7) and

substitution of terms leads to Equation (A9):

C . dy
K+1' dw

do* wdw

2
Ty 2dy 0 (A9)

(@=0)

_¢2W =0; ‘//(a) = 1) =C btk —

which is the governing differential equation subject to the surface concentration and symmetric
boundary conditions. The solution of Equation (A9) leads to a concentration profile for species

A, Equation (A10):
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Comm———— |
) e e SN RLLLICD) (A10)
K+1 ® sinh (¢)

The effectiveness factor for a sphere with Butler—Volmer kinetics can be derived by relating the
actual rate of reaction at the external particle surface to the total reaction throughout the entire
particle volume if the concentration were the same as the outer surface. This leads to Equation

(A11):

axR>D. %

= p el dr (All)

’”A,on

Substituting for Vv, = g P R; , inserting the reaction rate, using the scaling for ¥ and modifying by

o results in Equation (A12):

dy
47Z-RpDejf (d(ojw_l

1 C \4
aka (1+KJ(CA’MH{ —]mj?)ﬂ'Rp

Evaluating the terms and plugging back in to the effectiveness factor yields Equation (A13):

H=

(A12)

C
47R,D,, (cA,bu,k _K+1j(¢ coth(¢)—1) 3D, (¢coth(¢)-1)

H= ; Y = . (A13)
aka (1+Kj(c‘4’b"1k —Imj:SﬂRz aka (1+K)R;
Recalling the definition of the Thiele modulus results in Equation (A14):
3 Al4
H=F(¢coth(¢)—l) (Al4)
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Which is the same as the effectiveness factor for the first-order reaction shown in Equation (9) in
the main text, with an additional term for the reverse reaction in the potential-dependent portion

of the Thiele modulus expression.
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9 Glossary

List of Symbols
Symbol Description Units

ac Exterior volumetric surface area, or shape factor cm!

ay Volumetric surface area cm™!

C Concentration mol cm™
CA,bulk Bulk electrolyte concentration of species A mol cm™
CA,surf Concentration at the surface of the catalyst mol cm™
CB,bulk Bulk electrolyte concentration of species B mol cm™
Dipuik Molecular diffusivity of reactant species in the bulk electrolyte cm?s7!

Dy Effective reactant diffusivity cm? 57!
E 2 Formal potential A%

F Faraday constant C mol™!

i Current density mA cm™

K Dimensionless ratio of forward to reverse rate constant --

kY Standard heterogeneous electrochemical rate constant cms!

kr Potential-dependent heterogeneous forward rate constant cms!

kem External mass transfer coefficient cm s

k- Potential-dependent heterogeneous reverse rate constant cms!

L Characteristic length scale cm

n Number of electrons transferred --

r Coordinate radius cm

R Universal gas constant Jmol™' K™!

re Radius of the non-porous core in annulus derivation cm

R, Particle radius cm

r Reaction rate flux mol cm™2 7!

,: 5 Observed reaction rate mol cm™2 7!
obs
¥ Maximum reaction rate mol cm™2 7!

r Dimensionless position in annulus analysis --

SA Generic catalyst surface area cm?

T Absolute temperature K

Vp Generic catalyst volume cm’
Greek

Symbol Description Units

a, Forward charge-transfer coefficient --

a, Reverse charge-transfer coefficient --

7/2 Electrochemically independent Thiele modulus squared --



cat

Thickness of the concentric shell
Porosity of catalyst pellet

Overpotential dependent parameter
Overpotential
Effectiveness factor, internal transport limitations only

Effective conductivity
Ratio of the shell to core thickness
Tortuosity of catalyst pellet

Thiele modulus

Dimensionless concentration using bulk concentration as normalizing basis
Dimensionless position using particle radius as the normalizing basis
Overall effectiveness factor
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