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Abstract

Tall vessels equipped with multiple impellers, such as many gas-liquid contactors
in bioprocessing, often suffer from poor macromixing of feeds, which leads to
heterogeneities and complicates the scale-up. Here, a diffusion equation was used
as a simple model of macromixing in multi-impeller tanks, and the model fitted
previously published experimental tracer curves. The model was then noted to
predict that the macromixing time-scale is decreased to a quarter by relocating the
feed point from the top to the middle. Furthermore, dividing the vessel axially in
symmetric proportions and locating a feed point in the center of each compartment
was found to reduce the time-scale even further. These theoretical results were
put to test by compartment model simulations of 17 L to 22m3 tanks with one to
four impellers. Order-of-magnitude improvements were seen in the multi-impeller
setups: up to 29-fold macromixing rates compared to a single-point top feed were
realized with multiple feed points in a 22m3 bioreactor stirred with four Rushton
turbines. Considerable improvements were observed also in the other scales and
geometries with fewer than four impellers, which suggests that the herein proposed
division of feed points may greatly facilitate the scale-up of tall multi-impeller
vessels.

Keywords
macromixing model, mixing time, stirred vessel, multiple impellers, scale-up, diffusion
equation
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1 Introduction
High aspect ratio vessels with multiple impellers are used as gas-liquid contactors for
their high gas hold-up and mass transfer rate. In aerobic bioprocesses they are especially
prevalent and find use in the production of antibiotics, enzymes, and therapeutic proteins,
to name a few. However, macromixing in a large-scale (cubic meters) multi-impeller tank
tends to be severely limited, which leads to heterogeneities if the time-scale of reaction
competes with that of mixing [1–5]. Some reductions in the macromixing time have been
realized in experiments by relocating the single feed point from the top to the middle
[6, 7]. Additionally, both the number and placement of feed points have been found to
influence mixing times in pneumatically agitated bubble column and airlift reactors [8].

To understand macromixing and its dependence on the number and location of feed
points, a mathematical description is needed. The mixing of a substance fed to a stirred
tank with an incompressible velocity field E8 (L T−1) is governed by transient advection
and diffusion of its concentration � (ML−3) with a diffusivity 3 (L2 T−1):

m�

mC︸︷︷︸
transient

+ E8 m�
mG

8︸︷︷︸
advection

= 3
m2�

mG2
8︸︷︷︸

diffusion

(1)

Unfortunately, the advective part makes the equation unwieldy to analyze, and therefore
experimentally validated numerical approximations, such as compartment or networks-
of-zones models [9–11] or computational fluid dynamics (CFD) simulations [12, 13],
need to be used to model and simulate mixing. Despite their success and power in
modeling and optimization of specific designs, the numerical solutions are for the most
part case-specific and do not naturally lend themselves to mathematical analysis and
general results.

Considering that without diffusion, no mixing would take place, it might be possible to
drop the advection term of eq 1 altogether in the context of multi-impeller equipment and
allow the diffusion term to model all forms of transport (advection, turbulent dispersion,
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molecular diffusion). Such a simplification would result in an analytically soluble
macromixing model that might fit experimental tracer data and give insight on how the
tank’s geometry and the number and placement of feed points affect the macromixing
time-scale. Mere diffusion as a model of mixing is similar to the classical 1D dispersion-
circulation model [14–16], in which the concentration’s homogenization is ultimately
driven solely by the diffusive process, the dispersion. Compartment models, which are
essentially discretizations of eq 1 [16], also rely on diffusion-like exchange flows, and
likewise most CFD simulations model the gradient-smoothing effects of turbulence with
turbulent diffusivity.

Here, the following research questions were then posed to investigate the effect of
feeding on macromixing in multi-impeller vessels: First, is it possible to simplify the
universal advection-diffusion equation (eq 1) to attain general results as hypothesized in
the paragraph above? Second, how should a single feed point be placed to minimize the
time-scale of mixing? Third, is there any notable benefit in using multiple feed points in
multi-impeller configurations? Finally, how should the multiple feed points be placed?

In the context of this work, mixing refers to macromixing unless otherwise specified,
and the following definitions are used to avoid confusion related to the concept of mixing
time: Local mixing time refers to the time required to bring a locally measured tracer
concentration within 5% of equilibrium. The time-scale of (macro)mixing is the time
required to reduce the concentration’s standard deviation in the whole volume to 5% of
mean. The time-scale is thus a global measure of mixing efficiency [17]. For convenience,
the mixing rate is defined as the inverse of the time-scale.

2 Materials and methods

2.1 Dispersion model
As the macromixing limitations of multi-impeller vessels exist predominantly along
the axial dimension [1, 4, 7], the mixing of a tracer was modeled here by reducing the
transient 3D advection-diffusion equation (eq 1) to a transient 1D diffusion equation:

mD

mC
= 3

m2D

mI2
(2)

where D is the tracer’s dimensionless concentration, C time (T), 3 dispersivity (L2 T−1) that
covers all forms of transport, and I axial coordinate (L). The axial domain was [0, �],
where � corresponds to the height (L) of the liquid column. The domain boundaries were
insulated, or in other words, they adhered to the zero-gradient or symmetry condition
(no mass transfer across boundaries). The initial condition was a point-addition of tracer
at I0. By definition, the dimensionless concentration’s mean is equal to 1 regardless of
the injected tracer quantity. The solution to eq 2 with the described boundary and initial
conditions is

D (C, I) = 1 + 2
∞∑
:=1

cos
(
:c
I0
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)
(3)

3



which is analogous to transient conduction of a heat impulse in an insulated domain
and can be found for example in textbooks of heat transfer [18]. Previously published
[9, 12, 19, 20] tracer curves were reconstructed with the proposed dispersion model (eq
3) by fitting the dispersion coefficient 3 to the experimentally determined local mixing
times (95% homogeneity or equivalently 5% deviation relative to equilibrium at the
measurement location). The reported tracer data points were obtained from the published
figures with WebPlotDigitizer [21]. The series in eq 3 was approximated with 20 terms.

2.2 Simulations
The effect of the number and placement of feed points was simulated in various vessels
described in the literature [9, 12, 19, 20] by extending a previously published and validated
axisymmetric 2D compartment model [7, 9, 10] to include more compartments and the
tangential dimension. Additional compartments were necessary for accurate feed point
placement, and the model extension followed previously published networks-of-zones
models [11, 12, 22]. Briefly, the main circulation and exchange flows as defined in
references [7, 9, 10], &C = #C=�

3 and &E = #E=�
3 (L3 T−1), were calculated as

a function of stirrer speed = (T−1) and impeller diameter � (L) with dimensionless
circulation and exchange flow numbers, #C and #E.

The impeller-wise circulation flow &C was divided according to the number of flow
loops as in references [11, 12, 22], and the exchange flows &E according to the number
of compartments perpendicular to the flow [7, 9, 10]. The turbulent exchange flows were
furthermore multiplied by the number of compartments parallel to the flow to complete
the finite-volume discretization of the diffusive exchanges. The impeller-wise tangential
circulation flow was assumed to be equal to the impeller’s main circulation flow &C
[12, 22], but it was divided according to the number of flow loops in the tangential
direction. The compartment volumes were kept equal within the flow loops [11, 22].
Twelve tangential compartments were used in each tank and the number of flow loops
ranged from 8 to 15, which yielded in total from 10 000 to 25 000 compartments per tank.
The circulation and exchange flow numbers, #C and #E, were fitted to reproduce the
local mixing times and tracer curves reported in literature.

The simulated macromixing time-scales were also compared to the mixing time-scales
of equal-volume vessels having an aspect ratio of 1, a single impeller, a single feed point,
and an equal power input. The correlation:

g =
5.3
=

1
#

1/3
%

(
)

�

)2
(4)

described in [23], was used to calculate these reference time-scales g (T). In eq 4, ) is
the vessel’s diameter (L) and #% the turbulent power number assumed to have a value of
5.8 common to Rushton turbines [7]. The reference vessel’s stirrer speed = was adjusted
to yield a similar power input as in the simulated tank by assuming that multi-impeller
power equals single impeller power multiplied by the number of impellers, #i, while
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keeping the ratio of impeller and tank diameters the same. Under these assumptions, eq 4
led to the expression

g =
5.3
=

(�/))5/9
(#i#%)1/3

(
)

�

)2
(5)

which evaluates the reference time-scale g as a function of the simulated tank’s configu-
ration. In eq 5, the definition of time-scale is not exactly the same as in the simulations
(standard deviation 5% of mean), but the time-scales are nevertheless comparable.

2.3 Software
All calculations and simulations were performed with the Python 3.8.5 language
(www.python.org) and the packages scipy 1.5.2 [24], numpy 1.19.2 [25], and
pandas 1.1.3 [26, 27].

3 Results and discussion

3.1 Model fitting
The proposed dispersion model (section 2.1) was found to reproduce previously published
[9, 12, 19, 20] tracer curves by fitting its sole parameter, the dispersion coefficient 3, to
the experimentally determined local mixing times. Vessels equipped with one to four
impellers and with differently positioned measurement probes were used to challenge
the dispersion model. Table 1 summarizes the experiment configurations, and Figure 1
presents the experimental data and the model curves.

The model fitted the experimental data satisfyingly in the various geometries and
configurations, and the tracer data were especially well reproduced in the bottom parts
of the multi-impeller vessels. This comes as no surprise, as a cascade of ideal stirred
tanks connected by exchange flows – a discretization of the dispersion model – can
replicate experimental tracer curves [20] and has been used in multi-impeller mixing
time correlations as well [28]. In the single-impeller configurations (panel D in Figure 1)
the oscillations of the tracer signals could not be represented by the dispersion model,
but the exponential approach towards a perfectly mixed state, the most important feature,
was captured. These results suggest that the dispersion model describes mixing most
accurately in tanks with multiple impellers.

3.2 Placement of a single feed point
Having confirmed that the simple dispersion model can describe macromixing in
multi-impeller vessels, attention was shifted to its time-scales and geometrical features.
Analogously to a classical residence time distribution based model of mixing [19], the
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Figure 1: Cited experimental tracer curves and dispersion model fits. The tracer data were
obtained from the published figures [9, 12, 19, 20] with WebPlotDigitizer [21]. The dispersion
coefficients governing the model were fitted to the experimentally determined local mixing times.
Solid curves represent the model fits, and experimental data points are marked with circles and
crosses. Table 1 details the experimental setups. (A) 22m3, four impellers [9]. Both 115 rpm
model curves have the same dispersivity. (B) 63 L, three impellers [20]. All three signals were
recorded simultaneously and fitted with a single dispersivity. (C) 17 L, two impellers [12]. Both
model curves were fitted with a single dispersivity. (D) Large vessel 1.4m3, small vessel 140 L.
Both vessels had a single impeller [19].
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Table 1: Cited tracer experiments and the fitted dispersivities. + is the working volume, =
the stirrer speed, C95 the local mixing time (95% homogeneity), �/) the height-to-diameter
ratio, �/) the impeller-to-tank diameter ratio, I0/� the feed position relative to height, I/�
the measurement position relative to height, and 3 the fitted dispersivity. The tracer data were
obtained from the figures listed in the reference column.

Fig 1 + = C95 �/) �/) I0/� I/� Reference 3

panel m3 rpm s - - - - cm2 s−1

A 22 115 150 3 0.33 1 0.15 [9] Fig 10 1000
0.60 [9] Fig 12b

A 22 70 250 3 0.33 1 0.15 [9] Fig 10 610
B 0.063 480 28 3 0.33 1 0.08 [20] Fig 2 98

0.42
0.75

C 0.017 300 14 2 0.45 1 0.07 [12] Fig 2 49
0.86

D 1.4 80 20 1 0.30 0.50 0.50 [19] Fig 9c 71
D 0.14 94 54 1 0.20 0.45 0.45 [19] Fig 9b 5.9

model (eq 3) contains first-order rate constants

:2c2 3

�2 , : = 1, 2, 3, . . . (6)

of which the first (: = 1) limits the concentration’s homogenization. These rate constants
are associated with pre-exponential factors

cos
(
:c
I0
�

)
cos

(
:c

I

�

)
, : = 1, 2, 3, . . . (7)

which depend on the tracer injection and measurement positions, I0 and I. It was then
noticed that the cos (:cI0/�) expressions in eq 7 would equal zero in all odd terms
(: = 1, 3, 5, . . .) if the feed point was brought to the middle (I0/� = 0.5), and as a
consequence, all odd terms of eq 3 would disappear and the limiting rate constant would
be found in the second term (: = 2) associated with a 4-fold rate (eq 6). In other words,
positioning the feed in the middle instead of the top or the bottom reduces the mixing
time-scale to a quarter in theory.

Figure 2 shows how the feed point’s position along the working height of the tank
affects macromixing according to the dispersion model. As was anticipated in analyzing
eqs 3 and 6, placing the feed point in the middle divides the mixing time-scale (standard
deviation 5% of mean) by 4. Similar results have been presented previously: injecting the
tracer in the middle of a multi-impeller tank minimized mixing times in experiments [6]
as well as in compartment model simulations [7]. The compartment model predictions
were also partly verified with experiments [7]. Even though the observed mixing time
reductions by a factor of approximately 2 were smaller than the model proposes, it
is worth noting that mixing in real vessels stirred with multiple impellers behaved in
accordance with the dispersion model’s prediction.
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Figure 2: Optimal placement of a single feed point. The macromixing time-scale (concentration’s
standard deviation down to 5% of mean) is reduced to a quarter, if the feed point is placed axially
in the middle instead of the top or the bottom.

3.3 Effect of multiple feed points
Motivated by the marked potential in reducing the macromixing time-scale by correct
feed placement, the effect of using multiple such feed points was studied next. As the
first-order rate constants (eq 6) of the dispersion model are inversely proportional to the
vessel’s working height squared, �2, any reduction in height would greatly increase the
mixing rate if the dispersion coefficient 3 remained constant. Likewise, increasing the
dispersivity would improve the rate in a given geometry. However, decreasing the height
is unlikely to be a practical option and a greater dispersivity would require a higher power
input for stirring. Could this square-relationship then be exploited without changing the
vessel’s geometry or the stirrer’s power? The zero-gradient boundaries of the model
(section 2.1) imply that dividing the working height into # equally sized compartments
with feed points in the centers will divide the axial domain length, the height �, by #
owing to symmetry. The limiting rate constant subsequently increases in proportion to
the number of feed points squared, #2: for example two symmetrically placed feed points
divide the mixing time-scale by 4 and three points by 9. Compared with a single feed
at the top, four ideally placed feed points divide the time-scale in theory by 64 (4 × 42).
Thus, a closer inspection of these hypothetical order-of-magnitude mixing rate gains was
warranted.

3.4 Multi-port feed simulations
The placement of multiple feed points was simulated with the compartment models
(section 2.2) of the tanks described above (Table 1). As an initial design, the # feed
points were placed axially at positions (1 + 2#)/(2#) relative to height as proposed in
section 3.3, radially at 2/3 relative to radius, and tangentially evenly-spaced along the
perimeter. As an example: with two feed points the dispersion model suggests axial
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locations 25% and 75% relative to height, with three points 17%, 50%, and 83%,
and with four points 13%, 38%, 63%, and 88%. Radial positions were at first varied
between 50% to 85%, but the design was settled on 2/3 ≈ 67 %, which performed well
and lied conveniently between the tank and impeller perimeters. The tangential division
did not have any notable effect in these simulations.

Figure 3 illustrates the theoretically optimal placement of one to four feed points
and also presents simulation results in a 22m3 bioreactor with four Rushton turbines [9]
(A-115 rpm in Table 1), which confirm that considerable reductions in the macromixing
time-scale are indeed attainable by dividing the feed equally into several points according
to the dispersion model. With four symmetrically placed feed points the mixing rate
was 29-fold relative to a single feed at the top, which falls short of the ideal 64-fold
rate (section 3.3), but is nevertheless quite remarkable: the mixing time-scale (standard
deviation 5% of mean) of a high aspect ratio 22m3 reactor was brought from 140 s down
to 4.9 s by replacing the single-point top feed by an ideal four-point feed. In comparison,
the mixing time-scale in an equal-volume 1:1 aspect ratio vessel stirred with a single
impeller and an equal power is expected (eq 5) to be on the order of 17 s. Thus, using
an appropriate multi-port feed can result in a mixing rate even greater than what is
conventionally obtainable in a corresponding single-impeller configuration with a single
feed point.

The simulated concentration fields in the 22m3 reactor are illustrated with one, two,
and four feed points in Figure 4. Using a conventional single-point top feed (left-most
part of Figure 4) created a slowly-dissolving concentration gradient across the working
height: the tracer concentration remained higher close to the feeding point and lower in
the rest of the tank. Similar highly segregated concentration fields have been observed in
many other simulations of tall multi-impeller vessels [3–5, 29], and the phenomenon has
also been experimentally confirmed in bioreactors [1, 2, 5]. As can be seen in the middle
and right-most parts of Figure 4, the segregation can be efficiently abolished by using as
little as two appropriately placed feed points, leading to superior homogenization. The
difference between the macromixing performance of a single top feed and of multiple
optimally positioned ones can be understood in terms of mass transfer, which is driven
by concentration gradients across interfacial areas. Even though a single feed at the top
resulted in a gradient throughout the vessel, the apparent interfacial area was limited to
the tank’s cross-section, whereas multiple appropriately placed feed points established
several apparent interfaces for turbulent transfer.

Even over 30-fold macromixing rates were seen in simulations of the 22m3 reactor
by using more than four feeds, but the additional rate enhancements were not substantial
beyond four points. The maximal number of feed points was then settled at four for
the following simulations, as using more could complicate practical implementation of
equipment with only nominally improved rates. Placing the feeds at the same heights as
the impellers was also simulated, but this feed placement led to synchronization of the
impeller-wise circulation flows and lowered the mixing rates. Experience and previous
research [16] has shown that asynchronous circulation is preferable to synchronous.

Multi-port feed simulations were carried out also in the other vessels (Table 1), and
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Figure 3: Optimally placed multiple feed points. The side view illustrates how the axial domain
is divided (dashed lines) into equal subdomains with a centrally placed feed point in each. The
arrows represent the feed positions relative to the liquid height. The macromixing time-scales
were simulated with a compartment model of a 22m3 working volume with an aspect ratio of 3
(A-115 rpm in Table 1). The time-scale refers to the time required to reduce the concentration’s
standard deviation down to 5% relative to mean. Simulated rate is the factor by which the
time-scale has been divided compared with a single feed point at the top. Corresponding
theoretical rates (section 3.3) predicted by the dispersion model are shown for reference.
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Figure 4: Simulated concentration fields in a 22m3 bioreactor with four impellers (A-115 rpm in
Table 1) 4.9 s after pulse addition of tracer. SD stands for standard deviation relative to mean.
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Table 2: Simulated macromixing time-scales (s). The time-scale is the time required to reduce
the concentration’s standard deviation to 5% of mean. The number of feed points is denoted by
# , and the letters, volumes, and stirrer speeds identify the vessels (Table 1 and Figure 1). The
bottom row (1:1) shows reference mixing time-scales calculated with eq 5 in an equal-volume
tank with 1:1 aspect ratio, one impeller, and an equal power input.

# A A B C D D
22m3 22m3 63 L 17L 1.4m3 0.14m3

115 rpm 70 rpm 480 rpm 300 rpm 80 rpm 94 rpm

1 (top) 143 238 30.2 13.6 25.0 52.2
1 34.0 56.9 7.17 5.14 17.1 35.3
2 10.6 17.9 2.05 2.43 8.99 24.5
3 6.13 10.1 1.92 2.45 12.8 26.6
4 4.91 8.10 1.93 3.88 8.14 25.8

1 (1:1) 16.5 27.2 4.24 3.33 24.6 45.3

the simulation results are summarized in Table 2. Compared with using a single top feed,
at highest a 16-fold macromixing rate was obtained in the three-impeller configuration (B)
and a 5.6-fold rate with two impellers (C). The single-impeller vessels (D) experienced
approximately doubled mixing rates. As described in section 3.1, the dispersion model’s
capability of reproducing experimental tracer curves seemed to be proportional to the
number of impellers (Figure 1). Here a similar observation was made: in simulations the
relative benefit of using multiple feed points correlated with the number of impellers.
It is therefore tempting to hypothesize that using several impellers makes a vessel’s
mixing behaviour approach the ideal represented by the simple dispersion model. Even
though the improvements in the single-impeller tanks were modest in comparison to
multi-impeller configurations, the mixing rates were nevertheless doubled. It would
be interesting to study in the future, whether optimizing [8] the feed point placement
in single-impeller configurations would yield further gains. In previously published
experiments [8], the use of two feed points resulted in 2.9 to 6.6-fold mixing rates in
pneumatically agitated reactors. Interestingly, the corresponding two-feed-point rates
were here as high as 5.6 to 15-fold in the simulated multi-impeller vessels (A, B, and C).

3.5 Implications
The presented simulation results imply that the feed-related gradients found for example
in large-scale bioprocesses [1–5] could be diminished considerably by dividing the feed
into multiple symmetrically positioned points. Similar benefits could also be anticipated
in other contexts. An order-of-magnitude reduction in the macromixing time-scale could
make large-scale equipment behaviour resemble laboratory-scale performance, which
in turn should alleviate mixing-associated problems [5, 30] encountered in the scale-up.
However, in a bioprocessing context the prevention of contamination would also need to
be accounted for upon implementation.
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If the micromixing time-scales need to prioritized, the feed points could be brought
closer to the impellers [31]. Considering that the turbulence dissipation rates are highest
at the impeller discharges [32], it could also be expected that a multi-impeller vessel
should have a more homogeneous distribution of turbulence dissipation and thus more
homogeneous mass transfer characteristics. Hence, a multi-impeller tank with an optimal
multi-point feed might be comparable or even superior to a single-impeller vessel in both
micro- and macromixing terms, but experimental verification is needed.

Even though using multiple feed points is inherently more complex than using a single
one, implementing such a device should not be technically overwhelming. The most
challenging aspects are likely to be found in ensuring equal flow rates in the multiple
ports and in preventing contamination where it is of concern. An ideally positioned
multi-point feed has great prospects in removing macromixing limitations, and it is hoped
that this potential could be realized experimentally and ultimately in production.

4 Conclusions
Based on the presented results, the following conclusions are drawn to answer the research
questions:

1. Macromixing in multi-impeller vessels can be described by a transient diffusion
equation, the dispersion model, in the absence of complete flow field information.

2. A single feed point should be placed in the middle of the vessel’s working height.

3. Multi-port feeding is optimal for macromixing in high aspect ratio tanks stirred
with multiple impellers.

4. The multiple feed points should be placed in the middles of equal-sized axial
subdivisions. The radial position can initially be set halfway between the impeller
and tank perimeters.
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