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Abstract 

We theoretically revisit the proton diffusivity in yttrium-doped barium zirconate (Y-doped 

BaZrO3) with realistic dopant configurations under processing conditions. In a recent study employing 

the replica exchange Monte Carlo method, the equilibrium Y configurations at typical sintering 

temperatures were shown to deviate from the random configuration assumed in earlier theoretical 

studies. In the present study, we took this observation into account and evaluated the effect of the Y 

configuration on the proton diffusivity. Using the master equation approach based on local diffusion 

barriers calculated from first principles, the proton diffusivities under realistic Y configurations were 

estimated to be higher than those in the random configuration. This is explained by the fact that realistic 

Y configurations have fewer trap sites with deep potential wells compared to the random configuration 

due to the isolation trend of Y dopants. In addition, the effects of proton-proton interaction and the 

abundance of preferential conduction pathways are discussed; it is found that both are relatively minor 

factors compared to the trap site effect in determining the dependence of the proton diffusivity on the 

Y configurations.  
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1. Introduction 

Acceptor-doped barium zirconate (BaZrO3) with the cubic perovskite structure has both high 

proton conductivity and high chemical stability [1-5], which makes it a promising candidate for 

electrolytes in various electrochemical devices such as fuel cells and electrolyzers. Yttrium ions (Y3+ 

ions) are typical dopant species for BaZrO3 [6-8], substituting Zr4+ sites to introduce protons into the 

crystal by the charge compensation mechanism. The proton conductivity depends on the Y dopant 

concentration xY with a maximum at xY ~ 0.2, where xY is defined as the occupancy of Y dopants on 

Zr sites, i.e., BaZr1-xY
YxY

O3-δ [8]. 

The atomic-scale picture of the proton conduction mechanism in acceptor-doped BaZrO3 has been 

investigated intensively [9-15]. According to experimental reports by nuclear magnetic resonance and 

infrared spectroscopies (IR, NMR) [9,10] and theoretical reports by first-principles calculations [11-

15], protons mainly reside around oxide ions in the crystal to form an OH bond. They migrate over a 

long range through rotation around single oxide ions (reorientation of the OH bond) and hopping 

between adjacent oxide ions. The calculated potential barriers Emig of the proton rotation and hopping 

in the dopant-free crystal are mostly reported to be in the range of 0.1–0.2 eV and 0.2–0.3 eV, 

respectively [13-16], although a higher potential barrier for proton hopping (0.41 eV) has been reported 

recently [17]. In any case, proton hopping has a higher potential barrier than proton rotation in this 

system, meaning that the rate-determining step is the proton hopping in the case of negligible dopant-

proton interaction. 
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The interaction between Y dopants and protons (Y-H interaction) is, however, a key factor 

governing the proton conductivity in Y-doped BaZrO3. The negative formal charge of Y dopants on Zr 

sites stabilizes protons due to electrostatic attraction, leading to reduced proton diffusivity. This effect 

is called proton trapping in general. Yamazaki et al. extracted the proton migration energy, Ea, and the 

association energy between protons and Y dopants, Eas, from the temperature dependence of the proton 

diffusivity by simply assuming two types of protons in the crystal, i.e., free and trapped protons [18]. 

The reported Ea and Eas are 16 kJ/mol (0.17 eV) and 29 kJ/mol (0.30 eV) in BaZr0.8Y0.2O3–, 

respectively. 

The above simple assumption is a good approximation for dilute-dopant systems, e.g., xY ≤ 0.01, 

but the interaction between dopants and protons should be more complicated in highly doped systems. 

Toyoura et al. theoretically clarified the detailed interaction between Y dopants and protons by 

evaluating the potential barriers of proton rotation and hopping under various local Y configurations 

using first-principles calculations [19]. The calculated potential barriers were found to vary 

significantly depending on the local Y configuration, ranging from 0.08 eV to 1.08 eV for proton 

rotation and from 0.02 eV to 0.56 eV for proton hopping. They also performed diffusion simulations 

using the kinetic Monte Carlo (KMC) method based on the calculated barriers and found that trapping 

is quite strong at proton sites surrounded by three Y dopants. The number of such sites increases with 

dopant concentration xY in the BaZrO3 crystal, leading to lower proton diffusivity. In addition, Toyoura 

et al. clarified that protons in highly doped BaZrO3, e.g., xY ~ 0.2, preferentially migrate along the 
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three-dimensional (3D) network of Y dopants. The preferential proton conduction partially cancels the 

strong trapping effect of densely populated dopants, resulting in a minor reduction of the proton 

diffusivity in highly doped BaZrO3. Draber et al. also reported the importance of Y connection by 

proposing a novel picture of proton diffusion mechanism, nanoscale percolation [17]. According to 

their calculations, protons migrate much faster in the trap region than in the trap-free region, leading 

to higher proton diffusivity at higher dopant concentration due to the more developed local connection 

of Y dopants. In their computational model, however, the potential energies of proton sites were 

assumed to have only two values corresponding to the trap and trap-free regions (to be more precise, 

they also considered repulsion between protons bonded to the same oxide ion, but the repulsion is so 

large that such states are seldom realized). This assumption leads to underestimation of the proton 

trapping effect at proton sites surrounded by multiple Y dopants, which can be one of reasons for the 

opposite dependence of proton diffusivity on the Y concentration to that in Ref. [19]. 

As for Y configurations on Zr sites in BaZr1-xY
YxY

O3-δ, Y dopants are assumed to be randomly 

distributed in the above studies [17-19]. This simple assumption is only based on the high sintering 

temperature of BaZrO3 above 1873 K. In addition, supercells with random distribution of Y-Y pairs 

were also employed in one of the previous reports [19]; this model was employed to examine the 

extreme case where all Y dopants exist in nearest-neighbor pairs, since the formation of Y-VO-Y defect 

associates was reported to be energetically favorable in Ref. [20]. On the other hand, Kasamatsu et al. 

have recently reported the thermal equilibrium configurations of Y dopants and O vacancies in the 
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wide temperature range (600–2500 K), which were determined by a first-principles thermodynamic 

sampling simulation based on the replica exchange Monte Carlo (RXMC) method [21]. They claimed 

that the Y configuration in Y-doped BaZrO3 does not reach the random configuration even at the 

highest temperature, suggesting that the above assumption concerning the Y configuration in the 

crystal could be too simple. 

In the present study, we revisit, from first principles, the proton diffusivity in Y-doped BaZrO3 

focusing on the effect of Y configurations. Specifically, we estimate the proton diffusivities in multiple 

supercells reflecting the Y configuration in thermal equilibrium at the sintering temperature. The effect 

of the deviation from the random Y configuration on the proton diffusivity is discussed by focusing on 

local Y configurations around individual proton sites. The effect of proton-proton (H-H) interaction 

[17,22], which tends to slightly increase the proton diffusivity by the trap-site filling effect in this 

system [22], is additionally taken into consideration. 

 

2. Computational methodology 

2.1 Y configurations 

As noted above, RXMC sampling of Y dopants on Zr sites and O vacancies configurations were 

performed in Ref. [21] by one of the authors. The sampling was performed within a 3×3×3 cubic 

perovskite supercell at varying Y concentrations (xY = 0.07, 0.15, 0.22, 0.30) and at 16 temperatures 

between T = 600 K and T = 2500 K. The calculations were repeated twice resulting in two independent 

equilibrium ensembles of 1400 configurations for each (xY, T) pair. It should be noted that the 3×3×3 
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supercells do not allow for consideration of Y agglomeration beyond pairs at xY = 0.07, because the 

low concentration corresponds to the 3×3×3 supercell with only two Y ions. 

In principle, we can perform proton diffusivity calculations while keeping the Y positions fixed 

on each of the 1400×2 Y configurations at given (xY, T); the results may then be averaged to obtain 

the proton diffusivity vs. (xY, T), where T can be considered the sintering temperature which determines 

the Y configuration (to emphasize this point, we will denote the processing temperature as Tsinter 

hereafter). However, we found significant finite size effects when performing diffusivity calculations 

using the master equation approach (Sec. 2.2) in the 3×3×3 supercell. Thus, we decided to generate 

9×9×9 supercell models designed to incorporate the cation-cation correlations of all 1400 

configurations in each (xY, Tsinter) ensemble. To achieve this, we borrowed the idea from the generation 

of special quasirandom structures (SQS) [23], which tries to approximate as well as possible the 

completely random state within a limited supercell size. Instead of the usual SQS generation procedure 

which searches for a configuration that matches the correlation functions calculated for the completely 

random state, we match our supercell model with the average 2, 3, and 4-body correlation functions of 

the 1400 structures in each (xY, Tsinter) ensemble. We employed the mcsqs code [24], originally 

developed for SQS generation, to perform the matching using a Monte Carlo procedure. Since the 

resulting configuration depends somewhat on the initial state used in the Monte Carlo procedure, we 

performed 36 independent mcsqs runs for each (xY, Tsinter). This was repeated twice corresponding to 

the two independent RXMC runs in Ref. [21]. This means that 72 supercell models consisting of 9×9×9 
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unit cells were prepared for each (xY, Tsinter) pair to be used in diffusivity calculations. 

In this work, we performed diffusivity calculations on Y configurations at Tsinter = 1866 K, which 

is a typical sintering temperature, and at Tsinter = 853 K, to examine how the sintering temperature may 

affect the Y configuration and thus the proton conductivity (we note that the phase separation into Y-

rich and Y-poor phases around xY ~ 0.1 was reported below 1773 K [25]; this low temperature is chosen 

more for the sake of comparison rather than to reproduce to the experimental situation). For 

comparison, 72 supercells with random configurations of single Y ions and Y-Y pairs were also 

prepared by simple random sampling without SQS generation. The averaged proton diffusivity in the 

supercells with the random configuration of single Y ions at xY = 0.07 was also used for checking the 

validity of the SQS approach for the diffusivity estimation. See Fig. S1 in Supplementary Information 

for the comparison between the averaged proton diffusivity in the supercells with random Y 

configurations and that in the SQSs, which are in reasonable agreement with each other. 

 

2.2 Proton diffusivity 

The potential barriers Emig of proton rotation and hopping in Y-doped BaZrO3 have been 

evaluated by the nudged elastic band method in previous theoretical studies [12,17,19]. The calculated 

Emig are widely scattered depending on the local Y configuration around the migrating proton, ranging 

from 0.1 eV to 1.1 eV for proton rotation and from 0.02 eV to 1.0 eV for proton hopping. In the present 

study, the proton jump frequencies  in the crystal at a given temperature were estimated using our 
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reported potential barriers [19] (Fig. S2, Tables S1 and S2) according to the following equation, 

𝛤 = 𝛤0exp (−
Δ𝐸mig

𝑘B𝑇
) (1) 

where 0 is the vibrational prefactor, kB is the Boltzmann constant, and T is the temperature. 𝛤0 was 

set to 10 THz for all rotational and hopping paths, which is a typical value for ionic jumps in crystals 

[26-30]. 

The proton diffusivity was estimated under the independent-particle approximation by solving the 

following master equation corresponding to the balance of the existence probability of a single particle 

at each site [31,32]. 

𝜕

𝜕𝑡
𝑝𝑖(𝐫, 𝑡) = ∑ [(𝛤𝑗𝑖𝑝𝑗(𝐫 + 𝐬𝑖𝑗 , 𝑡) − 𝛤𝑖𝑗𝑝𝑖(𝐫, 𝑡)]𝑗∈𝐴𝑖

, (2) 

where i and j are the site indexes in the supercell (i, j = 1, 2, …, nsite), nsite is the number of sites in the 

supercell, 𝑝𝑖(𝐫, 𝑡) is the existence probability of the single particle at site i as a function of position r 

and time t, 𝐴𝑖 is the set of all adjacent sites to site i, and ij and sij are the jump frequency and jump 

vector from site i to j, respectively. The first and second terms in the brackets of equation (2) 

correspond to the inflow and outflow of the existence probability at site i, respectively. This equation 

can easily be solved by performing a Fourier transform 𝑃𝑖(𝐐, 𝑡) = ∫ 𝑝𝑖(𝐫, t) exp(𝑖𝐐𝐫) d𝐫
+∞

−∞
  with 

respect to position r. Each element of the diffusion coefficient tensor D can finally be obtained as the 

eigenvalue of the nsite×nsite jump matrix 𝚲 with elements 𝛬𝑖𝑗, 

𝛬𝑖𝑗 = 𝛤𝑗𝑖 exp(−𝑖𝐐𝐬𝑖𝑗) − 𝛿𝑖𝑗 ∑ 𝛤𝑖𝑗𝑗∈𝐴𝑖
, (3) 

where ij is the Kronecker delta. An appropriate Q vector with a small magnitude should be chosen for 
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estimating each element Dmn (m, n = x, y, z). See ref. [33] for details. In the case of the proton diffusion 

in the BaZrO3 supercell, only Dxx, Dyy, and Dzz are nonzero values, and the proton diffusion coefficient 

was estimated as the average of these three elements in the present study. 

The H-H interaction was additionally treated as the modified site blocking effect, meaning that 

protons cannot occupy more than one proton site around an oxide ion at the same time (See ref. [22]). 

This assumption is based on the relatively strong repulsive interaction between two protons bonding 

to the same oxide ion [17,22]. Specifically, the jump frequency from site i to j was modified by the 

probability that another proton occupies site j or the other three sites around the same oxide ion as site 

j, denoted by 𝑝𝑗
OH. A proton at site i can jump into site j with the probability (1 − 𝑝𝑗

OH), leading to 

the modified jump frequency (1 − 𝑝𝑗
OH)𝛤𝑖𝑗 . The 𝑝𝑗

OH  can be estimated easily assuming thermal 

equilibrium based on the Fermi-Dirac distribution function. The correlation effect between successive 

proton jumps was also taken into consideration for estimating the proton diffusivity. This effect is 

attributed to the deviation from the thermal-equilibrium site occupancies at the sites involved in the 

previous jumps. In the present study, the proton diffusivity was corrected by estimating the time loss 

in oscillatory jumps between adjacent sites as detailed in ref. [22] (the accuracy of the correction was 

verified by comparison with KMC simulations). Note that the estimated correlation factor is not the 

physical correlation factor defined for the collective diffusion, both of which are identical in the case 

of dilute protons. The difference between the two correlation factors was assumed to be negligible in 

the present study by reason of the low site occupancy of protons (0.025 at most), which can be 
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rigorously estimated by means of the KMC simulations. The number of protons was set to be equal to 

the number of Y dopants in all calculations presented below, and no oxygen vacancies were considered; 

this corresponds to the ideal situation of 100 % hydration in Y-doped BaZrO3. Note that the 100 % 

hydration is not reported to be achieved in experiments even at low temperatures (90 % at most) [34], 

and that the dehydration reaction proceeds at high temperatures above 700 K to further decrease the 

proton concentration. 

 

3. Results & Discussion 

3.1 Proton Diffusivity 

The proton diffusivities were evaluated in multiple supercells at several Y concentrations (xY = 

0.07, 0.15, 0.22, 0.30), where Y dopants are distributed in four types of configurations, i.e., thermal 

equilibrium configurations at 1866 K and 853 K (1866K and 853K), and random configurations of 

single Y ions and Y-Y pairs (random and pair). The solid lines with solid symbols in Fig. 1 show the 

calculated proton diffusion coefficients as a function of inverse temperature. For reference, the 

calculated proton diffusion coefficients in the perfect crystal without neither H-H nor Y-H interactions 

(the ideal noninteracting model) are also shown by the black broken lines. In this temperature range, 

the proton diffusivities in the supercells with Y configurations in thermal equilibrium at 1866 K and 

853 K (1866K and 853K) are higher than those in the case of the random configuration of Y dopants 

(random). This trend is understandable considering the repulsive interaction between Y dopants in 
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thermal equilibrium at the two temperatures [21]. The repulsive interaction enhances Y-dopant 

isolation in 1866K and 853K, leading to the opposite deviation from the proton diffusivity in random to 

that in pair with Y-dopant association. The isolation trend of Y dopants gradually decays with 

increasing Y concentration (xY), resulting in less dependence of the proton diffusivity on Y 

configurations at higher xY. 

The above explanation provides a qualitative understanding of the dependence of the proton 

diffusivity on Y configurations, i.e., enhanced Y isolation leads to higher diffusivity in 1866K and 853K 

compared to random. In the following subsections, we discuss the microscopic origin of the enhanced 

proton diffusivity through a quantitative comparison of the differences in three factors governing the 

proton diffusivity, i.e. Y-H interaction (proton trapping), preferential conduction (complete 

percolation), and H-H interaction (trap-site filling & carrier blocking), between the four types of Y 

configurations. Since the H-H interaction has a minor effect on the proton diffusivity, the minor 

interaction is first discussed in Sec. 3.2, and is neglected for the subsequent detailed discussion on the 

other two factors, i.e., Y-H interaction and preferential conduction, in Secs. 3.3 and 3.4. 

 

3.2 H-H interaction 

First, we evaluate the effect of H-H interaction by comparing the proton diffusivities with and 

without the H-H interactions. According to the literature [22], the H-H interaction causes two 

competing effects, carrier blocking and trap-site filling. Carrier blocking has a negative impact on 



12 

 

diffusivity due to protons interfering with the movements of other protons. Trap-site filling, on the 

other hand, has a positive effect: trap sites with low potential energies are occupied by a portion of the 

protons, and this prevents other protons from being trapped in the same trap sites. The broken lines 

with open symbols in Fig. 1 show the calculated proton diffusion coefficients without H-H interaction 

under the independent-particle approximation. The H-H interaction enhances the proton diffusivity 

regardless of Y concentration, indicating that the positive effect of trap-site filling exceeds the negative 

one of carrier blocking. The characteristics (i.e., local Y configurations) of the trap sites themselves 

will be discussed in Sec. 3.3. 

Figure 2 shows the ratios of the calculated diffusion coefficients with and without H-H interaction, 

Dw/H-H and Dw/oH-H, at various Y concentrations (xY = 0.07, 0.15, 0.22, 0.30) and temperatures (T = 600, 

700, 800, 900, 1000 K), which we call enhancement factors hereafter. The enhancement factor tends 

to be higher at lower temperatures; this is reasonable because protons are more likely to occupy trap 

sites at lower temperatures, resulting in a more pronounced trap-site filling effect. On the other hand, 

the enhancement factor shows little dependence on the Y concentration except for xY = 0.07. This trend 

suggests that the increase of the positive effect of trap-site filling is cancelled out by the negative 

effects due to the increase in the number of trap sites and the potential well deepening at the trap sites 

with increasing Y concentrations. At the lowest Y concentration (xY = 0.07), the enhancement factor is 

smaller than those at higher Y concentrations; this can be explained by few trap sites with deep 

potential wells surrounded by several Y dopants, resulting in weak trap-site filling effect at xY = 0.07. 
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Concerning the dependence on the types of Y configurations (1866K, 853K, random, and pair), the 

difference is more pronounced at lower Y concentrations. At xY = 0.22 and 0.30, the enhancement 

factors do not show a clear dependence on Y configurations, while those in 1866K and 853K are 

significantly lower than those in random and pair at xY = 0.07 and 0.15. The origin of the difference in 

the enhancement factor is the isolation trend of Y dopants in 1866K and 853K; this leads to fewer proton 

sites with deep potential wells (again, these sites will be discussed in Sec. 3.3), resulting in a weaker 

trap-site filling effect. 

The enhancement factor by the H-H interaction is, however, 1.4 at most, and this is a rather minor 

effect as highlighted in Fig. 1. That is, the differences between the fully interacting models with Y-

H/H-H interaction and the ideal noninteracting model (solid lines vs. black broken lines in Fig. 1) are 

much larger than the change due to H-H interaction (colored solid vs. broken lines in Fig. 1). 

Enhancement factors can be significant only when the number of carriers exceeds the number of clearly 

defined trap sites with much lower energy than other sites [22]. The low enhancement factors indicate 

that this is not the case in Y-doped BaZrO3. Moreover, the dependence on the types of Y configurations 

(1866K, 853K, random and pair) is maintained at any Y concentration regardless of the H-H interaction. 

Therefore, in the following subsections, the effects of Y-H interaction and preferential conduction are 

discussed based on the proton diffusivities without the H-H interactions (broken lines in Fig. 1). 
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3.3 Y-H interaction 

The proton site energies and the potential barriers of proton rotation and hopping are drastically 

changed by Y-H interaction, mainly depending on the local configurations of Y dopants. All proton 

sites in the supercells are therefore classified by the local Y configuration as in our previous study [19]. 

Specifically, all proton sites are classified into 84 types by the Y configuration on the eight Zr sites 

adjacent to a proton site, i.e., the first-, second-, and third-nearest-neighbor Zr sites (1NN, 2NN, and 

3NN Zr sites), shown in Fig. 3(a). 

Figure 4(a) shows the averaged site energies with the standard deviations at the 84 proton site 

types in all supercells, where the site energies also depend on the Y configuration beyond the adjacent 

Zr sites. The site energies are shown as relative values with reference to that at the proton site without 

any adjacent Y dopant, which can be regarded as the trap-free region. See Table S3 in Supplementary 

Information for the pseudocode to estimate the site energies. In this figure, the proton site types are 

numbered in ascending order of the total number of Y dopants on the adjacent Zr sites, where a proton 

site type with higher site energy is assigned a lower site ID when two or more site types have the same 

number of adjacent Y dopants. Although a clear correlation between the site energy and the total 

number of Y dopant within 3NN sites cannot be seen in Fig. 4(a), a strong negative correlation between 

the site energy and the number of adjacent Y dopants becomes evident when considering only the 1NN 

and 2NN sites. Specifically, the 84 proton sites are divided into five groups by the number of Y dopants 

only in the 1NN and 2NN Zr sites as shown in Figs. 3(b)-(f), i.e., groups 0, 1, 2, 3, and 4. The group 
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ID represents the number of adjacent Y dopants in the four Zr sites. Figure 4(b) shows the proton site 

energies at all 84 proton sites, in which the proton sites are renumbered in the order of the group ID. 

The proton sites in the same group are additionally renumbered in the descending order of the site 

energy. A clear correlation can be seen in this figure, i.e., lower site energies are associated with larger 

numbers of adjacent Y dopants. This indicates that the local Y configuration on the four adjacent Zr 

sites is the key factor in determining the proton site energy. 

In our previous study [19], only the proton sites with the triangular Y configuration in group 3 

were focused on as the most dominant trap sites, since they have the highest proton existence 

probability at xY = 0.20. However, the proton sites in group 4 surrounded by more Y dopants have 

lower site energies, i.e., higher trapping strength, although they are less abundant than group 3. 

Therefore, the proton sites in groups 3 and 4 should have been defined as the trap sites for protons. 

Figures 5 (a) and (b) show the trap-site fractions and the proton existence probabilities at the trap sites, 

i.e., proton trapping probability, at 600 K based on the two definitions of trap sites. In both trap-site 

definitions of “group 3 only” and “groups 3 & 4”, the fraction of trap sites depends on the type of Y 

configurations, increasing in the order of 1866K, 853K, random and pair. The trap-site fraction is 

inversely correlated with the proton diffusivity, which is reasonable in terms of the negative effect of 

trap sites on the proton diffusivity. However, the proton trapping probability has no correlation with 

the proton diffusivity in the case of the trap-site definition of “group 3 only”. Figure 6 shows the 

relationship between the proton diffusion coefficient at 600 K and the proton trapping probability with 
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various definitions of trap sites. The orange squares and the blue triangles correspond to the trap-site 

definitions of “group 3 only” and “groups 3 & 4”, respectively. Ideally, the diffusion coefficient 

decreases with increasing the proton trapping probability, i.e., a negative correlation should be 

observed in these plots. However, the plots in the definition of “group 3 only” are far from the ideal 

correlation, particularly at higher Y concentrations. On the other hand, the plots in the definition of 

“groups 3 and 4” approach the ideal negative correlation, meaning that the proton sites in both groups 

3 and 4 are identified as the main trap sites for protons in Y-doped BaZrO3. 

Note that the difference between 1866K and 853K still deviates from the ideal negative correlation, 

suggesting that the definition of trap sites remains insufficient. Focusing on the site energies in group 

2, several proton sites have low site energies comparable to those in group 3. Such low-energy proton 

sites have a common Y configuration, i.e., a Y-Y pair occupying the adjacent 1NN and 2NN Zr sites 

as shown in Fig. 3(g). These low-energy proton sites in group 2 are called group 2’ hereafter. Figure 

5(c) shows the trap-site fractions and the proton trapping probabilities at 600 K when all proton sites 

in groups 2’, 3, and 4 are defined as the trap sites. The green diamonds in Fig. 6 correspond to the third 

definition of trap sites (groups 2’, 3, and 4), which are now consistent with the ideal negative 

correlation between the proton diffusivity and the proton existence probability at the defined trap sites. 

Therefore, the proton sites in group 2’ should also be considered as trap sites. Note that proton sites 

surrounded by a Y dopant are not regarded as effective trap sites, even though the Y dopant is located 

at the 1NN or 2NN Zr sites. This is of importance in understanding the effect of proton trapping in this 
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system. 

We can now reconcile the impact of Y configuration on the proton diffusivity based on the above 

definition of trap sites. That is, the Y configuration in the thermal equilibrium state at higher 

temperatures tends to form less trap sites, resulting in higher proton diffusivity. This is attributed to the 

repulsive interaction between Y dopants, suggesting that the isolation of Y dopants in the crystal is a 

reasonable strategy for improving the proton conductivity. 

 

3.4 Preferential conduction 

The preferential conduction along the YO6 network is also a key factor in determining the proton 

diffusivity. The optimal path is here defined as the long-range migration path between two most stable 

sites separated by a lattice translation vector of the 9×9×9 supercell with the lowest potential barrier, 

i.e., the difference between the highest transition state energy and the lowest site energy along the long-

range migration path. The optimal path was explored by the dynamic-programming-based algorithm 

in the present study (See ref. [35] for details). The site energy at the highest-energy proton site along 

the optimal path vs. that in the entire supercell (Eopt
high

 ) is a direct indicator for the preferential 

conduction. 

Taking the random configuration of Y dopants (random) as an example, the normalized site-energy 

distribution in the 72 supercells at each Y concentration is shown in Fig. 7 (See Fig. S3 in 

Supplementary Information for 1866K, 853K, and pair). The site energy is expressed as the relative 
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energy with reference to the highest energy site in each supercell. The proton existence probability at 

600 K is also shown in each figure. In addition, the normalized histograms of the lowest and highest 

site energies along the optimal paths in the 72 supercells are shown by the blue and red bars, 

respectively. Regardless of Y concentration, the normalized site-energy distribution exhibits a single 

peak close to 0 eV and a single or double peak around –0.15 eV, which are attributed to the proton sites 

in group 0 and group 1, respectively. Although the site-energy distributions of the other groups seem 

negligibly small, these sites also play a key role in the proton diffusivity. In fact, the proton existence 

probabilities are higher at these sites with lower site energies than those in groups 0 and 1. The lowest 

site energy (Eopt
low) exhibits a declining trend with the Y concentration. 

Focusing on the highest energy sites along the optimal paths, they all belong to group 0 at xY = 

0.07, meaning that protons migrate over a long range via trap-free regions. This conduction mechanism 

is close to the conventional picture of carrier conduction in a crystal with dilute dopants, i.e., trapping 

and detrapping employed by Yamazaki et al. in Ref. [18]. On the other hand, the highest energy sites 

belong to group 1 in most cases at xY ≥ 0.15. This indicates that the preferential proton conduction 

occurs along the YO6 network and that protons are not required to visit trap-free regions for their long-

range migration. 

Figure 8 shows the averaged Eopt
low and Eopt

high
 in all 72 supercells in each Y configuration (1866K, 

853K, random, and pair) as a function of Y concentration. At xY = 0.07, Eopt
high

 are close to 0 eV in all Y 

configurations, indicating no preferential conduction at the low Y concentration. On the other hand, 
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Eopt
low depends on the Y configurations, which decreases in the order of 1866K, 853K, random, and pair. 

Therefore, the difference in the energy distribution of the trap sites is the main factor for the difference 

in the proton diffusivity between the Y configurations at the low Y concentration. At xY = 0.15, the 

preferential conduction of protons starts appearing in most of the supercells with a few exceptions (See 

Fig. S3). The fraction of the exceptions increases in the order of 1866K, 853K, random and pair, 

corresponding to the increasing tendency of the averaged Eopt
high

. This indicates that the preferential 

conduction pathways are more readily formed with higher isolation trend of Y dopants at the relatively 

low Y concentration. In contrast, Eopt
high

 decreases in the same order at the highest Y concentration (xY 

= 0.30), where the association of Y dopants makes the YO6 network more developed. Thus, the effects 

of isolation and association trends of Y dopants change depending on the Y concentration. Concerning 

Eopt
low, the difference between the four types of Y configurations becomes smaller with increasing Y 

concentration. Hence, the proton diffusivities in the four types of Y configurations are close to each 

other at the highest Y concentration (Fig. 1(d)). 

Note that the preferential conduction on the proton diffusivity has a minor effect compared to the 

proton trapping effect. Eopt
low  and Eopt

high
  are indicators for the proton trapping and the preferential 

conduction, respectively, meaning that the changes in the two indicators depending on the Y 

concentration are important for discussion of the dominant factor determining the proton diffusivity. 

Taking the 1866K configuration of Y dopants as the most realistic condition, Eopt
low and Eopt

high
 decrease 

with increasing the Y concentration xY in the range from 0.07 to 0.30 by –0.29 eV and –0.15 eV, 
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respectively. The smaller change in Eopt
high

 indicates the minor impact of the preferential conduction on 

the proton diffusivity, resulting in a declining trend of the proton diffusivity (See Fig. S4 in 

Supplementary Information) due to the major impact of the proton trapping. The declining trend in this 

work is in reasonable agreement with the experimentally-reported proton conductivity and diffusivity 

[34], but is opposite to the rising trend of the proton mobility reported in Ref. [17]. This discrepancy 

is probably due to the underestimation of the proton trapping effect in Ref. [17], which originates from 

the simple assumption of two-valued site energies. Another possible source of this discrepancy is in 

the treatment of finite-size supercell effects in calculating the potential barriers for proton jumps; we 

employed a relatively large (4×4×4 cubic perovskite) supercell and made no a posteriori corrections, 

while Ref. [17] performed finite-size corrections of some sort although no details were given. Such 

differences apparently led to drastically different potential barriers for certain Y configurations (e.g., 

we report a potential barrier of 0.05 eV for proton hopping H3-2 in Table S1 while Ref. [17] reports 

0.66 eV). 

 

Conclusions 

In the present study, we theoretically revisited the proton diffusivity in Y-doped BaZrO3 with 

realistic dopant configurations under processing conditions. The findings of the present study are 

summarized below: 

1. The estimated proton diffusivity with the realistic Y configurations are basically higher than that 
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with the random configuration. This is due to the isolation trend of Y dopants at thermal equilibrium, 

which decreases the number of trap sites with deep potential wells. 

2. The proton trapping by Y-H interaction is the most dominant factor governing the proton diffusivity 

in the crystal compared to the other two factors, i.e., preferential conduction along the 3D network of 

Y dopants and H-H interaction. 

3. The above to findings suggest that a reasonable strategy for improving the proton diffusivity is 

suppressing the negative impact of proton trapping by controlling the dopant configuration in the 

crystal, rather than enhancing the positive impact of preferential conduction. Specifically, Y dopants 

should be isolated as much as possible from each other, which is different from the previously proposed 

strategy in Ref. [17] that the preferential conduction network is developed as much as possible by 

forming superstructure of Y dopants in the crystal.  
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Figure captions 

Figure 1. The calculated proton diffusion coefficients as a function of inverse temperature in various 

Y configurations. The Y concentration, i.e., the site occupancy on the Zr sites xY, is (a) 0.07, (b) 0.15, 

(c) 0.22, and (d) 0.3. The solid and broken lines denote the proton diffusion coefficients with and 

without the H-H interaction. The black broken lines show the proton diffusion coefficients in the 

perfect crystal with neither H-H nor Y-H interaction. 

Figure 2. The temperature and Y-configuration dependences of the enhancement factors by the H-H 

interaction. The Y concentration, i.e., the site occupancy on the Zr sites xY, is (a) 0.07, (b) 0.15, (c) 

0.22, and (d) 0.3. 

Figure 3. (a) The 1NN, 2NN, and 3NN Zr sites adjacent to a proton site. The proton sites are classified 

into 84 types according to the local Y configurations on the eight Zr sites. (b)–(g) Local Y 

configurations on the 1NN and 2NN Zr sites corresponding to the proton sites in groups 0, 1, 2, 3, 4 

and 2’, respectively. Note that only an example of multiple local Y configurations is illustrated for 

groups 1, 2, and 3. 

Figure 4. The averaged site energies with the standard deviations at 84 proton site types in all supercells. 

The site energies are shown as the relative values with reference to that at the proton site without any 

adjacent Y dopant. The proton site types are numbered in the ascending order of the total number of Y 

dopants (a) on the 1NN, 2NN, and 3NN Zr sites and (b) on the 1NN and 2NN Zr sites. The proton site 

types with the same number of adjacent Y dopants are additionally renumbered in the descending order 

of the site energy.  

Figure 5. The site fractions and proton existence probabilities at 600 K (H+ prob.) of the proton sites 

(a) in group 3 only, (b) in groups 3 and 4, and (c) in groups 2’, 3, and 4, which depend on the types of 

Y configurations (1866K, 853K, random and pair). 

Figure 6. The relationship between the proton diffusion coefficient at 600 K and the proton existence 

probability (H+ prob.) at trap sites when varying Y concentrations, i.e., xY = (a) 0.07, (b) 0.15, (c) 0.22, 
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and (d) 0.30. The trap sites are here defined in three ways, i.e., “group 3 only”, “groups 3 & 4”, and 

“groups 2’, 3 & 4”. 

Figure 7. The normalized site-energy distributions (Dist.) in the 72 supercells at various Y 

concentrations, in the case of the random configuration of Y dopants (random). The proton existence 

probability at 600 K (H+ prob.) is also shown in each figure. The normalized histograms of the lowest 

and highest site energy levels along the optimal paths (Eopt
low and Eopt

high
) in the 72 supercells are shown 

on the right sides of each figure by the blue and red bars, respectively. 

Figure 8. The averaged lowest and highest site energies along the optimal paths, Eopt
low and Eopt

high
, in 

all 72 supercells in each type of Y configuration (1866K, 853K, random, and pair) as a function of Y 

concentration. 
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Figure 1. The calculated proton diffusion coefficients as a function of inverse temperature in various 

Y configurations. The Y concentration, i.e., the site occupancy on the Zr sites xY, is (a) 0.07, (b) 0.15, 

(c) 0.22, and (d) 0.3. The solid and broken lines denote the proton diffusion coefficients with and 

without the H-H interaction. The black broken lines show the proton diffusion coefficients in the 

perfect crystal with neither H-H nor Y-H interaction. 
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Figure 2. The temperature and Y-configuration dependences of the enhancement factors by the H-H 

interaction. The Y concentration, i.e., the site occupancy on the Zr sites xY, is (a) 0.07, (b) 0.15, (c) 

0.22, and (d) 0.3. 
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Figure 3. (a) The 1NN, 2NN, and 3NN Zr sites adjacent to a proton site. The proton sites are classified 

into 84 types according to the local Y configurations on the eight Zr sites. (b)–(g) Local Y 

configurations on the 1NN and 2NN Zr sites corresponding to the proton sites in groups 0, 1, 2, 3, 4 

and 2’, respectively. Note that only an example of multiple local Y configurations is illustrated for 

groups 1, 2, and 3. 
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Figure 4. The averaged site energies with the standard deviations at 84 proton site types in all supercells. 

The site energies are shown as the relative values with reference to that at the proton site without any 

adjacent Y dopant. The proton site types are numbered in the ascending order of the total number of Y 

dopants (a) on the 1NN, 2NN, and 3NN Zr sites and (b) on the 1NN and 2NN Zr sites. The proton site 

types with the same number of adjacent Y dopants are additionally renumbered in the descending order 

of the site energy.   
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Figure 5. The site fractions and proton existence probabilities at 600 K (H+ prob.) of the proton sites 

(a) in group 3 only, (b) in groups 3 and 4, and (c) in groups 2’, 3, and 4, which depend on the types of 

Y configurations (1866K, 853K, random and pair). 
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Figure 6. The relationship between the proton diffusion coefficient at 600 K and the proton existence 

probability (H+ prob.) at trap sites when varying Y concentrations, i.e., xY = (a) 0.07, (b) 0.15, (c) 0.22, 

and (d) 0.30. The trap sites are here defined in three ways, i.e., “group 3 only”, “groups 3 & 4”, and 

“groups 2’, 3 & 4”. 
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Figure 7. The normalized site-energy distributions (Dist.) in the 72 supercells at various Y 

concentrations, in the case of the random configuration of Y dopants (random). The proton existence 

probability at 600 K (H+ prob.) is also shown in each figure. The normalized histograms of the lowest 

and highest site energy levels along the optimal paths (Eopt
low and Eopt

high
) in the 72 supercells are shown 

on the right sides of each figure by the blue and red bars, respectively.  
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Figure 8. The averaged lowest and highest site energies along the optimal paths, Eopt
low and Eopt

high
, in 

all 72 supercells in each type of Y configuration (1866K, 853K, random, and pair) as a function of Y 

concentration. 

 

 



1 

 

Supplementary Information 

Theoretical study on proton diffusivity 

in Y-doped BaZrO3 with realistic dopant configurations 

Takeo Fujii1, Kazuaki Toyoura*,1, Tetsuya Uda1, and Shusuke Kasamatsu**,2 

1 Department of Materials Science and Engineering, Kyoto University, Kyoto 606-8501, Japan 
2 Academic Assembly (Faculty of Science), Yamagata University, Yamagata 990-8560, Japan 

* toyoura.kazuaki.5r@kyoto-u.ac.jp 

** kasamatsu@sci.kj.yamagata-u.ac.jp 

 

 
Figure S1. The calculated proton diffusion coefficients as a function of inverse temperature in various Y 

configurations at xY = 0.07. The solid and broken lines denote the proton diffusion coefficients with and without the 

H-H interaction. The purple lines show the proton diffusion coefficients in the SQSs corresponding to the random Y 

configuration (random). The black broken lines is the proton diffusion coefficients in the perfect crystal with neither 

H-H nor Y-H interaction. 
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Figure S2. Adjacent Zr sites around the proton (a) hopping and (b) rotation paths, which were taken into consideration 

for Y local configuration [19]. Protons on sites i and f in the rotation path form an OH bond with the same O ion 

between R1 and R2. The site i is located on the plane through “R1, R2, R3, and R4”, while the site f is on the plane 

through “R1, R2, R5, and R6”. In the hopping path, sites i and f are located on the same plane as H1, H2, H3, and 

H4, forming an OH bond with the different O ions between “H1 and H2” and “H1 and H3”, respectively. 

 

 

 

 

Table S1. Calculated potential barriers of proton hopping with various configurations of Y dopants in Zr sites [19]. 

 
 Zr and Y configuration in B sites 

∆𝐸i→f
mig

 / eV ∆𝐸f→i
mig

 / eV 
# of Y Path ID H1 H2 H3 H4 

0 H0-1 Zr Zr Zr Zr 0.25 0.25 

1 

H1-1 Y Zr Zr Zr 0.21 0.21 

H1-2 Zr Zr Y Zr 0.19 0.17 

H1-3 Zr Zr Zr Y 0.42 0.42 

2 

H2-1 Y Zr Y Zr 0.15 0.02 

H2-2 Y Zr Zr Y 0.41 0.41 

H2-3 Zr Zr Y Y 0.24 0.34 

H2-4 Zr Y Y Zr 0.13 0.13 

3 

H3-1 Y Zr Y Y 0.24 0.38 

H3-2 Y Y Y Zr 0.05 0.05 

H3-3 Zr Y Y Y 0.56 0.56 

4 H4-1 Y Y Y Y 0.45 0.45 
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Table S2. The calculated potential barriers of proton rotation with various configurations of Y dopants in Zr sites [19]. 

 
 Zr and Y configuration in B sites 

∆𝐸i→f
mig

 / eV ∆𝐸f→i
mig

 / eV 
# of Y Path ID R1 R2 R3 R4 R5 R6 

0 R0-1 Zr Zr Zr Zr Zr Zr 0.17 0.17 

1 
R1-1 Y Zr Zr Zr Zr Zr 0.18 0.18 

R1-2 Zr Zr Zr Zr Y Zr 0.11 0.25 

2 

R2-1 Y Y Zr Zr Zr Zr 0.25 0.25 

R2-2 Zr Zr Zr Zr Y Y 0.09 0.31 

R2-3 Zr Zr Y Zr Y Zr 0.20 0.20 

R2-4 Zr Zr Zr Y Y Zr 0.17 0.17 

R2-5 Y Zr Zr Zr Y Zr 0.08 0.29 

R2-6 Y Zr Zr Zr Zr Y 0.11 0.22 

3 

R3-1 Zr Zr Y Zr Y Y 0.20 0.32 

R3-2 Y Zr Y Zr Y Zr 0.20 0.20 

R3-3 Y Zr Zr Y Zr Y 0.20 0.20 

R3-4 Y Zr Zr Zr Y Y 0.24 0.49 

R3-5 Y Zr Zr Y Y Zr 0.08 0.37 

R3-6 Y Y Zr Zr Y Zr 0.13 0.33 

4 

R4-1 Zr Zr Y Y Y Y 0.17 0.17 

R4-2 Y Y Y Y Zr Zr 0.21 0.11 

R4-3 Y Y Zr Y Zr Y 0.40 0.40 

R4-4 Y Y Y Zr Zr Y 0.30 0.30 

R4-5 Zr Y Y Y Zr Y 0.48 0.34 

R4-6 Zr Y Y Y Y Zr 0.45 0.22 

5 
R5-1 Zr Y Y Y Y Y 0.17 0.17 

R5-2 Y Y Y Y Zr Y 0.54 0.34 

6 R6-1 Y Y Y Y Y Y 1.08 1.08 
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Table S3. The pseudocode for estimating proton site energies in a given supercell of Y-doped BaZrO3, which are 

estimated from the energy differences between adjacent sites depending only on the local Y configurations (Ei,j: site 

energy difference between sites i and j). However, the site energy is not uniquely determined due to slight 

inconsistency of Ei,j between various local Y configurations, which is therefore estimated as the average value. nsite 

and nloop denote the number of sites in the supercell and the number of loops, respectively. nloop was here set to nsite/10. 

 

Algorithm: Site Energy Estimation ({Ei,j}, nsite, nloop) 
Initialize: 

Estimated site energy at site i in loop l: Ei
(l)

 = nil  (i = 1, 2, ..., nsite) 

 

for l in 1..nloop do 

Initialize the set of unsampled sites: Sunsmp = {1, 2, …, nsite} 

Initialize the set of sampled sites: Ssmp = Ø 

Randomly sample a starting point from Sunsmp (Starting site No.: i0) 

Ei0

(l) = 0,  Ssmp ← Ssmp ∪ {i0},  Sunsmp ← Sunsmp ∖ {i0}  

while Sunsmp ≠ Ø do 

Randomly sample an unsampled site adjacent to any sampled site 

(Sampled site No.: ismp, Adjacent site No.: iadj) 

Eismp

(l) = Eiadj

(l) + Eiadj,ismp
,  Ssmp ← Ssmp ∪ {ismp},  Sunsmp ← Sunsmp ∖ {ismp}  

done 

Emax = max
i

Ei
(l)

  

for i in 1..nsite do 

Ei
(l) = Ei

(l) − Emax  

done 

done 

 

Output: 

Averaged site energy at site i (i = 1, 2, ..., nsite): Ei
ave =

1

nloop

lEi
(l)
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Figure S3. The normalized site-energy distributions (Dist.) in the 72 supercells at various Y concentrations and in 

various Y configurations (1866K, 853K, random, and pair). The proton existence probability at 600 K (H+ prob.) is also 

shown in each figure. The normalized histograms of the lowest and highest site energies along the optimal paths are 

shown on the right side by the blue and red bars, respectively. 
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Figure S4. The calculated proton diffusion coefficients as a function of inverse temperature in the case of 1866K 

configuration of Y dopants. Figures (a) and (b) show the proton diffusion coefficients with and without the proton-

proton interactions, respectively. The site occupancies of Y dopants on the Zr sites, xY, are 0.07, 0.15, 0.22, and 0.3. 

The black broken lines show the proton diffusion coefficients in the perfect crystal with neither H-H nor Y-H 

interaction for reference. 
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