Are there only Fold Catastrophes in the Diels—Alder Reaction
between Ethylene and 1,3—-Butadiene?
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This work revisits the topological characterization of the Diels—Alder reaction between 1,3-butadiene and ethylene. In

contrast to the currently accepted rationalization, we here provide strong evidence in support of a representation in terms

of seven structural stability domains separated by a sequence of 10 elementary catastrophes, but all only of the fold type,
i.e., CaHe + CaHa : 1-7— [FFIF[F'F'][F'F'][FF]F'-0 : CeH1o. Such an unexpected finding provides fundamental new insights
opening simplifying perspectives concerning the rationalization of the CC bond formation in pericyclic reactions in terms of

the simplest Thom’s elementary catastrophe, namely the one—(state) variable, one—(control) parameter function.

Introduction

The mechanism of the Diels—Alder (DA) reaction will continue to
be a subject of major concern and key importance in chemistry.!
The study of this reaction has contributed to the development
of the entire field of chemistry with a broad impact.2 Considered
to be a prototypical example of pericyclic processes,? the
elucidation of the nature of what is the exact meaning of a
“concerted” mechanism#is far away to be concluded.32 5 At the
heart of controversy and debate remains the characterization
of the bonding nature featuring the transition structures as well
as the electron rearrangement along the entire chemical
transformation.52 5c S& 6 QOrbital-based approaches,2s 3b, 7
conceptual descriptors derived from the density functional
theory framework,>® 8 and topological-defined quantum
approaches,*®8 2 have been applied to obtain insights
concerning the intimate details of this key one—step reaction
mechanism.

The topological analysis of quantum mechanical
functions0 provides a partition of the 3D molecular space into
basins of attractors (maxima) that can be associated to
chemically meaningful information and/or concepts. Such an
analysis provides topologically derived structures defined in
terms of the associated critical points (CPs) and their
interconnections via gradient paths. Within this perspective of
a quantum chemical topology framework featuring the concept
of gradient vector fields, the analysis and characterization of the
gradient field of the electron density itself (i.e., the quantum
theory of atoms in molecules QTAIM0d. 11) and the electron
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localization function (ELF10e 10f, 12) constitute nowadays key
valuable methodological approaches for the interpretation of
chemical bonding and reactivity.13 Several other functions have
been explored within such a chemically oriented topological

framework, including among others the Laplacian of density,14
the nuclear potential,’> the electrostatic potential,1® the virial
field,2” the magnetically induced molecular current
distribution,8 and even the spin density.1® A description of the
change associated to the topologically defined molecular
structures as response to the variation of control parameters
can be addressed via the theory of elementary catastrophes,?°
as it has been mainly exploited within both the QTAIM%d and
ELF0e, 10f, 12 frameworks. Within the so—called bonding
evolution theory (BET),2! changes in the topology of ELF along a
chosen reaction path (e.g. IRC22) are characterized in terms of
Thom’s elementary catastrophes.2% 23 Such a model for studying
the evolution of the rearrangement of electron pairing along
the reaction coordinate, and hence, chemically significant
events (including bond making/breaking processes), become
naturally associated to specific structural stability domains
(SSDs) separated by catastrophe bifurcations. 20.23 Any chemical
reaction can be in such a way represented in terms of a precise
sequence of catastrophic bifurcations associated to electron
pair topologies that enables a straightforward rationalization or
interpretation of the evolution of bonding patterns.2* It should
be strongly emphasized however that such correlation between
ELF and chemical bonding is of course just topological, and not
energetical. BET has provided meaningful insights on an ever—
increasing number of reactive processes related to problems in
almost all fields of chemistry,24c 24d including, for instance, key
questions on bonding and reactivity related to the activation of
C-H bonds,2*> proton/hydrogen transfer reactions,26 [4+2]
cycloadditions,® 27 [3+2] cycloadditions,28 [1,3] dipolar
cycloadditions,® 22 the process of fixation of CO, by metal
complexes,3? decarbonylation of unsaturated cyclic ketones,3?
the nature of phase transitions for the group IV elements,32 the
formation of hemiaminals,33 Cope,® 34 and Claisen3?
rearrangements, the thermal decomposition of a—ketoesters,36
hydrometallation of acetylene,3” oxidative additions of
ammonia to pincer complexes,3® the Curtis rearrangement,3®
the catalytic Noyori hydrogenation,° and the Wittig reaction.>2
In such a context, the suitability of the characterization of the
local character of the local ELF function dependents on a proper
identification of the associated elementary catastrophes, and



hence, the analysis of how the equilibria of ELF change as the
control parameters changes. That is precisely the attractive
simplification underlying any effort concerning the application
of the elementary catastrophe theory.20. 23

A BET analysis of the prototypical DA reaction between ethylene
and 1,3-butadiene has been reported based on the B3LYP/6—
31G(d) of theory.5e 5f These provided a
representation in terms of seven SSDs separated by a sequence

level results
of ten elementary catastrophes of fold (F and F') and cusp (C
and C%) type, i.e., C4Hg + CoH4 : 1-7-[CC]C[FTF'][FTF'][CC]C'-O0 :
CeHio, With eight bifurcations occurring simultaneously.> In
principle, the identification of the catastrophe should be
achieved by examining the nature of CPs at the configuration of
nuclei that constitute the bifurcation point. Degenerate critical
points lead to catastrophes, if some conditions are satisfied. 20
23 |n practical implementations reported until now, the system
is examined in terms of configurations close enough to such a
which  might imprecise
characterization of the catastrophe. Certainly, a formal analysis

bifurcation state yield an
will require the examination of the behavior of the determinant
of the Hessian matrix as well as the associated mobility of CPs
of ELF along the reaction path. Our goal stress the fact that in
order to obtain significant results, this original methodology
should be applied. This is precisely the conceptual novelty of the
present work. Following ongoing interests in to achieve a better
rationalization concerning the process of identifying the nature
of catastrophe bifurcations within the conceptual framework
provided by the elementary catastrophe theory, 20.23 we revisit
such a prototypical key DA reaction mechanism. A careful
examination of the behavior of the CPs that are implied in each
bifurcation, will provide as discussed in detail, new and
significant results.

Theoretical details

Let us in this point recall just only some formal aspects of the
bonding evolution theory framework. It refers as mentioned to
the combined use of the topological analysis of ELF10e 10f, 12 gnd
the Thom’s catastrophe theory2° to the study of the evolution
of a reaction system along a given pathway. It has been indeed
argued that BET provides a clear demarcation between
chemical and nonchemical processes.5 6a 24a, 24c, 24d \oreover,
the BET framework based on the ELF topological description
provides a universal language for chemical bonding that is
formally supported on the rigorous mathematical terminology
arising from the topological theory of dynamical systems.23b, 41

Given any electronic state for a N—electron molecular system
represented in terms of a single determinant of Hartree—Fock
or Kohn—Sham molecular orbitals ¥;(r; R) with occupation
numbers n;, the ELF n(7; R) is a useful relative measure of the
electron pair localization characterizing the corresponding
electron density distribution p(r; R) = ¥V n;|y;(r; R)|%. The
notation (7; R) stands for solutions concerning the space
coordinate for electrons r at fixed nuclei space coordinates R.
Note that within the framework of DFT, ELF is a property based
directly on the electron density, able to be interpreted in terms
of the positive—definite local Pauli 7p(r; R) and Thomas Fermi,

2|

T,(r; R), kinetic energy densities in the given system,
namely,10 42 n(r; R) = [1 + [tp(r; R) /T,(7r; R)]?]7 L. As it is
well known, 102,42 the ratio 7 (r; R) /T, (7; R) provides the key
information on the relative local excess of kinetic energy density
associated to the Pauli principle, given we have that t,(r; R) =
SVIVi(r; R)I? = (1/8) [Vp(r; R)I?/p(r; R) and 7, (r;R) =
(3/5)(6m*)?/3p(r; R)%/3. n(r; R) takes values in the range
[0,1], the highest values being associated to the spatial
positions  with higher electron localization (as compared to
the arbitrarily chosen uniform electron gas reference).10e 42
Currently, both single—determinantal and correlated wave
functions can be analysed using extended formulations of the
electron localization function. 28,43 A way to obtain the ELF in
excited states of any symmetry have been proposed within the
linear—response time—dependent density functional theory
framework.44

The analysis of the gradient vector field of ELF, V,.n(r;R),
provides a division of the molecular space p(r; R) into basins of
attractors that are, empirically, associated to chemically
meaningful concepts such as atomic cores, valence bonds, lone
pairs, and other elements of chemical bonding.13245,29 The CPs
of n(r; R) and their connectivity determine the ELF molecular
graph of the system, providing a powerful interpretative model
providing important and valuable information about bonding
and reactivity in chemical processes.1% 10f,12 |n such a picture
of bonding, the valence basin densities are delocalized
throughout those associated to the inner atomic shell densities
of core basins. 108, 10f, 12 The valence basins are characterized by
the number of core basins with which they have a boundary.13b
Valence monosynaptic basins can be associated for instance to
electron lone pairs, whereas disynaptic basins are associated to
typical two—centre bonds. Such a synaptic order provides a
useful way to represent multicentre bonds within a topological
framework of rationalization of chemistry.13* The n(r; R) is a
real-valued smooth function on R3 having all types of CPs, i.e.,
(3,-3): attractors or maxima of index 0, (3,-1): saddles of index
1, (3,+1): saddles of index 2, and (3,+3): repellors or minima of
index 3. There is no harm in alternatively defining the index of a
CP as the number of positive eigenvalues of its Hessian.*® The
well-known notation in terms of (rank, signature) of a CP is
above indicated.102 10d, 21 The mathematical concepts of Thom'’s
catastrophe theory can be therefore applied to the analysis of
the gradient dynamical system 7 = —V,n(r;R) (i.e., the
gradient vector field of the local function ELF, where the dot
over the r stands for time derivative). The behavior of such a
gradient system become uniquely defined by the equilibrium
condition V,.n(r; R)=0. Within such a context, a subset of nuclei
space coordinates R can be indeed considered as the external
control parameters, whereas the electronic space coordinates
r define the internal state variables, i.e., a subject to
perturbations from the external variables. The points satisfying
the equilibrium condition are CPs, whose connectivity
determines the molecular graph at the fixed nuclei position. The
CPs of n corresponds to an equilibrium of the system. The
evolution of the equilibria (i.e., the stationary state of CPs at a
given fixed R) is determined by examining the determinant of
the Hessian matrix H;; = dn(r; R)/0r;0r; for CPs at each



configuration (i.e., fixed R). If the determinant of the Hessian
matrix at any CP of n(r; R) is equal to zero, or in practical
applications show a strong tendency to reach this value, such
CP is said to be degenerate or non—hyperbolic, otherwise it is of
the Morse—type or hyperbolic. 2023 The set of configurations of
the control space for which the Hessian matrix of a given CP is
nonzero defines the domain of stability of the critical point. The
system evolves from a domain of stability to another upon small
changes in the control parameters R. If none of CPs of the
system change, the system is said to be located within a given
SSD, which is associated to a bonding state of the system. An
essential fact is that the number of Morse type CPs in each SSD
always satisfies the Poincaré—Hopf theorem.4” Henceforth, the
change of the nuclear space coordinates (i.e., along the chosen
pathway) will determine topological changes implying different
SSDs which are (conceptually) associated to the change in
bonding patterns along the chemical transformation
represented along the chosen pathway.
catastrophes (i.e., a change in the topographic map induced by
the splitting of a non—hyperbolic CP into a finite collection of
isolated hyperbolic CPs) separates different SSDs. That is the
basic hypothesis of such a methodological framework, and it is,
of course, based on the assumption of validity of the Thom’s
conjecture, 2023 which determines the change of the potential
function upon small variations of the control parameters. The
identification of the catastrophe is achieved by examining the
nature of the CPs at the configuration of nuclei that constitute
the bifurcation point (r*,R*). Thom’s theory predicts that,
under suitable conditions,2% 23 the local character of potentials
in the neighborhood of a degenerate CP can be explored
through canonical polynomic forms in 1- or 2— state variables,
i.e., the so—called elementary catastrophes, i.e., fold, cusp,
swallow tail, hyperbolic umbilic, elliptic umbilic, butterfly, and
parabolic umbilic. 2023 So far, and within the BET perspective,
only cusp, fold, and elliptic umbilic elementary catastrophes
have been found to be fingerprints associated with the
elementary processes driven a chemical transformation. We
here stresses that only a precise monitoring of the evolution of
the CPs of n(r; R) along a reaction path, i.e., following changes
in the number and type of all CPs and hence, the determination
of the exact form of the universal unfolding, 2023 will enable the
proper association of bifurcation catastrophes to the key
breaking/forming chemical bonding events. The unfoldings are
simply parametric polynomials of degree equal or greater than
3 in virtue of which is possible to approximate the function
n(r;R) in the locality of a topological bifurcation, after
fulfilment of specific requirements.4l. 48 The set of external
parameters has the effect of splitting the non—hyperbolic CP
into a new set of Morse CPs, i.e., a collection of finite and
isolated non—degenerate CPs. As a result, degeneracy is

Bifurcation

overcome. Henceforth the evolution of the determinant of the
Hessian matrix for CPs of the n(r; R) along a reaction path
provides always a strong and suitable tool for identifying when
a CP will become a non—hyperbolic or a degenerate one.

Computational details

Following Andrés et al.5f findings, all calculations for the DA
reaction were reproduced at B3LYP/6-31G(d) DFT level of
theory using the Gaussian 09 package of programs.4® The IRC22
was obtained with 460 points by using a step size equal to 0.001
amul/2Bohr. The topological analysis of ELF the
characterization of the associated phase—space portrait at each

and

pointincorporating the four type of CPs was performed by using
the Multiwfn52 and VMD5! programs. For each configuration
point along the IRC,22 the fulfilment of the Poincaré—Hopf
theorem has been strictly verified.

Results and discussion

The DA reaction mechanism between 1,3—budatiene and
ethylene reveals seven SSDs separated by 10 catastrophes, as
analyzed along the IRC at the chosen level of theory. 5f We will
focus entirely on the assignment of the nature of topological
bifurcations. The reaction mechanism evolves from SSD-I (1,3—
butadiene + ethylene) to SSD-VII (cyclohexene), with the
transition structure located at SSD-IIl. Figure 1
representative molecular graphs associated to each SSD
including the complete set of CPs. We have labeled the CPs
which are directly involved in each bifurcation, including both
attractors (a;) and saddles of index 1 (s;).

Two catastrophe bifurcations separate SSD—I and SSD-II and
simultaneously emerge in the C3=C4 and Cs=Cg double bonds
regions of 1,3—butadiene. A careful scrutiny of the evolution of
the topographic maps between the SSD—I and SSD-II (panels a
and b in Figure 1) around the first bifurcation state reveals that
whereas two maxima of n(r; R), a; and az, remains essentially
unaltered, the others attractors asz and a4 collide and annihilate
with the accompanying saddle points of index 1, s; and s;,
respectively, evolving towards two wandering point as a result.

reveals

Hence, these catastrophes should be categorized as fold ones in
the Thom's classification29 232 and not as cusp as it has been first
claimed.>f Indeed, this fact can be safely verified by following
the value of the modulus of the determinant of the Hessian
evaluated at each of the implied CP in the vicinity of the
bifurcation. Formally, the observed folds are just one type (i.e.,
F:0+1— wp) of the sixth possibilities for bifurcations
associated to such a type of elementary catastrophe implying
wandering points (wp).
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Figure 1. Molecular graphs associated to each SSD (panels a—g) including all types of CPs of (r; R), i.e., (3,-3): attractors or maxima of index 0, represented in purple color; (3,-1)
saddles of index 1, represented in orange color; (3,+1) saddles of index 2, represented in yellow colour; and (3,+1) repellors or minima of index 3, represented in green colour.
Gradient paths connecting (3,-3) and (3,-1) as well as (3,+3) and (3,+1) are also included. Lewis—type formula representations for each SSD are included for the sake of further clarity
(panel h).
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Figure 2. Variation of the modulus of the determinant of the Hessian matrix of n(r; R)
evaluated at CPs al, a3 and sl (panel a) and a2, a4 and s2 (panel b) for configurations
along the SSD-I preceding the concurrent bifurcations F1 and F2 at the CC double bond
regions in the 1,3-butadiene moiety. The inner plots reveal the ratio between
consecutive values of the |det H|.

Of course, obeying also the necessary condition of fulfilment of
the Poincaré—Hopf theorem in any molecular structure with
hyperbolic CPs (as those featuring any SSD), the only
possibilities for folds are: Frwp «> 0+ 1: FT, Frwp < 0+
3:Ft,and F: wp < 2 + 3: FT, where we use for simplicity just
the index of the implied CPs.

In order to illustrate the basis for such an assignment, Figure 2
depicts the variation of the modulus of the determinant of
Hessian matrix |det H| evaluated at the four (3,-3) and the two
(3,-1) CPs for 25 sequential configurations along the IRC before
bifurcations take place.
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Figure 3. Variation of the modulus of the determinant of the Hessian matrix of
n(r; R) evaluated at the CPs as, as and s3 for configurations along the SSD-II
preceding the bifurcation F3 located at the C;=C, double bond region in the
ethylene moiety. The inner plot reveals the ratio between consecutive values of
the |det H|.

The evolution of the variation of |det H| provides a clear way
for determining the CPs involved in the catastrophes and help
us to uniquely establish a flag of the degeneration. Just before
the bifurcations, the |det H| remains essentially constant for
attractors a; and a;, showing a drop by a factor of 0.99 for both
CPs, whereas it decreases by a factor of about 2 for as, a4, s; and
So.

The examination of the relative distances between the
attractors and saddles involved in the two first catastrophes
evidences that distances as—s; and as—s, are decreased by a
factor of 2.06 each (i.e., varying from 0.0563 A to 0.0273 A),
whereas the a;—s; and a>—s4 slightly increase by a factor of 1.04
each (i.e., varying from 0.2449 A to 0.2559 A), by considering
two configurations along the IRC the concurrent F1 and F2
bifurcations emerges. This suggests that in evolving towards the
bifurcation states F1 and F2, attractors as and a4 are moving fast
in collision with saddles s; and s, respectively, whilst the latter
moved in opposite directions with respect to a; and aj,
respectively. Hence, both the evolution of |detH| and the
relative mobility of these six CPs indicate that maxima a; and a>
cannot be linked to the observed bifurcations. Therefore, the
concurrent topographical changes associated to the region of
double bonds, C3=C; and Cs=Cs, properly correspond to
catastrophes of the fold type in which one attractor and one
saddle collide in each case to yield a wandering point. No
signature of cusp catastrophes could be found.

The third topological bifurcation (separating SSD—Il and SSD-III,
panels b and c in Figure 1, respectively) is associated to the
C1=C; double bond region in the ethylene fragment.
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Figure 4. Vector field (a and c panels), and colour—filled (b and d panels) maps of the electron localization function 7, represented in the plane containing the C1, C2, C3, and C6

centers for the reaction of 1,3-butadiene and ethylene, just after the fourth and fifth catastrophes (a and b panels) and the sixth and seventh bifurcations (c and d panels). All these
catastrophes are of the fold type and are associated to the concurrent emerging of the (3,-3) and (3,-1) CPs in the neighborhood of the carbon centres, namely: at C1 (i.e., a7 and s4)
and C2 (i.e., a8 and s5); and at C3 (i.e., a9 and s6), and C6 (i.e., a10 and s7) occurring within “mixing”’ or conflicting regions.

The variation of the modulus of the determinant of Hessian
matrix, evaluated at the two attractors and the one saddle of
index 1 for 25 points along the IRC before the third bifurcation
F3 take place, is presented in Figure 3. For the maximum as and
saddle s; the |det H| decreases by factors of 14.10 and 6.39,
respectively, whereas it remains almost constant for the
attractor as, exhibiting a drop by a factor of 1.01.

The observed pattern of relative distances between the CPs as—
s3 at two configurations along the IRC before F3 take place
reveals a decreasing by a factor about 9 (i.e., varying from
0.0864 A to 0.0097 A), whereas the distance as—s; is indeed
increased by a factor of 1.45 (i.e., from 0.0475 A to 0.0687 A).

This fact suggests that attractor as is moving remarkably faster
towards the saddle, whereas as moves in the opposite direction
just before the bifurcation emerges. One should safely describe
the change of the topographic map at C;=C, double bond of
ethylene by stating that the maximum as collided with the
saddle s3 and both CPs are annihilated as a direct consequence
of such process. Henceforth, since the attractor as is not
involved in the third bifurcation, the qualitative change in the
phase—portrait of the ELF should be associated with a fold
elementary catastrophe, again one of the F: 0 + 1 — wp type.



These findings stress that no cusp catastrophes are associated
to the “activation’” of the double bonds in the first stages of the
DA reaction between butadiene and ethylene. Such an
activation is related to the mutual polarization that approaching
reagents introduce one each. These changes will vyield
immediately to concentration of the nonbonding electron
density in the neighborhood regions associated to the terminal
carbons in both interacting species. In the first place we observe
the fourth and fifth catastrophes (separating SSD—IIl and SSD—
IV, panels ¢ and d in Figure 1, respectively) which take place
simultaneously at the neighborhood of the carbons in the
ethylene fragment. Then, the sixth and seventh catastrophes
(separating SSD—-IV and SSD-V, panels d and e in Figure 1,
respectively) which take place simultaneously at the
neighborhood of the terminal carbons in the 1,3—butadiene
fragment. All these catastrophes correspond indeed to the type
Ft:wp — 0+ 1 as discussed earlier.5f Complementarily to
such an analysis, these bifurcations should be properly
described by considering that the flow, generated by solving
V,n(r; R)=0, pushes a regular point of n(r; R) into the basin of
an attractor passing through a region where lines representing
the field are oriented in opposite directions. Therefore, from a
formal mathematical point of view the so—called wandering
point can now be seen as a CP which degenerates given the
instability that characterizes the ““mixing’’ or conflicting region
through which it moves. The transversal intersection of the
space constructed over the chosen control subspace with that
one structured from the so—called bifurcation set, forces the
degenerate CP to break into two hyperbolic CPs (e.g., an
attractor and a saddle in the present case, i.e., a; and s; at Cy,
as and ss at C; in the fourth and fifth concurrent catastrophes,
and a9 and ss at C3, and azp and sy at Cg, in the case of the sixth
and seventh simultaneous bifurcations, see Figure 4). The
changes of the phase—space portrait by virtue of an increasing
in the number of CPs can be therefore traced back to the
transversality condition.2% 23 Hence, these bifurcations can be
naturally associated with the fold elementary catastrophe since
the above arguments should be hold in order to properly
describe both bifurcations. Commonly, the “scale of time” (in a
way of speaking) for the described process is too small to be
captured by any a posteriori methodology as traditionally
employed in practical applications of BET.52 9. 24,2740 \We recall
here that all changes in a topologically defined molecular
structure should be always traced back to the emergence of
non—-Morse or degenerate critical points (in R3, those CPs
where the rank of the Hessian matrix is equal to three). It is
because these points, which are unstable in the local potential
under study with respect to the changes induced by external
factors (e.g., nuclei displacements) cause the system evolves
towards stable configurations, i.e., with no degenerate or
hyperbolic critical points only.20.23

The concurrent eighth and ninth catastrophes separate the
SSD-V and SSD-VI (panels e and f in Figure 1, respectively), are
associated to the topological changes in the new CC bonds
forming regions. The variation of the modulus of the
determinant of Hessian matrix for attractors a7, a8, a9 and al0

as well as for the saddles s8 and s9 is revealed in Figure 5. It
should be noted that the s8 and s9 CPs are present along the
precedent SSDs I-VI. The |detH|for a9, al0, s8 and s9
decreases by a factor ranging from 1.59 to 1.68, whereas for
maxima a7 and a8 it exhibits a drop by a factor of 1.30 for both
CPs.
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Figure 5. Variation of the absolute value of the determinant of the Hessian matrix
evaluated at the CPs ay, ag, and s; (left, a) and at the critical points ag, a;p and sy (right,
b) for points along the IRC before the eighth and ninth bifurcations occurred at the region
of the new C—C bond forming. The inner plots reveal the ratio between consecutive
values of the |det H|.

Moreover, before the bifurcations the curves of the |det H| for
the maxima tends to be parallel, but then they exhibit a
crossover which suggest that as the occurrence of the
bifurcations approach the rate of decreasing of the determinant
of the Hessian for a9 and al0 is faster than that the one for a7
and a8, respectively.

Indeed, the examination of the relative distances between the
attractors and saddles involved in the two first catastrophes
evidences a decreasing by a factor of 1.05 of distances a7—s8
and a8-s9 each (i.e., varying from 0.1596 A to 0.1519 A),
whereas the a9—s8 and al0-s9 decreases by a factor of 1.39
each (i.e., varying from 0.1131 A to 0.0816 A), by considering
two configurations along the IRC before F8 and F9 bifurcations.
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Figure 6. Vector field (panel a), and colour—filled (panel b) maps of the electron
localization function 7, represented in the plane containing the C;, C;, C4, and Cs carbon
centres for the reaction of 1,3-butadiene and ethylene, just after the tenth catastrophe
(F10) occurring within a “mixing” or conflicting region located at the C,—Cs bonding
region. It corresponds to fold bifurcation associated to the concurrent creation of CPs or
index 0 (az,) and 1 (s30) from a wandering point.

Thus, based on the behavior of the |detH| and relative
distances between the CPs in the neighborhood of bifurcations,
we can establish that as and aie as well as saddles sg and sg
exhibit a clear tendency to degenerate, whereas this is not the
case for ayand as. Furthermore, the magnitude of the difference
of the relative distance indicates that as and ai tend to collide
with sg and so, respectively, since the former points move
towards the corresponding saddle faster in comparison to the
observed behavior for attractors a; and as. This suggests that
maxima a; and ag must not be linked to the bifurcations, and

8|

bifurcations should be properly described in terms of two
simultaneous folds, and not in terms of cusps types as
previously remarked. 5
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Figure 7. Variation of the modulus of the determinant of the Hessian matrix of n(r; R)
evaluated at the critical points a;; for configurations along the SSD-VI before the
bifurcation occurs at the C,—Cs bond region. The inner plot reveals the ratio between
consecutive values of the |det H|.

The last topological bifurcation (tenth) is related to the
topological change located at the CC bonding region between
carbons C; and Cs along the path vyielding the formation of
cyclohexene. F10 is associated to the emerging of both the
attractor a;; and the saddle s;p of index equal to 1 in the
neighborhood region of the maximum a;;. This event can be
described by the same arguments given for bifurcations
emerging from wandering points (catastrophes fourth and
fifth), now revealed for F10 in Figure 6. The behavior of the
|det H| for ay; is revealed in Figure 7. Note that preceding the
tenth bifurcation, it exhibits indeed a pronounced increase. Just
after the bifurcation took place, the relative distance between
the CPs ai; and sip was about 37 times greater than that one
between the latter point and a2 Itis clear that the attractor a1
exhibits no tendency to degenerate, being in fact located quite
far from the saddle s;o. These results indicate that the attractor
a; is not involved in the topological bifurcation, and the
hyperbolic CPs a;2> and s;p must come from a wandering point
that became a degenerate CP and eventually unfolded. These
facts emphasize that the bifurcation tenth must be associated
to a fold elementary catastrophe, namely, FT: wp — 0 + 1.

Conclusions

The assignment of the nature of elementary catastrophes
featuring the Diels—Alder reaction mechanism between 1,3—
butadiene and ethylene has been re—examined in the present
work. On the basis of both the evolution of the determinant of
the Hessian matrix evaluated at the involved critical points as
well as its associated relative distances, we provide strong
support for an affirmative answer to the title question, namely,
that only fold catastrophes are implied in the process. Such a
methodological framework enables to clarify in an



unambiguous way the nature of each catastrophe, allowing an
adequate characterization that is coherent with all formalities
behind the theory. Surprisingly, no flags for cusp bifurcations
has been detected along the intrinsic reaction path, even to
those associated to the region where the two new CC bonds are
formed. Regarding chemically relevant events, the mechanism
can be henceforth claimed to be rationalized in terms of seven
structural stability domains separated by a sequence of 10
elementary catastrophes of fold (F and F) type, i.e., C4Hg + CoHy
: 1-7-[FFIF[FTFT][FTFT][FF]JF*—=0 : CeHio, Where 8 bifurcations
occurs simultaneously. It is certainly remarkable all the
forming/breaking processes of the chemical bond along this
cornerstone reaction mechanism can be associated to the
simplest unfolding within the framework of elementary
catastrophe theory. 20. 23 |t stresses that main bonding changes
along the reaction coordinate can be properly studied by using
the simplest of the Thom’s catastrophe functions, namely, the
1—(state) variable, 1-(control) parameter function. That s, in the
neighborhood of a degenerate critical point around the
bifurcation configuration, the local character of the electron
localization function can be studied in terms of the canonical
decomposition associated to the fold function, i.e., n = (x3 +
ux) + (A,y% + A3y2).20. 233 41 Here, x stands for the only
coordinate associated to the zero eigenvalue of the Hessian
matrix, whereas the last Morse part is written in terms of the
non-zero eigenvalues (4;) and associated directions (y;), after
the required smooth changes of variables.23® In the present
case of the DA reaction, the control parameter u can always be
chosen as the interatomic distance between the implied carbon
These surprising findings suggest that earlier
conclusions draw from simplified methodological frameworks

centers.

will require careful reexaminations. We hope these results can
further stimulate the discussion of research concerning the
detailed characterization, and analysis of
chemical processes and reactivity within the methodological

identification,

framework that offers bonding evolution theory framework2:
based on the combined used of topological analysis of ELF and
catastrophe theory.
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