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Abstract

We present an efficient ab initio non-Hermitian Floquet method for computing the
photoionization resonances of an electronic system interacting with linearly po-
larized monochromatic laser light. Unlike the direct "brute force" diagonalization
method, which has been used for huge Floquet matrix eigenvalue problems, the
new method follows a simple iterative process. The computational advantages of
the iterative method are very remarkable as it avoids computation, storage, and
diagonalization of the huge Floquet matrix. The new method can also be used in
conjunction with the ab initio computational techniques that were originally de-
veloped for the field-free bound state calculations. The method is best illustrated
with the photoionization resonance of the hydrogen atom.

1. Introduction

The Floquet methods have been applied to a wide range of atomic and molecu-
lar multiphoton processes [1, 2, 3, 4]. The Floquet formalism allows the reduction
of periodic or quasi-periodic time-dependent Schrödinger equation into a time in-
dependent matrix eigenvalue problem. The method is based on the use of Floquet-
type operator in an extended Hilbert space which was introduced by Sambe for
the time-periodic Hamiltonian [5] and was extended by Howland for the general
time-dependent Hamiltonian [6]. The spatial part of the composite Hilbert space
is spanned by an orthogonal set of square-integrable basis functions and the tem-
poral part is spanned by a complete orthogonal set of time-periodic functions.
Direct ‘brute force’ diagonalization of the Floquet Hamiltonian represented in the
extended Hilbert space is the most frequently used method for solving the Floquet
eigenvalue problem. Another method for solving the time-dependent periodic
and quasi-periodic problems is the (t, t′) formalism [7]. The (t, t′) formalism has
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the advantage of incorporating the Floquet methods in the existing computational
frameworks that were originally developed for time-independent Hamiltonian [8].
In the (t, t′) formalism, t′ acts as an additional time coordinate and the opera-
tor that defines the system interacting with the field, H = H(r, t′) − i~∂/∂t′, is
treated as a time-independent operator. The cost of computation for the direct di-
agonalization and the (t, t′) methods sharply increases with the number of spatial
and temporal basis sets.

In this Communication, we present a new iterative method for calculating pho-
toionization resonances of an electronic system interacting with a linearly polar-
ized monochromatic field. The goal of the new method is to make use of the
existing ab initio bound state methodologies (i.e., using the L2 basis set) in a
computationally viable way for the photoionization resonance states which are
embedded in the continuum. The analytical continuation of the Hamiltonian us-
ing complex scaling [9, 10, 11, 12, 13] plays a fundamental role in our formu-
lation of the new iterative procedure. In the complex scaling formalism, we have
the advantage of treating the resonance state using the L2 basis sets. The funda-
mental works by Balslev and Combes [9, 11] and by Simon [10] have provided
the underlying mathematical foundations for this method. The complex scaled
Hamiltonian is obtained when a dilation transformation r → rη, using a complex
scaling parameter η = eiθ, is applied for the electronic coordinates. The com-
plex scaling transformation of the electronic coordinates results a non-Hermitian
Hamiltonian and may have complex eigenvalue corresponding to the resonance
state with a finite lifetime. A detailed description of the non-Hermitian formalism
can be found in monographs and books that are devoted for the many-electron
resonance problems [12, 13, 14]. The resonance wavefunctions become square-
integrable upon the complex scaling transformation. Thus, the complex scaling
method has the fundamental advantage of associating a resonance state with a sin-
gle wavefunction which is embedded in the generalized Hilbert space instead of
a wavepacket (i.e., a collection of continuum eigenstates of the non-scaled Her-
mitian Hamiltonian). Within the complex scaling approach, the energy position
(Eres) and the width (Γ) of a resonance are associated with the complex eigenval-
ues, Eη = Eres − iΓ/2, of the complex scaled Hamiltonian.
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2. Non-Hermitian Floquet method

Here we discuss briefly the non-Hermitian Floquet formalism for the calcula-
tion of photoionization resonance, as being formulated by Chu and Reinhardt [15].
The complex scaled time-dependent Schrödinger equation for a system interacting
with an external laser field is given by(

H
(η)
FF (r) + V (η)(r, t)

)
Ψ(η)
α (r, t) = i~

∂

∂t
Ψ(η)
α (r, t), (1)

where H(η)
FF (r) is the complex scaled field-free Hamiltonian and V (η)(r, t) is the

complex scaled time dependent operator corresponding to the light-matter inter-
action. The elctronic coordinate r in the wavefunction Ψ

(η)
α (r, t) symbolizes all

spatial and spin components. The complex scaled time-dependent operator which
describes the interaction of an atom with a linearly polarized monochromatic laser
field with frequency ω and maximum field amplitude ε0 can be written in the
length gauge using the dipole approximation as

V (η)(r, t) = ε0D
(η)(r) cos(ωt) (2)

where D(η)(r) is the complex scaled electric dipole operator for an electric filed
with polarization vector ez, i.e.,

D(η)(r) = −η
∑
i

ez · ri (3)

According to the Floquet theorem, there are particular solutions Ψ
(η)
α (r, t) of equa-

tion (1) obeying an ansatz [16]

Ψ(η)
α (r, t) = e−iε

QE
α t/~Φ(η)

α (r, t). (4)

where Φ
(η)
α (r, t) is time-periodic function with the period T = 2π/ω and εQEα

is the complex quasienergy which gives the photoionization decay width ΓQEα =
2ImεQEα . The complex scaled Floquet eigenenergy equation can be written as

H
(η)
f (r, t)Φ(η)

α (r, t) = εQEα Φ(η)
α (r, t), (5)

where H(η)
f (r, t) is the complex scaled Floquet Hamiltonian,

H
(η)
f (r, t) = H

(η)
FF (r) + ε0D

(η)(r) cos(ωt)− i~ ∂
∂t

(6)
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and the time variable t is considered as an additional coordinate. The basic prob-
lem in the calculation of photoionization resonance rate of decay is to construct
the Floquet Hamiltonian in a given composite basis and to solve the eigenvalue
equation (Eq. 5). In principle, this problem can be solved by conventional numer-
ical techniques used for diagonalizing large complex symmetric matrices. How-
ever, we avoid this heavy computational task by developing an efficient itera-
tive minimization formalism which is particularly suitable when we are interested
in a particular resonance state which is associated to a uniquely defined field-
free reference state. It should also be noted that the analytical continuation em-
ployed in the non-Hermitian Floquet method is by no means limited to the com-
plex scaling method. The other widely used analytical continuation techniques
such as complex absorbing potential methods and the continuum remover meth-
ods [17, 18, 19, 20, 21] can also be used as the analytical continuation scheme in
the general iterative procedure which will be discussed in the following section.

3. The new iterative method

We will begin our formal treatment of the iterative method by constructing
a complete bi-orthogonal set of time-periodic functions {χ(r, t)} which spans
the composite Hilbert space. The spatial part of the composite Hilbert space is
spanned by the complete set of eigen solutions {ϕ(η)

i (r)} of the complex scaled
field-free Hamiltonian,

H
(η)
FF (r)ϕ

(η)
i (r) = Eη

i ϕ
(η)
i (r), (7)

and the temporal part is spanned by a complete orthogonal set of time-periodic
functions {einω}, i.e.,

χ
(η)
i,n(r, t) = ϕ

(η)
i (r)einωt

i = 1, 2, .....Nr, n = 0,±1,±2....±Nt

(8)

whereNr is the total number of spatial basis functions andM = 2Nt+1 is the total
number of time-periodic basis functions used. For the sake of clarity, we recall
here that the eigenfunctions {ϕ(η)

i (r)} of a non-Hermitian Hamiltonian satisfy
the orthonormality and closure relations only when the inner product definition is
altered into c-product [22], i.e.,〈

ϕ
(η)∗
j (r)

∣∣∣ϕ(η)
i (r)

〉
= δij (9)
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Having defined a complete bi-orthogonal set of time-periodic basis functions
{φηi (r)einω}, the exact wavefunction of the Floquet Hamiltonian defined in a given
given basis set can now be expressed as,

∣∣Φ(η)
α (r, t)

〉
=

Nr∑
j=1

+Nt∑
n=−Nt

cαj,n

∣∣∣ϕ(η)
j (r)

〉
einωt , (10)

We now assume that one of the non-degenerate eigenfunctions of the field-free
Hamiltonian,H(η)

FF (r), is a zeroth order approximation to the exact solution, |Φη
α(r, t)〉,

of the complex scaled Floquet Hamiltonian, H(η)
f (r, t), that we are investigating.

Furthermore, we shall also impose the intermediate normalization in the following
(using the c-product rather than the usual scalar product), i.e.,

1

T

T∫
0

dt
〈
ϕ∗α(η)(r)

∣∣Φ(η)
α (r, t)

〉
= 1 (11)

This is well fulfilled in practice even for large field intensities. The exact solu-
tion, |Φη

α(r, t)〉, in the intermediate normalized form is obtained when cαα,0 = 1 in
equation (10). We now assume that the zeroth order function is known, and we
proceed to find the coefficients for the remaining part of the exact wavefunction.
In order to accomplish this, we return to the Floquet eigenvalue equation (Eq. 5),
which we write as(

Hf (r, t)− E(η)
α

) ∣∣Φ(η)
α (r, t)

〉
= ∆εQE(η)

α

∣∣Φ(η)
α (r, t)

〉
, (12)

where
∆εQE(η)

α = εQEα − E(η)
α (13)

Operating by 1
T

T∫
0

dte−iλωt
〈
ϕ∗
k(η)(r)

∣∣ from the left on to Eq. (12), we get the equa-

tions for the coefficients in the basis set expansion of |Φη
α(r, t)〉,

1

T

T∫
0

dte−iλωt
〈
ϕ∗k(η)(r)

∣∣ (Hf (r, t)− E(η)
α

) ∣∣Φ(η)
α (r, t)

〉
= cαk,λ ∆εQE(η)

α ,

λ = 0,±1,±2, ....±Nt, k = 1, 2...., Nr .

(14)
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Using Eq. (10), Eq. (14) becomes,

1

T

T∫
0

dt e−iλωt
Nr∑
j=1

+Nt∑
n=−Nt

cαj,n
〈
ϕ∗k(η)(r)

∣∣H(η)
f (r, t)− E(η)

α

∣∣∣ϕ(η)
j (r)

〉
einωt

= cαk,λ ∆εQE(η)
α .

(15)

Using the fact that the field-free basis set used are bi-orthogonal, after integrating
over the time coordinate, the left-hand-side of Eq. (15) can be written as

1

T

T∫
0

dt e−iλωt
Nr∑
j=1

+Nt∑
n=−Nt

cαj,n
〈
ϕ∗k(η)(r)

∣∣H(η)
f (r, t)− E(η)

α

∣∣∣ϕ(η)
j (r)

〉
einωt

=
Nr∑
j

+Nt∑
n=−Nt


cαj,nE

(η)
j δk,jδλ,n+

ε0

2
cαj,n
〈
ϕ∗k(η)(r)

∣∣D(η)(r)
∣∣∣ϕ(η)

j (r)
〉
δ(λ±1),n−

cαj,nE
(η)
α δk,jδλ,n+

cαj,nn~ωδk,jδλ,n

,
(16)

i.e., the diagonal elements of the matrix elements due to the left projection of ba-
sis set functions on to Eq. (12) equal the electronic field-free energies dressed
by an integer number of photons and its off-diagonal elements are determined by
couplings of dressed states that differ by exactly one photon. Using the simplifica-
tions employed in Eq. (16), the equations for the coefficients can now be written
as

ε0

(
Nr∑
j=1

(
cαj,λ+1 + cαj,λ−1

) 〈
ϕ∗
k(η)(r)

∣∣D(η)(r)
∣∣∣ϕ(η)

j (r)
〉)

2
(

∆ε
QE(η)
α − E(η)

k + E
(η)
α − λ~ω

) = cαk,λ

λ = 0,±1,±2, ....±Nt, k = 1, 2...., Nr.

(17)

Since |Φη
α(r, t)〉 is intermediately normalized (i.e., cαα,0 = 1), the equation for cαα,0

serves as an equation for the ∆ε
QE(η)
α , i.e.,

Nr∑
j=1

ε0

2

(
cαj,1 + cαj,−1

) 〈
ϕ∗α(η)(r)

∣∣D(η)(r)
∣∣∣ϕ(η)

j (r)
〉

= ∆εQE(η)
α (18)

As one can see from Eq. (18), ∆εαQE(η) is solely determined by the coefficients of
the Fourier functions containing one photon (n±1) , i.e., cαj,1, and cαj,−1. However,
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the equation for the coefficients cαj,1, and cαj,−1 contains and, hence, couples with
the coefficients of the Fourier components that differ by one photon, as being
shown in Eq. (17). At the end of this derivation we have a hierarchy of equations
that must be solved simultaneously to obtain the ∆ε

QE(η)
α . These sets of equations

are extremely large if a large number of field-free basis or Fourier-basis functions
are used.

Below we discuss the important steps involved in writing an efficient computer
program for solving the equations for quasienergy and the expansion coefficients.
Computational efficiency can be achieved by formulating each of the equations
as matrix-matrix or matrix-vector products, for which the modern computers are
particularly adopted. For example, the set of coefficients can be stored as a matrix
with elements Cj,ν = cj,(Nt+1−ν), where c is the coefficient from eq. 10 and the
row and column indices (j and ν) are assigned for filed-free electronic basis set
and the the Fourier basis functions, respectively.

C =


cα1,Nt
cα2,Nt

...
cαNr,Nt

cα1,Nt−1

cα1,Nt−1
...

cαNr,Nt−1

· · ·
· · ·

...
· · ·

cα1,1
cα2,1

...
cαNr,1

cα1,0
cα2,0

...
cαNr,0

cα1,−1

cα2,−1
...

cαNr,−1

· · ·
· · ·
...
· · ·

cα1,−(Nt−1)

cα2,−(Nt−1)
...

cα2,−(Nt−1)

cα1,−Nt
cα2,−Nt

...
cαNr,−Nt


(19)

Similarly, the left-hand-side of Eq. (17) could be represented as product of a
dipole matrix and a modified coefficient matrix. The contraction between these
matrices given explicitly in Eq. (17) could be then written as a multiplication
between the dipole matrix D and modified coefficient matrix B to produce the
coefficient matrix:

C = DB(C,∆εQE(η)
α ) (20)

where the individual element of the D and B matrices may be denoted as

Di,j =
〈
ϕi

(η)∗(r)
∣∣∣D(η)(r)

∣∣∣ϕ(η)
j (r)

〉
(21)

with

Bj,ν =
ε0

2

Cα
j,ν+1 + Cα

j,ν−1

∆ε
QE(η)
α − E(η)

j + E
(η)
α − (Nt + 1− ν)~ω

(22)

The matrix equation (Eq. 20) can be solved by iterative methods. The initial guess
may be inserted into the right-hand-side of Eq. (20) and subsequently used to get
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new coefficients and ∆ε
QE(η)
α ,

Citn = DB(Citn−1,∆ε
QE(η)
α itn−1) (23)

where itn denotes the iteration number. For example, in the first iteration ∆ε
QE(η)
α

is kept to zero and the coefficients are also taken to be zero except for cαα,0. In
order to keep exact wavefunction to be intermediately normalized with the zeroth
order wavefunction, the coefficient cαα,0 is always kept unity. The iterative process
is continued until convergence is reached for ∆ε

QE(η)
α and for the coefficients.

A simplified schematic representation of the computational algorithm is given in
figure (1).

4. Numerical example

As a test case for the iterative procedure developed above, the quasienergy
associated with the ground state of the field-free hydrogen atom were calculated.
The complex scaled field-free eigen solutions of the hydrogen atom were calcu-
lated using the diagonalization of the complex scaled field-free Hamiltonian in a
d-aug-pV6Z basis set. The calculations were done without the h type basis func-
tion of the d-aug-pV6Z basis set. The field-free eigen solutions were used as a
basis for the iterative calculation for the non-Hermitian Floquet Hamiltonian.

In our calculations for the quasienergy, the maximum field amplitude is held
fixed at ε0 = 0.025 a.u (I = 2.1934x1013W/cm2) and the laser frequencies are
varied for 0.5 a.u. ≤ ω ≤ 0.7 a.u. The quasienergy calculations were performed
using 175 field-free basis sets and 21 Fourier basis functions (Nt = 10). The
convergence of both the wavefunction (see Eq. (10)) and the quasi energy (see
Eq. (18)) from iterative method are very rapid and only less than twenty iterations
were enough for obtaining micro-hartree accuracy. The convergence of the quasi-
energy alone is even much faster as it depends only on the the convergence of the
coefficients cαj,1 and cαj,−1 (see Eq. (18)). Since cαj,1 and cαj,−1 directly coupled to
cαα,0 (i.e., the coefficient of the field free state of interest), their convergence is very
fast. In our numerical calculation, these coefficients and, hence, the quasi energy
always converge in less than 6 iterations. The resonance position and width were
obtained from the cusp in the η-trajectory of the complex quasi-energy [23]. The
position and the rate of decay of the resonance state corresponding to the field
perturbed ground state are shown in figures (2) and (3) respectively. The results
obtained by using our new method are in complete agreement in all significant
digits with the results that were obtained from the straightforward diagonalization
of the non-Hermitian Floquet Hamiltonian when the same basis set has been used.
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5. Concluding remarks

The new iterative non-Hermitian Floquet method is formally very simple and
straightforward to implement. The eigenvalues and eigenvectors associated with
a particular field-free reference state is computed without storing large Floquet
Hamiltonian matrix and without doing the diagonalization which scales the cost
of computation as N3, where N = Nr(2Nt+ 1) is the total number of composite
basis set used. If N is larger than several thousands, its diagonalization becomes
computationally prohibitive. Our iterative method requires only the multiplication
of two small matrices, i.e., the multiplication of the square matrix D of size Nr

with the matrix B of size Nr − by − (2Nt + 1). As we have illustrated, how-
ever, the matrix B depends on the unknown exact energy. Hence, self-consistency
procedure is required. This limits the application of the method to treating just
one energy level in one computation. However, it is not a serious limitation. In
most practical applications (harmonic generation, above threshold ionization), the
laser pulses are selected to populate only one photoinduced resonance state [24].
Since the eigenfunction for the resonance state are also computed in the iterative
procedure, it can also be used for the ab initio calculation of the high harmonic
generation spectra [8]. The iterative non-Hermitian Floquet methods can also be
used in conjunction with the ab initio electronic structure methods, which have
been conventionally used for computing the Field-Free eigen solutions and prop-
erties, for solving the photoionization resonances. Interestingly, an ab initio mul-
tireference configuration interaction method for the Hermitian Floquet problem
has been recently discussed in the literature [25, 26, 27]. The iterative procedure
can also be used for improving the computational efficiency of such a Floquet for-
malism. Finally, there is also a close analogy between the post Hartree-Fock ab
initio electron correlation calculation of the time-independent formalism and the
iterative method developed in this Communication. In the ab initio electron corre-
lation formalism, the analogous quantity ∆ε is often referred to as the correlation
energy due to the coupling of the mean-field solutions by the two-electron oper-
ator used in the post Hartree-Fock methods [28]. However in our case, ∆ε

QE(η)
α

arises due to the dipole coupling introduced in the Floquet method for the field-
free solutions.
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Start

cαj,n
j 6=α

= 0; n = 0,±1,±2...,±Nt , and j = 1, 2.., Nr

cαα,0 = 1 ∆εQE(η)
α = 0

C = DB(C,∆εQE(η)
α )

∆εQE(η)
α =

∑
j

Dα,j

(
cαj,1 + cαj,−1

)

If∣∣∣δ(εQE(η)
α )

∣∣∣ 6 τ

End

Yes

No

Figure 1: A simplified flow diagram for the computation of quasienergy is shown. The matrices
D and B are defined in equations (21) and (22). The quantity δ(εQE(η)

α ) is the difference in the
quasienergy between two successive iterations and τ is the threshold for convergence.
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Figure 2: The position of the photoionization resonance state as a function of laser frequency is
shown. The solid line represents the results from the iterative method; the circled marks represent
the results from the diagonalization method.
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Figure 3: The width of the photoionization resonance state as a function of laser frequency is
shown. The solid line represents the results from the iterative method; the circled marks represent
the results from the diagonalization method.
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