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ABSTRACT: When describing nonadiabatic dynamics based on trajectories, severe
trajectory branching occurs when the nuclear wave packets on some potential energy
surfaces are reflected while those on the remaining surfaces are not. As a result, the
traditional Ehrenfest mean field (EMF) approximation breaks down. In this study, two
versions of the branching corrected mean field (BCMF) method are proposed. Namely,
when trajectory branching is identified, BCMF stochastically selects either the reflected
or the non-reflected group to build the new mean field trajectory or splits the mean field
trajectory into two new trajectories with the corresponding weights. As benchmarked
in six standard model systems and an extensive model base with two hundred diverse
scattering models, BCMF significantly improves the accuracy while retaining the high
efficiency of the traditional EMF. In fact, BCMF closely reproduces the exact quantum
dynamics in all investigated systems, thus highlighting the essential role of branching

correction in nonadiabatic dynamics simulations of general systems.



Nonadiabatic dynamics have attracted substantial interest in the past decades.
Many important phenomena in chemistry, physics, biology, and material sciences (e.g.,
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proton transfer, > photoisomerization,** charge transport,>® exciton dissociation,”
nonradiative energy relaxation®!) all fall into the category of nonadiabatic dynamics.
Compared with adiabatic dynamics, nonadiabatic dynamics involve strongly coupled
electronic and nuclear motion, and thus are generally difficult to deal with theoretically.
The fully quantum simulations give accurate description but are normally too expensive
to carry out in complex systems. Comparatively, mixed quantum-classical dynamics
(MQCD) methods are widely utilized due to the potentially good balance between
efficiency and reliability. Nowadays, the Ehrenfest mean field (EMF),!! Tully’s fewest
switches surface hopping (FSSH),!? and their many variants have become the most
popular approaches for nonadiabatic dynamics simulations in different fields.!*
Both EMF and FSSH utilize the time-dependent Schrédinger equation (TDSE) to
characterize the electronic wavefunction evolution.'"'? Their major difference lies in
the description of nuclear motion. In EMF, the nuclei evolve on a single effective
potential energy surface (PES), which is obtained through averaging over all the
electronic states and using the quantum populations as weights. In comparison, FSSH
forces the nuclei to move on an active PES at any time and allows stochastic surface
hops between PESs according to the nonadiabatic coupling. As a result, FSSH can take
into account the different motion of nuclear wave packets (WPs) on different PESs.
FSSH has shown higher reliability,'>?!>? better detailed balance,?>* and the ability to

describe both strong and weak polaronic effects,?6->® implying that surface hops play an
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important role in the great success of the trajectory surface hopping (TSH) approach
for nonadiabatic dynamics simulations.

In the literature, decoherence correction has been extensively studied in the field
of MQCD,?*** and many different algorithms have been proposed.’!*** It is widely
assumed that there is only one effective WP on each PES along a trajectory and the total
wavefunction can be constructed on the basis of these WPs. As the WPs move with
different speed and acceleration, their overlap gradually decays with time. Such decay
of mixing has been widely utilized to define the decoherence rate as a function of

force®!-33

or energy>*3¢ differences between different PESs under frozen Gaussian*® and
short time approximations. Auxiliary WPs have also been introduced to explicitly
propagate on the adiabatic PESs and certain criterions of their overlaps have been
utilized to reset the wavefunction coefficients.’’*® A more robust decoherence rate
formula has also been derived by Subotnik and coworkers from the quantum Liouville
equation.’**! When WP reflection happens, however, the overlap between the relevant
WPs decays rapidly within a very short period, preventing the definition of a standard
decoherence rate. Recently, we have proposed the branching corrected surface hopping
(BCSH) method, which deals particularly with the trajectory branching due to WP
reflection without using decoherence rates.** As benchmarked in a series of standard
model systems, BCSH reproduces almost the exact quantum results, indicating the
important role of branching correction in TSH simulations.

In this work, a branching corrected mean field (BCMF) method is presented. We

show that BCMF also gives very good description of nonadiabatic dynamics in standard
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model systems and an additional model base consisting of two hundred diverse models.
Actually, the accuracy of BCMF is as high as that of BCSH. Thereby, we show that
making stochastic surface hops does not seem to be always essential while the proposed
branching correction has universal significance in MQCD simulations.

We start with the traditional EMF approach to simulate a general system consisting
of both nuclear and electronic degrees of freedom, whose coordinates are R and r,

respectively. The total system Hamiltonian is expressed as

H=T,+T +V(r,R), (1)

A A

where Tp and T, are nuclear and electronic kinetic energy operators, and V (I, R)

covers all relevant interactions. Usually, we rewrite the Hamiltonian as
H=T,+H,(rR), @)
where |:|0(r, R) ='|:r +\7(I‘, R) denotes the electronic Hamiltonian for fixed nuclear

coordinates R. The electronic subsystem at a given time ¢ is described quantum

mechanically by the wavefunction, w(r, t)>, and the evolution follows the TDSE,

. Oly(r,t) n
|h|T>:HO(r,R(t))|1//(r,t)>. 3)
The nuclear motion is governed by the classical Newton equation through the gradient

of the expectation value of the system energy,'!

P _

p ~Ve () Hy (r,R®)|w(r,tb), 4

where P are the nuclear momenta. The EMF simulation of nonadiabatic dynamics is
realized through iteratively solving the combined Egs. (3) and (4).

EMF can be viewed as the classical limit of the time-dependent self-consistent field



(TDSCF) theory***” and can also be derived from the mixed quantum-classical
Liouville (MQCL) equation.*®*’ Following the traditional picture of TDSCF, the total

nuclear-electronic wavefunction is approximately factorized as*

1% (r,R, 1)) =|w(r,))| Z(R,t))exp{% j; Eo(t')dt'} . 5)

Here, (¥ (r,t)) and ‘ ;((R,t)) are electronic and nuclear wavefunctions at time ¢, and
Eo(?) is a phase factor. Apparently, the nuclear WPs on different PESs are approximated
by an effective WP in the traditional EMF approach. To go beyond this approximation,
we return to the original picture, that is, there exists one WP component on each PES.
For the sake of simplicity and without loss of generality, we consider only one classical
degree of freedom and two electronic levels hereafter unless otherwise noted. However,
the approach can be easily generalized to more complex systems. As shown in Figs. 1A,
1B, and 1C, an effective WP with coordinate R is assumed to provide a good description
of the system. Thus, all the WP components approximately locate at the same position

R. The momentum of the WP on the ith PES, P;, can be obtained based on the

assumptions of parallel momenta and energy conservation,

Pi = 77P > (6)
P—2 P2
$+Ei:%+Eavg‘ (7)

Here, P is the momentum of the effective WP, # is a positive number to be solved, m is
the nuclear mass, £; and E,, are energy of the ith PES and the average potential energy
at coordinate R. Following previous studies,* P; is set to be positive infinitesimal when

Eq. (7) cannot be fulfilled.



If we focus only on the position and momentum, WP dynamics on a PES can be
reasonably described by the corresponding Newton equation. Apparently, the EMF
approximation works well when the WP trajectories on different PESs are similar.
When they branch in the phase space, however, one effective WP cannot represent the
overall behavior anymore and additional corrections are necessary. The most significant
mechanism of trajectory branching is associated with WP reflection.*? As shown in Fig.
1, there exist three different types of WP branching in the mean field picture. When the
WPs on some adiabatic PESs are reflected (see Figs. 1D and 1E), their trajectories
become considerably different with those of other WPs. Using the original effective WP
(see Figs. 1A and 1B) as a reference, we may classify the quantum states into two
subgroups: one RG group with reflected WPs and one NRG group with non-reflected
WPs in general multilevel systems. The WPs of the two groups separate quickly and
soon become decoupled. As a result, the traditional TDSE in Eq. (3) also breaks down.
In these circumstances, each of the RG and NRG groups should be described by their
own effective WP after WP branching within the mean field machinery (see Figs. 1G
and 1H). Besides these two major types, there also exists a special case where the WPs
on all adiabatic PESs are not reflected but the effective WP is reflected (see Fig. 1F).
Hereby, the effective WP also becomes incapable of describing the nuclear motion. As
shown in Fig. 11, the mean field trajectory should be adjusted accordingly.

The WP components on different PESs propagate with different momenta, and thus
they accumulate different phases with time. Using the traditional TDSE results in

inconsistency concerning the phase evolution. In the framework of FSSH, a phase

6



correction approach has been proposed by Shenvi and coworkers.’® Here, we extend it

4(rR)),

to the mean field approach. At nuclear position R, the electronic eigenstates,

and eigenenergies, E,(R), are obtained through solving
Hy(r.R)[4(:R)) = E(R)|4(r:R)).. ®)

The electronic wavefunction is then expanded as a linear combination of M (r; R(t))> ,

w(r.0) =2 c 04 (rRW)). ©)

where c(?) are the wavefunction coefficients. Substituting Eq. (9) to Eq. (3) yields
. dc,
in—=>"Hc,, (10)
0|

where the electronic Hamiltonian elements are given by

H, =Eo, % (11)
ij = L% m

Here, d; :(¢;(r;R)|VR‘¢j(r;R)> are the nonadiabatic coupling (NAC) vectors.
Suppose the NACs are negligible, the WPs on different adiabatic PESs evolve

independently with time. Then, the following effective Hamiltonian can be defined,*

P.P inP-d.
Hef — Lo — 4 12
ij m ij m ’ ( )

and used to replace the original Hamiltonian in Eq. (11) for wavefunction propagation
with the correct phase difference between the WP components. Note that a similar phase
correction approach has also been derived by Zhu in a different perspective based on
the conventional time-independent semiclassical phase integral.>!

In BCMF calculations, a number of independent realizations are carried out with

an initial sampling similar to that used in the classical Wigner approximation.’>>



Namely, the nuclear coordinates and momenta at time zero are sampled from the
Wigner distribution of the initial nuclear wavefunction. The step-by-step outline of our
BCMEF algorithm with stochastic wavefunction collapse (BCMF-s) is as follows:

(1) At each time step ¢, the nuclear coordinate R(¢) and momentum P(#) are updated
by solving Eq. (4), and the electronic wavefunction ‘!// (I‘,t)> is propagated according
to Eq. (3) with the effective electronic Hamiltonian given by Eq. (12).

(2) The momenta of all WP components are calculated by Egs. (6) and (7). For each
adiabatic PES i, we further obtain the nuclear momentum at time ¢ + A¢ with Pi(¢ + Af)
= Pi(t) + Fi(?)At, where F; is the corresponding Hellmann-Feynman force. If the dot
products Fi(¢):-Pi(¢) and Fi(¢)-Pi(¢ + A¢) have different signs, a WP reflection event is
supposed to take place on the ith PES during the time interval A¢. Similarly, for the
average PES, the momentum of the effective WP at time ¢ + At is calculated by P(¢ +
Af) = P(t) + Fug(t)At, where Fae 1s the mean field nuclear force. If Fug(?)-P(¢) and
Fae(t)-P(¢ + Ar) differ in sign, the effective WP is reflected on the average PES.

(3) When WP reflection happens, different corrections are implemented depending
on the nature of trajectory branching. In the first and second types, some of the WPs on
adiabatic PESs get reflected while the others do not. Here, we classify all the quantum
states into a RG subgroup with reflected WPs and a NRG subgroup with non-reflected
WPs, and randomly choose one of them based on their electronic populations, i.e.,

P =2 lc? and Peo=>"__ |c [ . Namely, a uniform random number &e
(0, 1) is generated. If & <Py, the RG group is chosen, and we reset the wavefunction

coefficients to €z =0 and Cl s =C;/ PF;UGZ; Otherwise, the NRG group is chosen,
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and we reset € .. =0 and C_zs =G/ Pﬁéf@, . Then, the average PES is modified, and

the nuclear momentum of the effective WP is rescaled to conserve the total energy,

P'(t) = P(t) 14 Foo ~Fag
} P(t)’/2m (13)

where E,, and E;, are the averaged energies before and after the branching

correction. If this energy conservation is violated, the other energetically accessible
group is chosen instead. Especially, it is possible that a WP satisfies energy conservation
at time ¢ - At and gets reflected during [ - At, £], but the energy conservation does not
hold at time ¢. Apparently, a WP branching event should be identified in this case and
P'(t) is simply reset to zero. In the third type, the effective WP gets reflected while the
WPs on all the adiabatic PESs are not. Then, we construct a new mean field PES with
only energetically allowed states. Namely, we reset the wavefunction coefficients of the
energy-forbidden states to zero and renormalize the total electronic wavefunction. The
nuclear momentum is also adjusted by Eq. (13).

(4) Repeat steps (1)-(3) until a predefined criterion is satisfied. To properly describe
the asymptotic region, the electronic wavefunction is transformed taking the energy
conservation into account. Namely, the wavefunction coefficients of the energy-
forbidden states are reset to zero and the then the wavefunction is renormalized. Finally,
the electronic population on the ith state is calculated by P = Z,' Ci(j) |2 , Where Ci(j)
is the ith transformed electronic coefficient of the jth trajectory.

BCMF can also be realized by means of a trajectory splitting algorithm. Namely,

when the first or the second type of trajectory branching happens, the parent trajectory



is split into two child trajectories, which represent the reflected and non-reflected WPs,
respectively. Each trajectory is associated with a weighting factor corresponding to its
probability (i.e., Prc or Pnrg). We refer this algorithm as BCMF based on weights
(BCMF-w). Unlike BCMF-s with only one trajectory explicitly propagated in each
realization, all the branched trajectories are propagated simultaneously in BCMF-w.
The detailed algorithm is given in the Supporting Information (SI). Note that the two
BCMF approaches are intrinsically identical to each other as will be discussed below.
In the following studies, we use the BCMF-s algorithm unless otherwise noted.

To systematically benchmark the performance of BCMF, we study a series of one-
dimensional two-level scattering models. We first consider six well-studied systems in

123951 namely, the simple avoided crossing (SAC), the dual avoided

the literature,
crossing (DAC), the extended coupling with reflection (ECR), the dumbbell geometry
(DBQ), the double arch geometry (DAG), and the dual Rosen-Zener-Demkov non-
crossing (DRN) models. The PESs and NACs are shown in Fig. S1 of the SI. For each
model, there exist four reaction channels, i.e., transmission and reflection on the lower
and upper PESs. The fully quantum solutions obtained by the discrete variable
representation (DVR) method with absorbing potentials are adopted as references.>*>?
In Figs. 2A-2F, we focus on only one major channel per model. The computational
details and results of all relevant channels are provided in the SI.

In Figs. 2A and 2B, we show transmission populations on the upper surfaces as a

function of the initial nuclear momentum in the SAC and DAC models. As shown in

Figs. S1A and S1B, WPs can be temporally trapped in the potential wells on the upper
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PESs, oscillating and spawning child WPs to the lower surfaces. As WP branching is
completely neglected in the traditional EMF, the reflected channels are absent in both
models (see Figs. S2 and S3 in the SI). In the meanwhile, the transmission populations
of EMF are larger than the quantum solutions for small & (see Figs. 2A and 2B). The
problem can be solved after the implementation of our branching and phase corrections,
and the results of BCMF agree very well with the exact quantum solutions.

Figs. 2C and 2D show the reflection populations on the lower PESs of ECR and
DBG models, which have been extensively studied due to their significant decoherence
effects. Namely, when the incoming WP reflects on the upper PES, it quickly becomes
separated and decoupled with the WP on the lower PES, leading to clear quantum
decoherence. Due to the failure in describing WP branching, EMF gives totally wrong
reflection results for the ECR model and the large momentum region in the DBG model.
Actually, the EMF description of ECR and DBG models is generally much worse than
that in the SAC and DAC models (see Figs. S4 and S5). In comparison, BCMF naturally
reproduces the quantum solutions in all channels.

In Figs. 2E and 2F, the momentum-dependent transmission populations on the
upper surfaces of DAG and DRN models are given. These two models are more
complex as they require highly balanced description of coherence and decoherence. In
the DAG model, the exact results are smooth for small k& and oscillatory for large £.
With similar PESs, however, DRN shows irregular weak oscillations in the quantum
dynamics. Without decoherence, EMF fails to describe the transmission in the small &

region (see Figs. 2E and 2F) and the reflection channels (see Figs. S6 and S7) in both
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models. Again, the BCMF results are almost on top of the exact quantum solutions in
all cases, which further proves the reliability of BCMF in dealing with complex systems.

The main difference between BCMF-s and BCMF-w lies in their computational
cost instead of the accuracy. To illustrate this, we calculate the average population

deviations based on the results of the six standard models investigated above,

N
o, =\/%Z(Pi“ -R) . (14)

i=1

Here, P" is the value of ith data point calculated by either BCMF-s with n trajectories
or BCMF-w with one realization containing at most # trajectories, and P° represents
the corresponding converged value. Each data point refers to the population of a specific
channel, i.e., transmission or reflection on the lower or upper surface in one of the six
models at a given £. In total, the number of data points considered here is N = 1156. To
eliminate the statistical error due to the initial Wigner sampling, the coordinates and
momenta at time zero are simply assigned as their mean values here. In Fig. 3A, we
show the average population deviations with different numbers of trajectories by the
two BCMF algorithms. Apparently, BCMF-w converges faster due to its non-stochastic
nature. Reliable results can already be achieved by a few tens of branched trajectories,
which are approximately two orders of magnitude less than those required in BCMF-s.
In Fig. 3B, we systematically compare the converged results of the 1156 data points
calculated by BCMF-w and BCMF-s. All the data points are almost on the diagonal
line, indicating that the two BCMF algorithms are intrinsically identical.

In BCMF-w, new trajectories are spawned whenever WP branching happens, and
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all the branched trajectories are propagated simultaneously. Thereby, for systems where
WP branching occurs frequently, such as the DAC model with a potential well on the
upper surface, relatively larger number of trajectories are required to characterize the
frequent trajectory splitting. In general, each BCMF-w realization requires a higher cost
of memory, but the demand for realizations is significantly reduced. As a comparison,
though more realizations are needed in BCMF-s, trajectories can be parallelly simulated
to reduce the memory cost and increase the numerical efficiency, thus more promising
for long-time simulations of complex systems. When the number of branches becomes
enormous, BCMF-s can also benefit substantially from its stochastic feature.

The robustness of BCMF is further benchmarked in an extensive model base,
which contains 200 diverse scattering models with two quantum levels and one classical
degree of freedom. The model Hamiltonians and computational details are given in the
SI. Here, 20800 channel populations are relevant as we consider 26 different nuclear
momenta and 4 transmission/reflection channels per model. In Figs. 4A and 4B, we
compare the exact solutions by DVR and the results by EMF and BCMF, respectively.
The degree of proximity of these data points to the diagonal line indicates the accuracy
of the corresponding method. As shown in Fig. 4A, the traditional EMF exhibits a wide
distribution with a large number of data points obviously far away from the diagonal
line. In contrast, most of the BCMF results agree excellently with the exact solutions
(see Fig. 4B), and only a few data points exhibit relatively large errors (as highlighted
in red). We find that these data points correspond to five calculations, all of which share

a common feature: the total energy is close to the maximum energy of the lower PES
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(see Figs. S9-S13 in the SI). We know that the classical Wigner approximation cannot
properly describe such strong nuclear quantum effects in adiabatic dynamics. In BCMF,
we consider similar Wigner sampling at time zero and classical dynamics in the
following dynamics simulations, and thus the data points with the largest errors in
BCMF are most probably due to similar nuclear quantum effects. Except these special
cases, the reliability of all BCMF calculations in the whole model base is generally very
high (see Fig. 4B), which is encouraging.

To quantify the performances of EMF and BCMF, we further study the error
distribution of the 20800 channel populations. As shown in Fig. 5A, 97% of the data
points show errors less than 0.01 with BCMF, while the percentage is only 72% with
the traditional EMF. Moreover, the error distribution of BCMF is much narrower than
that of EMF. About 8% of the data points by EMF exhibit errors larger than 0.1. In
contrast, this ratio is only 1%o in BCMF, which has been reduced by almost two orders

of magnitude. For a given initial k, the average population error o is defined as

_ i%i(PMF—PEXM)Z
0= 800 ni ni > (15)

n=1l i=l

where PM and P are populations of the ith transmission or reflection channel
in nth model calculated by a mean field method and the exact quantum dynamics,
respectively. In Fig. 5B, we show the momentum-dependent average population errors
of EMF and BCMF. To reveal the intrinsic performances, we also exclude the channels
associated with strong nuclear quantum effects mentioned above. The average

population errors are recalculated and labeled as EMF* and BCMF* in Fig. 5B. For the
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standard EMF, the error is about 0.1 for small k£ and gradually reduces to 0.02 for large
k. The EMF errors are so large that the performance of EMF* remains almost the same.
In contrast, the average population errors of BCMF are significantly reduced. Especially,
the errors are negligible in the large k region. Note that these results are very close to
those by the BCSH method proposed recently.*> When the channels with strong
quantum effects are removed, the average population errors for small k are evidently
reduced and the momentum dependence becomes even smoother. The average errors of
BCMF* are all less than 0.015 and decrease monotonously with £. The about 10-fold
improvement of accuracy over the traditional EMF emphasizes the significance of
branching correction in mean field dynamics and MQCD in general.

In summary, we have proposed a novel BCMF approach for nonadiabatic dynamics
simulations with the wavefunction propagation taking WP branching and phase
difference into account. WP reflection has been identified as the main mechanism that
leads to the breakdown of the traditional EMF approximation. Three types of trajectory
branching (i.e., the effective WP is reflected or non-reflected when WPs on some
adiabatic PESs are reflected, and the effective WP gets reflected while WP components
on all adiabatic PESs do not) have been studied, and corrections to the mean field
trajectory have been introduced accordingly. Two BCMF algorithms (i.e., BCMF-w and
BCMF-s) have been presented, and it has been shown that they give the same converged
results and different computational advantages in different cases. As demonstrated in a
series of standard and additional scattering problems, BCMF has shown significant

advantages regarding both the average error and the error distribution, while holding
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the simple formalism and low computational cost of the traditional EMF method.
Considering the encouraging performance, BCMF has great potential to achieve a better
balance of reliability and efficiency in general applications.

Finally, there are still a few points that worth discussing. (1) Compared with the
mean field approach, surface hopping has long been recognized as a more reliable
framework for MQCD.!>!346 On the basis of the present study, BCMF can also provide
highly reliable results with accuracy comparable to BCSH, and thus it seems that a
proper description of WP branching is more essential in MQCD. The current algorithm
of branching correction is based solely on WP reflection, more sophisticated judgement
and treatment of WP branching may be required in further studies. (2) Multiple
spawning is another popular method to simulate nonadiabatic dynamics.’®>’ There, new
WPs are generated in the interaction region with large NACs. In our BCMF, however,
new trajectories are generated when WP branching takes place and the branched WPs
are still characterized in a mean field manner. Note that another branching criterion was
recently proposed by Shi and coworkers*” and may be useful to further improve the

performance of BCMF. (3) Previous studies show that the mean field approach can

58,59 15,19

automatically characterize the Berry phase and naturally treat trivial crossings,
while traditional surface hopping does not.®*> This also justifies the urgent demand to
develop robust mean field methods like BCMF. Developing BCMF variants to deal
with the Berry phase and trivial crossings in complex systems deserves further study.

(4) In some sense, the present BCMF algorithm for nonadiabatic dynamics is analogous

to the classical Wigner approximation for adiabatic dynamics.’>>*> Both approaches
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benefit from the initial Wigner sampling to consider most of the nuclear quantum effects.
When strong nuclear quantum effects emerge, however, better semiclassical dynamics
approaches may be useful.®>7 (5) To get reliable populations in the asymptotic region,
BCMF resets wavefunction coefficients considering the energy conservation. Note that
similar algorithms have been utilized in the Liouville space surface hopping.5®%° A slow
31-36

decoherence effect due to traditional decay of mixing may be responsible for this.

Relevant studies are currently under way.
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FIGURE 1. Schematic representation of (A, D, and G) the first, (B, E, and H) the
second, and (C, F, and I) the third type of trajectory branching due to WP reflection
using two-level systems as an illustration. In (A), (B), and (C), an effective WP (WPerr)
on the average PES (dashed line) well represents the WPs (WPa and WPg) on the two
adiabatic PESs (green and red solid lines). In (D) and (E), WP continues moving on
the lower PES while WPg gets reflected on the upper PES. In these two cases, the
reflected WP and the non-reflected WP should be described separately with two new
effective WPs (i.e., WPrg and WPxre) in (G) and (H). In (F), WPer becomes reflected
while WP and WPg do not. As shown in (I), the average PES is adjusted to make sure

that the new effective WP can describe the energy-allowed WPs.
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FIGURE 2. Transmission populations on the upper surfaces for (A) SAC and (B) DAC
models, reflection populations on the lower surfaces for (C) ECR and (D) DBG models,
and transmission populations on the upper surfaces for (E) DAG and (F) DRN models.
Open circles are results obtained from exact quantum dynamics by DVR, while green
solid squares and red solid circles represent the results of EMF and BCMF, respectively.

The results of other channels are given in the SI.
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FIGURE 3. (A) Average population deviation with different number of trajectories
with BCMF-w and BCMF-s algorithms, and (B) comparison of the individual channel
populations. In (A), we set the maximum number of trajectories to 10, 20, 40, and 80
for BCMF-w, and different numbers of trajectories of 5000, 10000, 20000, and 40000
for BCMF-s. Calculations using 100 and 50000 trajectories are considered to get the

converged results for BCMF-w and BCSH-s, respectively.
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quantum effects, that cannot be properly described by the initial Wigner sampling.

21



100 T T T

97% (A) I evF
c 107} 72% N BevF |
°
5
2 102} 1
=
»n
8 10} 1
10%
0.00 0.05 0.10 0.15 0.20 0.25
Population Error
= 0.12
° 1 T T T T
= B
e \|:| . (B) EWF
= Nt —O— EMF
2 008 ‘D‘DQD —8—BCMF ]
k= p o —O—BCMF*
a 0.06 F D\D.Rn J
o -z-%-a.
o o
) 0.04 F o, E
oO-o-o.
S 02 "o
S . "
g {O-Q».“1_.-
<L gotaeue 190000 annnnnnnnnnnnl
5 10 15 20 25 30
k [a.u.]

FIGURE 5. (A) Population error distribution of the EMF and BCMF methods as shown
by green and red columns, respectively. For EMF, 72% of the data points show errors
smaller than 0.01, while this value is increased to 97% in BCMF. (B) Average
population error of different mean field approaches in the model base as a function of
the initial nuclear momentum. The errors of EMF and BCMF are shown by light green
solid squares and red solid circles, respectively. EMF* and BCMF* shown by open
symbols represent results after excluding the data points featuring strong nuclear

quantum effects as highlighted by red points in Fig. (4B).
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