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Abstract

In this paper we propose a new approach for validation of chemometric models.
It is based on k-fold cross-validation algorithm, but, in contrast to conventional cross-
validation, our approach makes possible to create a new dataset, which carries sampling
uncertainty estimated by the cross-validation procedure. This dataset, called pseudo-
validation set, can be used similar to independent test set, giving a possibility to com-
pute residual distances, explained variance, scores and other results, which can not be
obtained in the conventional cross-validation. The paper describes theoretical details of
the proposed approach and its implementation as well as presents experimental results

obtained using simulated and real chemical datasets.
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Introduction

Model validation is a crucial part of chemometric analysis. A substantial amount of research
has been dedicated to investigation and comparison of different validation techniques and
approaches.*™ However, in spite of the diversity, in general there are two main options —
test set and cross-validation. The test set validation has been proven to be the most reliable
for assessment of the final model performance. The cross-validation, in its turn, is mostly

used for optimization of chemometric models.

Cross-validation is an iterative procedure based on re-use of calibration set several times® by
resampling. Despite its simplicity and popularity, cross-validation is rather a controversial
technique being heavily criticized, especially when it is applied to final model testing.® There
are also several research,“® which in contrast justify the use of cross-validation (in this case
in form of double repeated cross-validation) for model testing. It should be also noted that
the cross-validation procedure can be implemented and assessed in many different ways, see

for example a review by Bro et al.”

Regardless implementation, cross-validation has several rather obvious drawbacks, including

the following;:

1. Tt is an iterative procedure and, therefore, time-consuming. Using cross-validation
in, for example, grid search, for hyperparameter optimization, often requires a lot of

computational time, especially for large datasets.

2. Cross-validation combines results from several local models instead of validating the
global one. This gives certain limitations. For example, in case of Principal Component
Analysis (PCA), we can not compute explained variance or scores for cross-validated
results. Even score distances can not be compared directly as they are related to

different PC spaces.



To solve these issues, several researches proposed to use a "simulated" test set, which is
based on calibration set, but with some random noise added on top of that.® In this paper
we propose an alternative approach, whose main idea is to measure the variation among local
cross-validation models (in form of angles between latent variable subspaces) and introduce
this variation to the calibration set thus creating a new dataset — pseudo-validation set (PV-
set). This approach was named as Procrustes Cross-Validation for reasons to be explained

later in this text.

On the one hand, the pseudo-validation set enables validation of a global model and gives
most of the possibilities of the independent test set validation. On the other hand, the model
performance results are identical to what we can get using conventional cross-validation, but

there is no need for repeating cross-validation iterations more than once.

Another very important outcome of the proposed approach is a possibility to investigate the
quality of cross-validation by looking at distribution of the new values and comparing it with
distribution of values from the calibration set. So far it was possible only for response values
in supervised methods, such as regression, but our approach extends this capability. Thus,
investigation of similarity between the calibration and the pseudo-validation sets allows us
to assess and compare different cross-validation strategies and parameters directly and find

the optimal ones.

It should be also noted that the approach itself and the results shown in this paper are
related to Principal Component Analysis and methods based on PCA (e.g. SIMCA). We
are working on generalizing this approach to regression models (PCR, PLS) which will be

reported separately.

The manuscript describes the proposed approach in detail and shows results obtained by
using the approach for analysis of simulated and real chemical datasets of different nature.

This analysis, in particular, aims at three main objectives:



1. Compare various calibration and corresponding pseudo-validation sets in terms of sim-
ilarity. Our hypothesis here is that the two sets resemble two collections of instances

taken from the same population.

2. Assess that the difference between a pseudo-validation and a calibration set is enough
to use the first one for validation purposes. In case of PCA, the pseudo-validation
set should behave similarly to the calibration set, when number of components in a
model corresponds to optimal complexity, and should show clear signs of overfitting

otherwise.

3. Compare (visually and statistically) the results for pseudo-validation set with results

obtaining for real independent test set.

We would like to underline, that we do not propose our approach as an alternative to the
test set validation as the pseudo-validation set is built on top of the calibration set and hence
can not be considered as independent. Therefore, from our point of view, its usage should be
limited to optimization and exploration of models and independent test set must be applied

for assessing performance of the final model when possible.

Theory

When data points are fitted by any theoretical model (e.g. simple linear regression, multiple
linear regression, principal component analysis, etc.) there are two kinds of errors related to
the quality of the model — fitting error and sampling error.*! The fitting error tells how well
the model captures variation of the data values or its relevant part (for example, variation
of response values in case of regression). This error can be estimated from a calibration set

assuming that the corresponding distribution is known.



The sampling error is related to uncertainty of the model parameters due to sample-to-sample
variation. Thus, if we take another set of instances from the same population, and create a
new model using measurements made for the instances, the model parameters (e.g. regression
coefficients or PCA loadings) will be different. The variation of the parameters depends
on several factors, including complexity of the model, heterogeneity of the population and

number of the instances.

One of the ways to estimate and account for the sampling error is to apply the model to a
new set of instances.™ However, if the model also needs an additional optimization step (for
example to find optimal model complexity, sequence of preprocessing methods, do variable
selection, etc.), this requires a use of two additional sets — one for optimization (usually
called as validation set) and one for the final testing of the optimized model (test set),
which is not always possible. Therefore, using cross-validation for the optimization step is a

reasonable and thus widely used alternative.

The general idea of cross-validation is to create several models for different subsets of the
calibration set. The variation among the models can be considered as an estimate (although,
in some cases, this estimation is sub-optimal) of the sampling error thus cross-validation
assesses both the fitting and the sampling errors together. This is employed, for example, in

Jack-Knifing method for estimation of standard error of model parameters®?

Our goal is to measure this variation and introduce it to the calibration set. The next

sections describe this procedure in detail.

Method description

Two kinds of PCA models — global and local — are considered in this manuscript. The

global model is the one based on the whole calibration set. All results obtained for the global



model (scores, loadings, etc.) appear in the text without any indices (e.g. P is a matrix with
loadings computed using the whole calibration set, X). Here we assume that we deal with

already preprocessed (e.g. mean centered or autoscaled) data.

In terms of the global model we consider PCA decomposition of data matrix X with I rows

(observations) and J columns (variables) using A principal components as:

X=TPT+E=UAY’P"+E=X+E (1)

Here T is a matrix of scores (I x A), P is a matrix of loadings (J x A), E is a matrix of

residuals (I x J). The matrix A (A x A) is a diagonal matrix with eigenvalues for the scores:

A =T'T = diag(\1, ..., \a) (2)

And the matrix U (I x A) is a matrix with normalized scores:

U =TA Y2 (3)

Principal components form a subspace S, spanned by the loading vectors (columns of P).
Thereby the score matrix T contains coordinates of projections of the original data points
(rows of X) to this subspace. These projections can be also represented in the original

variable space by computing matrix X:

Where IT = PPT is a projection matrix. The size of X is I x J but the rank is A.



Let x be a row-vector either from the calibration set or from a test set. Its relation with the
subspace S can be described by two statistics: the squared orthogonal Euclidean distance to

the S, ¢:

q(x) =[x — %[|* = [[x(I - ID)||* (5)

and the squared Mahalanobis distance (also called as score distance), h, between the projec-

tion of the vector and the origin of the S:

h(x) = ||ul|* = [|lxPA~Y2||? (6)

The two distances are usually visualized graphically in form of the Distance plot and can be
used to assess how well a particular measurement/observation is fitted by the corresponding
PCA model. By comparing the distances with critical limits, computed at given significance
level, o, one can classify the observations as extremes or outliers. Both distances follow -
distribution with parameters (degrees of freedom and scaling factor) which can be computed

from the distance values.'

Another important application of the orthogonal and score distances is the Extreme plot, 134

where the number of observed extreme objects is plotted against the theoretically expected
number for different significance levels, o. As it was shown in,*® this plot is efficient both
for estimation of the correct model complexity and for assessing if a new set of measure-

ments/observations comes from the same population as the calibration set.



Cross-validation of PCA model

In case of K-fold cross-validation, the rows of the original data matrix, X, are split (either
randomly or systematically) into a set of K segments X = (X, Xy, ..., Xk)? with I /K rows
in each. Then, at every step k, the k-th segment, Xy, is taken out from the set and a local
PCA model is developed using the other segments X = (X, e, Xy1, Xier1, -+, Xx) T as a

calibration set:

X, = TWPL + B, = UA/*PL + B, (7)

The principal components of the local model form another subspace, Sy, spanned by the
columns of Py. Matrix Ty contains coordinates of projections of the data points to this
subspace. The points from Sy can also be represented in the original variable space as a

result of projection: Xka with projection matrix II, = PkPE )

Now let’s take a row-vector x from the excluded segment Xy. Its relation with the subspace

Sk can be described using the same two statistics. The orthogonal distance, g:

g (x) = [|lx(I — ILy)|* (8)

and the score distance, hy:

hu(x) = [|[xP A2 (9)



Creating a pseudo-validation set

We would like to create a new dataset X, with the same I observations as X, such that
its relationship with S (in terms of the coordinates of projections as well as the score and

orthogonal distances) is the same as relationship of segments X with S.

The idea is visualized using a trivial case based on two dimensional variable space and full
cross-validation (leave-one-out) presented in Figure [l] First, a global PCA model is created
using the calibration set, X, as it is shown on the left plot. The thick black line represents

the principal component space, S, which in this case consists of one PC only.
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Figure 1: Illustration of pseudo-validation set concept. The left plot shows the global PCA
model. The middle plot represents a local model created for one step of cross-validation,
angle 3 is a measure of difference between the models. The right plot shows how sample for
pseudo-validation set is created by rotating the original sample to angle —f.

Then, for each cross-validation iteration, k, the calibration set is split into X, and Xj and
a local model is created using Xy as it is shown in the middle plot. The difference between
the local model, Sy, and the global model, S, can be measured as an angle, 3, between the
corresponding principal components. We consider this angle as an estimate of the sampling

error — uncertainty in model parameters due to sample-to-sample variation.

This error can then be introduced to the calibration set if we rotate the object from Xy by



—[3, as it is shown in the right plot. The rotated object is a part of the new set, X, which
we call a pseudo-validation set. To complete the pseudo-validation set we need to take all
iterations in the cross-validation procedure. In case of full cross-validation, every object is
rotated to its own angle, as it is shown in the right plot. For segmented cross-validation,

objects from the same segment are rotated to the same angle.

As one can see from the Figure [I the orthogonal and score distances computed for Xj
and the local model (middle plot) are identical to the distances computed for X, and the
global model (right plot). If model contains more than one PC, the angles are measured for
each pair of the components and the rotations are carried out consequently from the first

component to the last, keeping the effect of the previous steps unchanged.

The concept illustrated in the Figure [I] can be generalized as follows. For a given cross-
validation procedure with number of segments, K, and number of components A, on each

step k=1, ..., K do the following:

1. Exclude k-th segment from the data, to create a local calibration set X
2. Use Xy to develop a local model, represented by loading matrix Py.

3. Compute J x J rotation matrix Ry, such as P, = RyP. The matrix keeps length of

vectors in the original space and angles between them invariant.

4. Apply the matrix to the excluded segment Xy: X, = X RY

Finally, all matrices X, are combined together to form the pseudo-validation set X,:

PVk
Xy = (Xpv, s Xpvys - Xpvg )T - One can imagine that on each step we find a way to put the

current local model on to the "Procrustean bed" of the global model — hence the name.

It can be also noted, that the computation of the rotational matrix is carried out step by

step, from one component to another. First, the angle between PC1 of the global model and
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PC1 of the local model is found and the corresponding transformation is computed. Then
the procedure is repeated for PC2, but the transformation is computed to keep distances
related to the rotation of the PC1 unchanged. So, in creating the PV-set, application of

extra components does not influence the results from the previous ones

Or, in more formal way, if we create two pseudo-validation sets, one using A = A; components
and second one using A = A, components, and apply each for validation of a PCA model

developed for A = A3 components, then the results of the validation will be identical if

Az < Ay < Ay

More details about computation of the rotation matrix Ry can be found in supplementary
materials. Both algorithms (for calculation of the rotation matrix and computing the pseudo-
validation set) are implemented as R and MATLAB code and can be freely downloaded from

GitHub: https://github.com /svkucheryavski/pcv.

Datasets

Three datasets are selected for testing the proposed approach and investigate properties of

the corresponding pseudo-validation sets.

NIRSim

The first dataset consists of simulated spectral data. It is obtained by computing linear
combinations of NIR spectra of 6 chemical components and added Gaussian noise using
procedure described in.t® Three subsets, 100 x 200 each, are created by using Gaussian noise

with p = 0 and three different values for o: ¢ = 0 (no noise), o = 0.01 and o = 0.04.

11
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Figure 2: Simulated NIR spectra (NIRSim) for o = 0.01.

If PCA is applied to the subset without noise, the corresponding eigenvalues are A =
[56.25,25,6.25,1,0.25,0.01], which means that four PCs explain most of the systematic vari-
ation for this data. However, adding noise obscures some of the variation, thus for subset
with ¢ = 0.01 the optimal number of components is 3 and for ¢ = 0.04 this number is
reduced to two. Figure [2f shows the raw spectra from the second subset (¢ = 0.01) as an

example. More details about the dataset can be found in.™?

Olives

The second dataset consists of NIR spectra of olives in brine measured in range of 4000—
9000 cm ! with 4 cm ! resolution (1 243 wavenumbers in total) in diffusion reflectance mode.
For the purpose of this paper, spectra from the same population (same olive type) are
selected, cleared for outliers, and divided randomly into calibration (n = 72) and test (n =

40) sets. The spectra are normalized using Standard Normal Variate (SNV) prior to the

12



analysis. Figure [3| shows the normalized spectra from the calibration set as an example.

More information about the data can be found elsewhere. 1416

o~ -
o]
z
@ ~
[&]
c
Bl
[&]
@
: e-
| T | |
8000 7000 6000 5000
Wavenumber, cm™
Figure 3: SNV corrected spectra of Olives.
Wines

The third dataset contains chemical and physical characteristics (27 variables in total) of
178 wine samples from three different origins: Barolo (59 samples), Grignolino (71 samples),
and Barbera (48 samples). The dataset is described in detail in.™ It has been widely used

in various research mostly related to classification methods, for example 1819
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Experiment and results

Comparing calibration and pseudo-validation sets

The main goal of this part is to explore the similarity between calibration and pseudo-
validation sets using PCA tools described in the theoretical section. The NIRSim dataset
is employed for this purpose. To carry out the investigation, a pseudo-validation set is
computed for every NIRSim subset using cross-validation procedure with systematic splits
(venetian blinds), K = 4 and A = 6. So, for every noise level, there are two sets of spectra
— the original simulated values and the spectra from the corresponding pseudo-validation

set.

In theory, the same row, taken from the calibration and the pseudo-validation sets, can be
considered as data values obtained for two individuals with similar properties taken from the
same population. So the difference between the individuals should be random and magnitude
of the difference should be related directly to the heterogeneity of the population — one can
think of NIR spectra of two apples taken from the same tree and having similar sugar and

water content, for example.

Formally speaking, this means that the pseudo-validation set comes from the same population

as the calibration set, however has its own sampling error. For PCA this means the following:

1. The pseudo-validation set should be well fitted by a PCA model trained on the original
data values if number of components does not exceed an optimal value (so the model is not

overfitted).

2. Swapping calibration and pseudo-validation sets should give similar PCA models and

indicate the same number of optimal components.
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Figure 4: PCA distance plot made for NIRSim data with different noise level. The top
plots represent models trained using original simulated spectral values. The bottom plots
are made using models trained on the corresponding pseudo-validation sets.

Since for NIRSim dataset the number of optimal components is known a priori we can test
both statements using distance and extreme plots for assessing similarity of the two sets in a
multivariate sense. Figure 4] demonstrates distance plots created for the PCA models using
optimal number of components for each case. Plots on the top were created using models
trained on the original simulated spectra and then applied to the corresponding pseudo-
validation set. The bottom plots were created for models trained on the pseudo-validation

set and applied to the original spectra for validation.

As one can see, there is a very good agreement between the two sets on all six plots. In none
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of the cases one set of points looks more extreme comparing to the other. The total number
of extreme values lying outside the critical limit, shown as a dashed line, does not exceed

theoretically expected value of 5%.
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Figure 5: Extreme plots made for PCA models trained on the original simulated spectra.

However, despite the similarity, we can show that if number of components in PCA model
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exceeds the optimal value, the pseudo-validation set indicates this clearly. Figure [5| shows
extreme plots created for the three PCA models trained using the original simulated spectra

and then applied to the pseudo-validation sets.

The plots in the first (left) column are created using the spectra without noise. As we know,
all six PCs are important for explaining the systematic variation in this case. It can be also
seen in the extreme plots — both calibration and pseudo-validation sets are well described
by the PCA model as corresponding points are located within the tolerance interval shown as
a blue ellipse. This means that the number of extreme objects identified by the PCA model
based on the score and the orthogonal distances at different significance levels, «, (ordinate

axis) is in agreement with the theoretical expectations (abscissa axis).

However, if we look at the plots made for the spectra with moderate level of noise (¢ = 0.01),
shown in the second column, we can notice a disagreement on extreme plot created for A = 4.
In this case, the optimal number of PCs is 3 and the 4th PC describes noise in the original
data making pseudo-validation set looking as objects from another population. The same
pattern can be seen for the data with higher level of noise (right column), with the only
difference that the disagreement starts at A = 3 in this case and there is even more clear

effect in the extreme plots.

Summarizing the results for the simulated spectra we can conclude that the pseudo-validation
set indeed behaves similar to the calibration set. However, it shows clearly the effect of
overfitting in PCA models, in contrast to the calibration set. Thus pseudo-validation set is

suitable for validation.
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Figure 6: Extreme plots made for the calibration and pseudo-validation sets (left) as well as
for the test set (right) using different number of components.
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Comparing pseudo-validation and independent test sets

The main goal of this part is to compare the results obtained using pseudo-validation with

the results based on the independent test set. The Olives data is used in this case.

First, a PCA model is created using spectra from the calibration set (72 measurements).
However, it is difficult to estimate how many components to use in the PCA model. Tra-
ditional tools, like total residual variance plot, are not able to point clearly on the optimal
number. In this case, the use of the extreme plot made for a new set of observations can be
particularly efficient. The plot made for optimal or underfitted model shows similar behavior
for the calibration and the test sets. In case of overfitting, the results for the test set clearly

demonstrate the lack of fit on the plot, as it is also shown in the previous section.

Figure [6] demonstrates the extreme plots created for the calibration and pseudo-validation
sets (left column) and for the test set (right column) using number of PCs in the range of
question (A = 4, 5, and 6). Apparently, the results for the calibration set do not reveal
a clear indication for the overfitting — for all three cases the number of observed extreme

objects is within the tolerance intervals.

In contrast, the extreme plot made for the test set, shows clearly that starting from A =5
model is getting overfitted — the number of observed extreme objects is larger than the

expected. In case of A = 6 the effect is even more clear, also for the large «.

The results for the pseudo-validation set also clearly show signs of overfitting on the extreme
plot. Visually there is a difference between the behavior of points for the test and the pseudo-
validation sets, which is, however, quite small. If we make another random split and repeat
the overall procedure the effect is very similar (tried on five iterations, results are not shown

here).
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Using PCV on non-spectroscopic data

The Wines data is used for this objective. For the sake of simplicity and better visualization,
only two classes, Barolo and Barbera, are taken. In this case we deal with two groups of
samples which are part of two different populations — wine origins. At the beginning, the
groups were treated independently: the PCV algorithm is applied to the original values from
each group, using A = 20 and K = 4, for creating the corresponding pseudo-validation sets.
This procedure resulted in four data sets — the original values and the PV-sets for each

population, as it is shown in the top diagram in Figure [7]

Barolo (59 x 27) —> < PCV(A=20,K=4) > —>| Barolo PV (59 x 27)
Barbera (48 x 27) —> <PCV (A=20,K=4) > —>| Barbera PV (48 x 27)
cal pred
Barol H<PCAA—20 >Hh:OOI:I
arolo (A=20) q: 00 O
Barolo E—
Barbera ]
Barolo PV -
Barbera PV — |

Figure 7: Flow diagrams for the Wines experiment. Top — creating of pseudo-validation
sets. Bottom — PCA analysis workflow.

Similar to the previous two cases, PCA is employed for analysis of the four sets, however

in this case we use the Distance plot as a main tool. The analysis workflow is shown
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schematically in the bottom chart on the Figure [7] and consists of the following steps:

1. The original values for the Barolo class are taken as calibration set and a PCA model

is created.

2. All four sets (the original values and the values from the PV-sets) are projected to the

model subspace.

3. The score and the orthogonal distances are computed for each observation using dif-

ferent number of components in the model, A =2 and A = 20.

The selection of the number of components are made to get distance values for the model
with optimal complexity (A = 2) and for the clearly overfitted model (A = 20). The results
are shown in form of distance plots in Figure [§] (two top plots). Different marker shapes are
used to separate the different wine types while colors are employed to distinguish among the

four sets.
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Figure 8: PCA Distance plots for different number of PCs. The top plots are made for PCA
model created using Barolo original samples as calibration set. The bottom plots show the
results for PCA model trained on the Barbera original values.

As one can see, in case of model with A = 2, there is a very good agreement in behavior of
the original data values and the corresponding pseudo-validation sets. In both groups, the
points from the two sets are overlapped with the same center and span. However, for the

overfitted model, A = 20, the situation is different. While the points from Barbera group
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demonstrate same behavior, points for the Barolo samples are split and observations from
the pseudo-validation set have much larger score and orthogonal distance which, as we know

from the other two cases, is typical sign for overfitting.

The bottom part of the Figure [§| contains similar plots, however in this case PCA model
was created using the original values from the Barbera class. Obviously the behavior of the
points is quite similar to the previous example. We can conclude that despite the different
nature of this data, the behavior of the pseudo-validation set is similar to the two other cases

discussed before and is inline with our expectations.

Conclusions

The numerical experiments and results for simulated and real datasets confirm that the
pseudo-validation set, computed using the proposed Procrustes cross-validation approach,
is an efficient way to validate PCA/SIMCA models on the optimization step. On the one
hand, it has main properties of an independent validation set and gives a possibility to get
a full stack of results, based on validation of a single model, including scores, distances and
explained /residual variance. On the other hand, the performance statistics provided by the
pseudo-validation set (e.g. number of objects that has been considered as extreme) are similar
to the ones obtained using conventional cross-validation. The latter leads to reproducible
and comparable with conventional cross-validation results, which, from our point of view,

makes dissemination of the presented approach easier.
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Supplementary materials

S1. Computing rotation matrix between two latent variable sub-

spaces

Computing the rotation matrix Ry, is the most important step in generating X,,. In this case
we suggest to use the algorithm for rotation of vectors in multidimensional space described
in.“Y For any given subspaces S and S, represented by a set of orthonormal basis vectors P
and P}, of dimension A in original variables space, R”, we can find rotation between the two

subspaces, represented as J x J matrix Ry as follows.

If there is only one component in each subspace, then the procedure is quite straightforward:

1. Find a J x J rotation matrix Ry, which aligns the first vector (column) from P with

vector [1,0,...,0] in the R”.

2. Find a J x J rotation matrix Ry, , which aligns the first vector (column) from P, with

vector [1,0,...,0] in the R”.

3. Compute Ry as Ry = R} Ry

However, in case of two or more components, we need to repeat this procedure and, at the
same time, keep the already aligned vectors unchanged. The consequent rotations should be
found in a lower dimensional space (R7~! for PC2, R’ for PC3 and so on), so the vector
[1,0,...,0] used in the previous step is a normal vector to this space. Here is an algorithm

for PC2.

1. Rotate P and P using the rotation matrices found for PC1: PD = R,P and P,(:) =

R, P;.
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2. Remove first row and first column from both P and P,(:). So this will not affect PC1,

which are already aligned, and let us to work in R’/~! space.

3. Find a (J — 1) x (J — 1) rotation matrix Ry, which aligns the first vector (column)

from the reduced P(Y) (PC2) with vector [1,0,...,0] in the R/~

4. Find a (J — 1) x (J — 1) rotation matrix Ry,, which aligns the first vector (column)
from the reduced P{" (PC2) with vector [1,0, ...,0] in the R/,

5. Compute R, as R, = R], R,

6. Compute J x J matrix M as (here z is a column-vector with zeros.):

7. Compute final rotational matrix Ry as Ry = Rgl MR,

In case of more than two components, the procedure is repeated recursively until number of

columns in P® and Pg) is not equal to one.
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