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ABSTRACT

Non-uniform weighted sampling (NUWS) is a simple method for multi-dimensional NMR spectroscopy in which
window functions are applied during acquisition by sampling varying numbers of scans across indirect dimensions.
While NUWS was previously shown to provide modest increases in sensitivity, here we describe a complementary
application to enhance spectral resolution by increasing the sampling of later points of the time domain signal.
Moreover, by combining NUWS with carefully constructed apodization functions signal envelopes can be modulated
in an arbitrary manner while retaining a uniform noise level, permitting further signal manipulations such as linear
prediction and non-uniform sampling (NUS). We leverage this to develop a combined NUWS-NUS scheme
for broadband homonuclear decoupling, with substantially increased sensitivity in comparison to constant time
experiments.

Resonance line broadening due to transverse relaxation is one of the key limitations to precise determination
of multiple coupling constants in small molecules, or to the characterization of large biomolecules by NMR
spectroscopy, due to the inability to satisfactorily resolve overlapping cross-peaks from multiple residues or spin
systems. Many approaches have been developed to circumvent this problem including increasing magnetic field
strengths1; non-uniform sampling (NUS) and spectral aliasing2, 3; a variety of isotopic labelling schemes employing
deuteration to reduce transverse relaxation rates4; transverse relaxation optimized (TROSY) experiments5, 6; or, most
simply, the use of window functions (apodization) to enhance resolution (at the expense of sensitivity).

A second common problem in NMR spectroscopy is homonuclear decoupling of adjacent 13C spins, for
example in 1H,13C correlation spectra of uniformly 13C-labelled biomolecules. Such couplings give rise to a cosine
modulation, cos(πJt), in the free-induction decay (FID), which leads to broadening or a resolved multiplet structure.
As for molecular weight, a variety of approaches have been developed to address this problem: isotopic labelling
schemes that eliminate adjacent 13C nuclei4, 7, 8; band selective decoupling (although this is only effective for a
subset of residues)9; virtual decoupling by computational deconvolution10; and constant time evolution, which while
effective entails a substantial reduction in sensitivity11.

Here, we show that non-uniform weighted sampling (NUWS), coupled to NUS reconstruction algorithms,
can provide a new solution to both problems. NUWS is an acquisition scheme originally developed to improve
experimental sensitivity, by weighting acquisition in indirect dimensions towards early points in free induction
decay (FID) signals, at which signal to noise levels are higher12. Such non-uniform weighting has the effect of
applying a window function directly, rather than through apodization, and it can be proved that window functions
applied in this manner provide a 10–20% increase in experimental sensitivity (depending on the window function)
compared to identical apodization of uniformly sampled data13. These sensitivity gains can further accumulate
in ≥3D experiments14. The approach is particularly useful with combined with longitudinal relaxation-optimised
experiments such as SOFAST or BEST experiments15–17, the fast repetition rates of which allow a large number
of scans to be acquired following a smoothly varying weighting scheme13, and this has since been applied to



highly sensitivity-limited studies of co-translational folding and chaperone interactions in ribosome–nascent chain
complexes18.

We first describe the application of NUWS to enhance the resolution in indirect dimensions of multidimensional
NMR experiments, through the acquisition of an exponentially increasing number of scans to counteract the
relaxation of signals along the indirect acquisition time (Fig. 1A). We consider the application of a window function,
w(t) = eΓt , to a signal with envelope s(t) = e−Rt , acquired with sampling weights, n(t) =

[
eαΓt

]
, where [. . .] indicates

rounding to the nearest integer. These weights indicate the number of repetitions of the minimum phase cycle to be
acquired at a given time point. The case α = 0 corresponds to uniform sampling (US), while α = 1 or 2 corresponds
to NUWS and will be considered in more detail below. In all cases, acquired data are multiplied by an apodization
function, h(t):

h(t) = w(t)/n(t) = eΓt/
[
eαΓt]≈ e(1−α)Γt (1)

to ensure that the final signal envelopes, y(t), are exactly modulated by the desired window function, w(t):

y(t) = s(t)n(t)h(t) = e−(R−Γ)t (2)

The noise, relative to the noise σ0 obtained from a single acquisition of the minimal phase cycle, increases as the
square root of the number of scans:

σ(t) = σ0n(t)1/2h(t) = σ0
[
eαΓt]1/2

e(1−α)Γt ≈ σ0e(1−α/2)Γt (3)

For a maximum acquisition time T , the mean sampling weight is (approximately, assuming a large number of
increments and allowing non-integer sampling weights):

n̄ =
eαΓT −1

αΓT
(4)

Following our previous approach13, we may now show that the sensitivity for a total number of scans N, distributed
according to the sampling density n(t), is:

SNR =
N1/2

σ0

α (2−α)

[eαΓT −1]
[
e(2−α)ΓT −1

] e(Γ−R)T −1
Γ−R

(5)

This expression has a maximum when α = 1, and is symmetric about this point. This corresponds to ‘conventional’
NUWS (Fig. 1A, green), in which the resolution enhancement is applied directly through the number of scans, and
the apodization function h(t)≈ 1 (the approximation reflecting compensation for the integer sampling weights). The
gain in sensitivity per unit time, relative to uniform sampling, may be calculated from Eq. 5 and is dependant only
on the product ΓT :

relative sensitivity =

√
ΓT
2

coth
ΓT
2

(6)

This expression is plotted in Fig. 1B. From this, we anticipate that useful sensitivity increases may be obtained,
for example, 44% in the case of 40 s−1 resolution enhancement and 100 ms acquisition time used in the example
below (ΓT = 4). However, due to the increasing number of scans at long acquisition times, the noise level will also
increase exponentially during the FID, which may lead to a degradation in the quality of the spectrum baseline or the
ability to extend the FID through linear prediction.
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Figure 1. Resolution enhancement using non-uniform weighted sampling. (A) Schematic illustration of acquisition
scheme for the application of a resolution enhancing window function, w(t) = eΓt , via the sampling weights
n(t) = eΓt (green) and e2Γt (red), and apodization functions h(t) = w(t)/n(t). R = 25 s−1, Γ = 20 s−1, ω = 1000
s−1 and Taq = 100 ms. (B) Relative sensitivity of acquisition with α = 1 (sensitivity optimised NUWS) vs α = 0 or
2 (uniform sampling or constant noise NUWS) (Eq. 6). (C) Mean number of scans required for acquiring spectra
with a fold reduction in linewidth R/(R−Γ), and acquisition time T = 1/(R−Γ), relative to uniform sampling (Eq.
7). (D–M) Resolution enhancement of 1H,15N-SOFAST-HMQC spectra of ubiquitin (277 K, 600 MHz) acquired
using (D–H) maximum sensitivity (α = 1, green) and (I–M) constant noise (α = 2, red) weighted sampling schemes.
(D, I) Sampling weights and (E, J) apodization functions for 40 s−1 (13 Hz) resolution enhancement with a 96 ms
acquisition time. The average number of scans, n̄, is indicated. (F, K) 15N time domain signals (real part) measured
for the R54 resonance using (blue) uniform sampling and (green/red) non-uniform weighted sampling schemes. The
noise level at each time point in indicated with grey shading. (G, L) 1H,15N-SOFAST-HMQC spectra acquired with
uniform sampling (blue) and NUWS resolution enhancement (green/red, shown with a 0.08 ppm 1H offset for
clarity). Magnified plots of the boxed regions are shown underneath. Contour levels are normalized according to the
number of scans in the first increment. (H, M) 15N cross-sections, marked with a dashed line in panels G and L.

In addition to this sensitivity-optimised sampling scheme (α = 1), we have also identified a second NUWS
scheme of interest. In this case, α = 2 (Fig. 1A, red), additional scans are acquired, such that when re-scaled by the
apodization function h(t)≈ e−Γt the noise level remains constant (except for small deviations arising from integer
sampling weights). Resolution enhanced FIDs obtained using this scheme are therefore truly free of artefacts. While
the sensitivity per unit time of this approach is identical to uniform sampling (α = 0, Eq. 5), the disadvantage of
this scheme is the increased acquisition required to accumulate the larger number of scans at later time points.
However, the effectively perfect resolution enhancement and uniform noise obtained using this NUWS scheme
may be used in conjunction with sparse non-uniform sampling (NUS) and reconstruction to reduce the overall
acquisition time. It would also be possible to apply a second apodization function, e.g. cosine or cosine squared, to
the resolution-enhanced FID using NUWS methods, in which case the time consuming acquisition of late points
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would be avoided. However, this approach would prevent extrapolation of the FID using linear prediction or other
methods. As this seems counter-productive to the main goal of resolution enhancement, we have not explored this
possibility further.

It is helpful to estimate the additional acquisition time required for a useful degree of resolution enhancement.
When the relaxation rate of the signal is decreased, longer acquisition times are required to benefit from this enhanced
resolution, such that T ≈ 1/(R−Γ). The average number of scans (Eq. 4) may then be expressed as a function of
the relative reduction in linewidth, R/(Γ−R):

n̄ =
(

e
αΓ

R−Γ −1
) R−Γ

αΓ
(7)

This is plotted in Fig. 1C, for both optimal sensitivity (α = 1) and constant noise (α = 2) NUWS schemes. The
function increases for large resolution enhancements, indicating a practical if not theoretical limit to the approach.
Equally however, linewidths may be significantly reduced, by 4.6-fold or 2.8-fold (α = 1 or 2 respectively), with
a ten-fold increase in acquisition time, which is entirely practical when rapid longitudinal relaxation optimised
SOFAST or BEST experiments are employed15–17.

To test our approach experimentally, we acquired 1H,15N SOFAST-HMQC spectra15 of ubiquitin (277 K, 600
MHz), using uniform sampling, or applying 40 s−1 resolution enhancement with both optimal sensitivity (α = 1)
and constant noise (α = 2) NUWS schemes (Fig. 1D–M). We note that in contrast to hard pulse HMQC experiments,
the use of amide-selective pulses in the SOFAST-HMQC means that scalar couplings to Hα atoms are refocussed in
the indirect dimension. These experiments are therefore an attractive target for further resolution enhancement.

Sampling and apodization schemes are shown in Fig. 1D, E, I and J. Spectra were acquired using a minimal
phase cycle for the first point, and total acquisition times were 2.6 min, 30 min and 9.5 hr for uniform, α = 1 and
α = 2 NUWS schemes respectively. Both NUWS schemes worked effectively, and the increase in spectral resolution
is easy to identify (Fig. 1G,H,L,M). Moreover, the impact of exponentially increasing noise on the spectrum in the
sensitivity-optimised case (Fig. 1G,H) is limited, indicating that this reasonably rapid acquisition scheme may be of
practical utility for a variety of common measurements.

In the second part of this paper, we consider the use of NUWS to decouple multiplets typically observed for
uniformly 13C-labelled proteins due to the evolution of homonuclear 1JCC scalar couplings during indirect chemical
shift evolution periods. Such couplings give rise to signal modulations of the form cosn (πJt), where n is the number
of coupled spins. Here we will focus on the case of terminal methyl groups, for which n = 1. Fortunately, aliphatic
1JCC coupling constants are generally similar in magnitude, ranging between 32 and 40 Hz11. Therefore, we employ
a similar strategy to above, and seek to apply a constant noise NUWS scheme to remove the cos(πJt) modulation
from the observed signal. However, a complication arises that was not present above: the zero crossings of cos(πJt)
at 1/(2J), 3/(2J), etc. result in singularities in the required sampling schedule, n(t) =

[
sec2 (πJt)

]
. The solution we

propose here is to omit all measurements in the vicinity of these points, and subsequently use NUS reconstruction
methods to fill in the gaps in the acquired FIDs (Fig. 2). Although not randomly sampled, the low degree of sparsity
nevertheless allows effective reconstructions to be obtained.

To demonstrate this approach experimentally, we have acquired 1H,13C methyl-SOFAST-HMQC spectra16 of
uniformly 13C-labelled ubiquitin (277 K, 600 MHz). A sampling schedule was prepared based on a 35 Hz 1JCC

coupling constant, with a 40 ms acquisition time (Fig. 3A). 7 complex points were omitted either side of the zero
crossing at 14.3 ms, resulting in 12% sparsity and a mean sampling density n̄ = 2.8. The number of skipped points
was chosen empirically: when too many points were omitted the quality of NUS reconstruction was reduced, while
when fewer points were omitted small differences in intensity due to variations in J couplings were amplified by the
large number of scans required near the zero crossing, again resulting in artefacts. In practical terms, an increased
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number of skipped points also resulted in a reduced acquisition time (lower n̄).
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Figure 2. Homonuclear decoupling using NUWS and NUS reconstruction. The acquisition and processing of a
J-modulated FID is illustrated, wherein points close to the zero crossing (t = 1/(2J), 3/(2J) etc.) are omitted
(orange shading) and reconstructed using NUS methods. The noise level at each point in the final FID is shown with
grey shading.

Uniformly sampled and NUWS experiments were acquired using the sampling, apodization and NUS scheme
in Fig. 3A, and representative FIDs are shown in Fig. 3B. The phase inversion following the zero crossing can be
clearly observed in the NUWS signal, resulting from application of a negative apodization function (Fig. 3A). NUS
reconstruction was performed using SMILE19 (Fig. 3B, red) and the final 2D spectra are plotted in Fig. 3C, together
with a constant-time HSQC for reference (constant-time period 2T = 53.2 ms).

The 1JCC coupling can clearly be observed in the uniformly sampled HMQC spectrum (Fig. 3C, blue), while
decoupled singlets are observed in both the NUWS-NUS decoupled spectrum (Fig. 3C, red) and the CT-HSQC
(Fig. 3C, green). The quality of the reconstruction is high, and examination of one-dimensional cross-sections
(Fig. 3D) again shows that effective decoupling has been achieved, resulting in significantly more intense singlet
resonances. In contrast to the CT-HSQC, the natural line width of signals is retained, i.e. FIDs decay as e−Rt rather
than being scaled by the amplitude e−2RT , where 2T = 53.2 ms is the duration of the constant time period. As a
result, resonances are not only more intense but also more uniform using the NUWS-NUS decoupling approach, in
contrast to the CT-HSQC for which fast-relaxing spins can be hard to detect.

We note that multiple coupling multiplicities cannot be decoupled simultaneously using NUWS-NUS, unlike CT
experiments, as separate sampling schedules are required for each pattern of scalar coupling evolution. However,
because these different types of spin systems are generally in well separated regions of the spectrum, and analyses
often focus on only one subgroup of signals, such as methyl groups (excluding methionine Cε , which do not have
1JCC couplings), in practical situations this requirement may not be overly restrictive. Moreover, as acquisition
is rapid relative to insensitive CT-HSQC experiments, multiple sampling schemes may be acquired in separate
experiments if required.

In summary, we have demonstrated that NUWS may be used to enhance the resolution of multidimensional NMR
experiments, and have shown how signals may be oversampled and apodized in order to modulate their envelopes in
an arbitrary manner while maintaining a uniform noise level. This has opened up the possibility of further signal
manipulations such as non-uniform sampling and reconstruction, and we have used this approach to develop a
simple NUWS-NUS homonuclear decoupling technique. A number of applications may be envisaged for these
methods, for example: increasing the spectral resolution for high molecular weight molecules, where perdeuteration

5/8



-20

0

20

161718
13C chemical shift / ppm

0.40.50.60.70.80.9

12

13

14

15

16

17

18

1H chemical shift / ppm

13
C

 c
he

m
ic

al
 s

hi
ft 

/ p
pm

I44δ1

I36δ1

I13δ1

I61δ1

I61γ2

I3γ2

I44γ2

I30γ2

I23γ2

I13γ2

I36γ2

A46β

I30δ1

I3δ1

W
ei

gh
tin

g

FI
D

 (i
nd

ire
ct

)

13C chemical shift / ppm

Acquisition time / ms

0

5

10

Acquisition time / ms
0 20 40

uniform
reweighted

number of scans
apodization

reconstructed

uniform sampled HMQC
decoupled HMQC

CT-HSQC

N
U

S

0 20 40

A

C

D

B

13.51414.515

Figure 3. Homonuclear decoupling of a 1H,13C SOFAST-HMQC spectrum16 of 13C,15N]-labelled ubiquitin (277
K, 600 MHz) using NUWS and NUS reconstruction. (A) Weighted sampling scheme and apodization function used
for acquisition. Points omitted for NUS reconstruction are indicated with orange shading. (B) 13C time domain
signals (real part) acquired for the L50δ2 resonance (−0.23 1H ppm) using uniform or non-uniform weighted
sampling, with NUS reconstruction using SMILE19. (C) 1H,13C SOFAST-HMQC spectra16 of ubiquitin acquired
with uniform weighting (blue), and decoupled following NUWS acquisition and NUS reconstruction (red). Contour
levels are normalised according to the number of scans in the first increment. A constant time HSQC spectrum (53.2
ms constant time period) is shown for comparison (green). Assignments from bmrb entry 6457. (D) 13C
cross-sections indicated by dashed lines for the spectra shown in (C).

is either not sufficient, or not available, for example in mammalian expressed proteins20, or studies at natural isotopic
abundance21; increasing the accuracy of frequency-based measurements of residual dipolar couplings; combination
with homonuclear decoupling in the direct dimension and/or NUS or spectral aliasing to obtain ultra high-resolution
2D measurements2, 22; sensitive and high-resolution analyses of the interactions of side-chains through titration
experiments using uniformly 13C-labelled material; and as a simple approach to decouple Cα–Cβ scalar couplings
in HNCA and other 3D experiments.
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