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Abstract

Plutonium-based materials are vital for use as nuclear fuels and as portable power

sources for space vehicles. However, elucidating their sensitivity to hydriding corrosion

represents an extreme challenge due to the toxicity of Pu as well as its anomalous mag-

netic properties. In this work, we develop a spin-lattice model of plutonium–plutonium

dihydride (Pu–PuH2) phase equilibrium that retains the accuracy of density functional

theory (DFT) while yielding many orders of magnitude improvement in computational

efficiency. Using Monte Carlo and free energy sampling algorithms, we compute a

number of Pu–PuH2 equilibrium properties that are difficult to probe experimentally,

including equilibrium pressures and phase compositions at room temperature and the

PuH2 heat of formation. Our method will have particular impact on these types of

materials studies, where there is a strong need for computationally efficient approaches

to bridge time and length scale gaps between quantum calculations and experiments.
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The unique material properties of plutonium make it a possible source of heat to generate

steam in power production or to power radioisotope thermoelectric generators for space

probes and, once upon a time, in pacemakers.1 However, even trace amounts of hydrogen gas

or water vapor dissociatively absorb in plutonium due to the high inherent reactivity of the

metal. Above a temperature-dependent solubility limit, the absorbed H atoms aggregate to

form plutonium dihydride (PuH2) flakes or powder.2 Plutonium hydride can further catalyze

rapid, catastrophic oxidation or induce pyrophoricity,3 generating toxic waste. As a result,

understanding plutonium corrosion properties is of primary importance for its continued use

in many application areas.

The complexities of plutonium hydriding can be illustrated by a comparison to hydriding

in a more common metal, such as palladium. The critical temperature of the palladium–

palladium hydride phase envelope is 550 K (277°C), well below the palladium metal melting

temperature of 1828 K (1555°C).4 In contrast, the critical temperature of the plutonium–

plutonium dihydride (Pu–PuH2) phase envelope is unknown exactly, but it has been shown

that PuH2 will crystallize from the melt when liquid plutonium at 1023 K (800°C), 160 K

above the plutonium melting point, is exposed to hydrogen.5 In addition, hydriding in face-

centered cubic (fcc) δ-Pu (of interest for engineering applications due to its high ductility6)

induces a large volume expansion of ∼60%, compared to an expansion of only ∼10% in palla-

dium hydriding, resulting in flaking and the complete degradation of Pu-based materials due

to this lattice mismatch. Finally, neutron diffraction reveals that H atoms randomly occupy

interstitial octahedral (O) sites in palladium hydride.7 In contrast, no neutron diffraction

studies have been performed on δ-Pu or PuH2 to indicate how H atoms partition between

O sites and tetrahedral (T) sites, though investigations of lanthanide-hydrides show that

O sites are not occupied until all available T sites are filled.8

Conducting experiments with plutonium is exceedingly difficult due to its toxicity and

radioactivity. The lowest temperature at which the composition of the PuH2 phase has

been reported is 773 K (500°C).5 Mulford and Sturdy additionally reported equilibrium

3



pressures at 673 and 723 K (400 and 450°C) but were unable to determine the equilibrium

compositions at these temperatures, reporting that it took 20 hours to equilibrate at each

trial composition. Allen9 and Richmond et al.10 both published equilibrium pressures, but

only determined the lower solubility limit of H in Ga-stabilized δ-Pu, not the upper limit in

the PuH2 phase. Allen’s lowest temperature data was taken at 748 K (475°C). Richmond et

al. reported results as low as 623 K (350°C) and allowed 60 hours for equilibration.

This scarcity of experimental data for bulk plutonium hydriding makes computer model

prediction particularly attractive for possible chemical and environmental studies. Recent

efforts have utilized density functional theory (DFT) to assess the crystal structure, density,

magnetization, conductivity, elasticity, and reactivity of plutonium11–18 and plutonium hy-

drides.19–22 These properties were computed from energy-minimized configurations at 0 K,

which excludes potentially important thermal effects on the free energy as a function of

composition. Many molecular simulation methods have been developed for sampling free en-

ergies, including umbrella sampling,23 alchemical transformations,24–26 adaptive biasing,27

and flat histogram methods.28,29 These methods generally require millions of force evalua-

tions, and calculations of statistically independent dynamic trajectories. In contrast, DFT

calculations on δ-Pu can require hundreds of thousands of CPU hours for the simulation

of sub-ps molecular dynamics trajectories on small systems.30 As a result, there exists a

great need for computational approaches for these materials that can yield many orders of

magnitude increase in computational efficiency while retaining the accuracy of DFT.

Spin-lattice models are an attractive alternative for phase diagram calculations due to

their inherent simplicity and reduced order, allowing for substantial savings in computational

expense.31,32 They can exhibit linear scaling and are significantly more efficient than clas-

sical force fields or semi-empirical quantum models. They are also much easier to train to

fitting data because they require only a small number of parameters. They are particularly

attractive for bulk Pu/H phase diagram modeling, where hydrogen atoms are restricted to

occupy only either O or T sites. As a result, a spin lattice model for hydriding can be
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determined from small DFT datasets, which is highly advantageous for computationally dif-

ficult systems such as actinides. Lattice models have been previously developed to model

hydrogen diffusion in palladium alloys33–38 and in nickel alloys.39 These models predict the H

absorption energy as a function of the local metallic composition. However, H–H interactions

are neglected in these studies, limiting them to dilute H concentrations. In this work, we

develop a novel spin-lattice model for Pu–PuH2 phase equilibria. Our model incorporates

H–H interactions in the concentrated hydrogen limit, allowing for simulation of experiments

on both hydrogen-poor and hydrogen-rich plutonium phases for the first time.

The Hamiltonian of a PuHx spin-lattice in the grand canonical ensemble is

H = Econfig + F vib +
µH2

2
NH (1)

where the configurational potential energy Econfig, the vibrational free energy F vib, and

number of hydrogen atoms NH are properties of the microstate, while the chemical poten-

tial of a gas-phase hydrogen molecule µH2 , the number of plutonium atoms NPu, and the

temperature T are held constant. Each absorbed H is treated as an independent quantum

harmonic oscillator. Consequently, Eq. 1 contains the analytic free energy F vib rather than

a potential energy Evib and corresponding quantum degrees of freedom. A P∆V term for H

in the Pu lattice is not included in Eq. 1 because under the conditions studied here its value

is several orders of magnitude smaller than other terms. The impact of plutonium defects

on Pu–PuH2 equilibrium are not considered in this work.

The configurational potential energy Econfig accounts for the arrangement adopted by

the NH absorbed hydrogens. In the δ-Pu phase, we anticipate this will mostly consist of

isolated H atoms in O or T sites. In the PuH2 phase, stoichiometry suggests that H atoms

predominantly occupy T sites, though with possible T-site vacancies and O-site interstitials.

Small clusters of aggregated H atoms and multi-phase configurations will additionally in-

troduce a strain or interfacial energy arising from the lattice mismatch between the δ-Pu
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and PuH2 regions. Computing the DFT energy of such configurations would require espe-

cially large supercells such that the Pu atoms at the boundaries of the cell have zero strain.

Alternatively, the strain energy could be accounted for analytically using idealized models

of, for example, spheroidal or cubical nuclei.40,41 Since our primary goal is to sample the

equilibrium properties of the Pu–PuH2 phase envelope, the details of the transition between

phases are unimportant and we choose the simplest option, viz., to neglect strain effects in

our calculations altogether.

Due to the likely strong screening effects of the intervening plutonium atoms, we pa-

rameterize H–H interaction energies between nearest neighbor sites only. This results in

three types of H–H energies: those between hydrogens in neighboring T sites (TT), those in

neighboring O sites (OO), and cross interactions (OT). Consequently, ETT , EOT , and EOO

are determined by reference to a dataset of DFT energies computed using VASP.42–44 Eight

PuHx configurations with NPu = 32 and variable NH were optimized using a plane-wave cut-

off of 500 eV, spin-polarized plutonium ions, and the GGA+U approach of Dudarev et al.45

to model f-electron correlations. Fig. 1a shows one such configuration (1) and two reference

configurations (0, H2) that were used to compute the change in energy from inserting an

additional hydrogen atom. For example, the absorption energy of H in an isolated O site is

EOO(0) = E1−E0−EH , where E1 is the DFT energy of optimized configuration 1, E0 is the

reference energy of plutonium supercell with no hydrogens, and EH is the reference energy

of a hydrogen atom (see Eq. S2 and supporting information for more details). As shown in

Fig. 1b, if an isolated hydrogen atom moves from an O site to a T site, the energy increases

by 20 kJ/mol. Similarly, the energy increases by 24-32 kJ/mol if a pair of isolated hydrogen

atoms move into neighboring sites, suggesting that there is an energetic barrier to hydride

nucleation. However, there is also an energetic driving force to forming a hydride phase.

Once all six neighboring T sites are occupied, the energy for occupying the central T site is

37 kJ/mol lower than occupying an isolated T site. As with the strain energy, the poten-

tial energies of intermediate H clusters and multi-phase configurations do not contribute to

6



any calculated equilibrium properties. We determine the absorption energies of H atoms in

these intermediate configurations by linearly interpolation, as shown in Fig. 1b. As will be

shown, all OO and OT interactions are sufficiently energetically prohibitive as to be rare in

either δ-Pu or PuH2 phases. In addition, we simplify our tabulated energies by ignoring OO

interactions when OT interactions are present since the OT energies are significantly more

repulsive that those from OO.

Accordingly, the configurational potential energy Econfig can be written as:

Econfig =
∑
i∈T

niE
TT (NT

i ) +
∑
i∈O

ni

[
θ(NT

i − 1)EOT (NT
i ) + θ(−NT

i )EOO(NO
i )
]

(2)

where ni is 1 if site i is occupied and 0 otherwise, and the function EOT accounts for H–H

interactions between a hydrogen in an O site and the NT
i hydrogens in the nearest neighbor

T sites. ETT , EOO, and NO
i are defined similarly. The first sum is over T sites, the second

sum is over O sites, and the Heaviside function θ(n) is 1 if n ≥ 0 and 0 otherwise.
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1 0 H2

(a)

(b)

Figure 1: (a) Snapshots of DFT-optimized configurations 1, 0, and H2, corresponding to
plutonium with one occupied O site, pure δ-Pu, and an isolated hydrogen molecule. (b)
Change in potential energy for inserting a hydrogen into a site with the specified number of
occupied neighboring sites. Filled symbols indicate parameters computed from DFT energies,
while open symbols were determined from linear interpolation.
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Zero-point energies and entropic contributions from the vibration of light interstitials such

as H in metals can be significant. These off-lattice contributions are included analytically. We

computed the normal mode vibrational frequencies ωij for a hydrogen in site i along normal

mode j via DFT using finite displacement. The resulting spectrum (see Fig. S2) shows that

the plutonium and hydrogen vibrational modes differ greatly in frequency. Moreover, the

plutonium vibrational frequencies in PuH2 are shifted by only a few wavenumbers relative

to pure δ-Pu so the contributions of these modes to differences in the energy are negligible.

Inserting a hydrogen atom, on the other hand, creates three vibrational modes that did

not exist in the previous configuration. These modes are treated as quantum harmonic

oscillators, with the following analytical free energy expression:

F vib =
∑
i

ni

∑
j

(
kBΘij

2
+ kBT ln(1− e−Θij/T )

)
. (3)

Here, Θij is the vibrational temperature h̄ωij/kB. The frequencies ωij of a hydrogen atom in

an O site and in a T site in both the δ-Pu and PuH2 phases are given in Table S5. H atoms

vibrate at lower frequencies in the larger O sites than in the smaller T sites. Similarly, H

atoms vibrate at lower frequencies in PuH2 than in δ-Pu, due to the larger unit cell of the

former.

The Pu–PuH2 equilbirium chemical potential was computed by sampling the free energy

using the Wang-Landau (WL) algorithm28 to drive the simulation away from previously

visited regions of configuration space. We first attempted to sample the Pu–PuH2 phase

transition using a one-dimensional bias η(NH), where the order parameter is the number of

hydrogens NH , In the 3D Ising model, the spin up to spin down phase transition can be

sampled using such a one-dimensional bias projected onto the number of up spins. However,

we found that independent WL trials using η(NH) did not converge for the PuHx spin-

lattice model (see Fig. S4). This complexity arises because H atoms occupy T sites in PuH2,

consistent with experimental evidence regarding lanthanide-hydrides, but H atoms in δ-Pu
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δ–Pu

multiphase

Figure 2: (Left) Two-dimensional free energy projected onto the number of hydrogen atoms
in O sites NO

H and in T sites NT
H at 673 K for a system of NPu = 32 and reweighted to

µequil
H2 = -568.8 kJ/mol. Dashed lines show the boundaries of integration for determining
µequil
H2 . (Right) δ-Pu, PuH2, and metastable multiphase configurations. The corresponding

location of each configuration on the free energy surface is indicated by an arrow.

are most favorably bound in O sites. A simulation that employs a bias η(NH) and visits

the δ-Pu basin will likely be biased towards configurations with more occupied O sites, a

direction orthogonal to the Pu–PuH2 transition, rather than toward configurations with more

occupied T sites.

As a result, new configurations were generated via single spin flip Monte Carlo moves

using a two-dimensional (2D) WL bias η(NO
H , N

T
H), where NO

H is the number of occupied

O sites and NT
H is the number of occupied T sites. The negative of the converged bias is

the free energy surface projected onto NO
H and NT

H . The δ-Pu phase corresponds to the free

energy basin in the region NH/NPu ≤ 0.25, while the PuH2 phase is the free energy basin

within the region 1.75 ≤ NH/NPu ≤ 2.7. Four independent trials converged η(NO
H , N

T
H)

to within 0.13 kBT . The free energy surface of the Pu + H2 ⇀↽ PuH2 reaction at 673 K

and NPu = 32 is shown in Fig. 2, reweighted from an arbitrary µH2 = -615 kJ/mol to the

equilibrium chemical potential µequil
H2

, i.e., the chemical potential at which the integrated

free energies of the δ-Pu and PuH2 basins are equal. Due to periodic boundary conditions,

multiphase configurations containing regions of δ-Pu and PuH2 are also metastable for the

NPu = 32 system. These are responsible for valleys in the free energy surface (see Fig. 2)

at NT
H = 16, 32, and 48 corresponding to one, two, or three filled layers of T sites. The
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metastability of such configurations decreases with increasing system size (see Fig. S5-S9),

but does not effect the calculation of µequil
H2 as will be shown below.

The free energy surface in Fig. 2 required calculating the energy of over one billion

configurations. Using our spin-lattice model, this required 29 hours on one Intel Broadwell

processor (2.1 GHz). The required simulation time increased with decreasing temperature;

simulations at 298 K required 8 days of computing time. In contast, a single point energy

calculation with spin-polarized DFT and a GGA+U correction required 30 minutes on 216

of the same Intel processors. As a result, we estimate our model yields a computational

speedup of a factor of O(107).

The effect of system size on the computed equilibrium chemical potential µequil
H2

was

investigated using systems of NPu = 4, 32, 108, 256, and 500. One-dimensional free energy

plots for each system are shown in Fig. 3a. The free energy barriers between phases decreases

with increasing NPu until NPu ≥ 256, indicating that systems of NPu ≤ 108 under sample

the configurational entropy of a growing δ-Pu or PuH2 nucleus. However, the actual value of

µequil
H2

is less sensitive to system size (see Fig. 3b). While µequil
H2

computed from the smallest

system, NPu = 4, is 13.6 kJ/mol above that from the largest system, NPu = 500, the error

from computing µequil
H2

for the NPu = 32 supercell is only +0.8 kJ/mol. Phase equilibrium

at each temperature was therefore computed at the NPu = 32 system size for the sake of

computational efficiency.

Free energies reweighted to µequil
H2

are shown in Fig. 4a for temperatures T = 298, 373, 473,

573, 673, 723, and 773 K. The equilibrium pressures P equil
H2

are recovered from the µequil
H2

by

modeling the hydrogen reservoir as an ideal gas of harmonically oscillating, rigidly rotating

linear molecules (see Eqs. S5-S6). Experimental pressures for the temperatures 673–773 K

are small, ranging from 1-37 Pa.5,9,10 The simulated results for this same temperature range

systematically overpredict the experimental pressures by a scaling factor of 5-8. This could

be due to errors inherent in the exchange-correlation functional used to parameterize our

model (PBE), as well as our simulation of perfect Pu and PuH2 crystals. In particular, the
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Figure 3: (a) Free energy projected onto the ratio of hydrogen-to-plutonium atoms at tem-
perature 673 K for systems of NPu = 4, 32, 108, 256, 500 and reweighted to the equilibrium
chemical potential. (b) The equilibrium chemical potential as a function of system size.
Error bars are smaller than the symbol size.
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lack of defects, impurities, and grain boundaries in our spin-lattice model, which could act as

nucleation sites and thus allow for PuH2 formation at lower pressures could be contributing

to this discrepancy. Despite this systematic error, Fig. 4b shows that the simulated heat of

formation, -140 kJ/mol, is within 7-16 kJ/mol of the experimental results, -1479 to -1565

kJ/mol. Our simulations confirm that the saturation pressure of δ-Pu becomes truly minis-

cule as temperature decreases. At room temperature, we predict the equilibrium pressure to

be O(10−14) Pa.

Figure 4: (a) Free energy projected onto the ratio of hydrogen-to-plutonium atoms for a
system of NPu = 32 at temperatures 298, 373, 473, 573, 673, 723, 773 K and reweighted
to the equilibrium chemical potential. (b) van’t Hoff plot of equilibrium pressures from
experiment (red triangles,5 blue squares,9 green filled circles10) and simulation (black open
circles). Error bars on simulation data are smaller than the symbol size.
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The average equilibrium compositions of each phase are compared to experimental values

in Table 1. The hydrogen saturatation of δ-Pu and the number of T site vacancies in PuH2

both increase with temperature. In addition, the simulated and experimental saturation

composition of PuH2 at 773 K are in excellent agreement. Mulford and Sturdy were unable to

determine, on the basis of composition alone, whether the equilibrated PuH2 was plutonium-

rich (due to interstitial Pu atoms) or hydrogen-deficient.5 While our results cannot eliminate

the possibility that interstitial Pu contribute to the non-stoichiometric upper solubility limit,

we can confirm that presence of T site vacancies is a sufficient descriptor.

Table 1: Equilibrium composition NH/NPu of the δ-Pu and PuH2 phases as a
function of temperature, in K. Sampling uncertainties in simulated compositions
are less than 0.0007.

Pu PuH2

Temp sim Ref. 9a Ref. 10b sim Ref. 5c

298 0.00114 (10−9)d – 1.989 –
373 0.00528 – – 1.976 –
473 0.0142 – – 1.950 –
573 0.0256 – – 1.924 –
673 0.0371 – 0.012e 1.904 –
723 0.0428 – 0.015e 1.896 –
773 0.0486 0.00777 0.011f 1.888 1.88

aPu-2 wt.%-Ga
bPu-2 at.%-Ga
cunalloyed Pu
dextrapolated exponentially from higher temperature data
eapproximated visually
f linearly interpolated from data at 748 and 798 K

In general, our simulations over-predict the hydrogen saturation of δ-Pu by a factor of

3-6 compared to experimental values. This discrepancy is unlikely to be due to the presence

of gallium in the experimental alloys, since Ga has been to shown to enhance the solubility

of H in Pu.10 Rather, it could be a consequence of our decision to limit H–H interactions

in our model to nearest neighbor O sites. The binding of a H in one O site effectively

blocks the 12 neighboring O sites from being occupied due to the high energy required to

insert a hydrogen in those locations. Longer range H–H interactions could exclude additional
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O sites for example, and would subsequently reduce the H solubility, relative to our model.

Nevertheless, we predict similarly small hydrogen solubility in Pu under these conditions.

Additionally, our model allows us to assess the room temperature solubility limit of δ-Pu

more rigorously than the only prior effort, which was determined by extrapolating from an

exponential fit to high temperature data9 and thus could be error prone. For example, these

results show a six order of magnitude decrease in hydrogen solubility of unalloyed plutonium

over an approximate 500 K temperature decrease, whereas our simulations directly compute

a decrease of only 1-2 orders of magnitude over the same temperature range.

Our spin-lattice approach accounts for H–H interactions in nearest neighbor O and T sites

and leverages a tractable number of energies computed via DFT. This allows for the calcu-

lation of accurate Pu–PuH2 phase envelopes at a fraction of the cost of standard quantum

mechanical approaches. Our results yield quantitative agreement with experiment regarding

the solubility limits of hydrogen in plutonium, and predict the heat of formation of PuH2

to within 7-16 kJ/mol of the experimental range of results. Structurally, we confirm that

hydrogen occupies available T sites in PuH2 leaving nearly all O sites vacant, but show that

hydrogen binds preferentially in O sites at low solubility. Efforts to model plutonium hydride

nucleation and incorporate surface effects is the subject of future work. We anticipate that

our spin-lattice model could be parameterized to examine the hydride phase envelopes of

other fcc actinides, rare earth metals, or transition metals (e.g., thorium, cerium, and pal-

ladium). Overall, our predictions provide a baseline to guide future plutonium experiments

and, more generally demonstrate the ability to access the length and time scales necessary

to compute experimentally-verifiable quantities in solid state chemistry by coarse-grained

models while retaining most of the accuracy of quantum calculations.
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