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ABSTRACT 

A complete set of pseudopotentials and accompanying basis sets for all lanthanide elements are 

presented based on the relativistic, norm-conserving, separable, dual-space Gaussian-type 

pseudopotential protocol of Goedecker, Teter and Hutter (GTH) within the generalized gradient 

approximation (GGA) and the exchange-correlation functional of Perdew, Burke and Ernzerhof (PBE). 

The corresponding basis sets have been molecularly optimized (MOLOPT) using a contracted form 

with a single set of Gaussian exponents for s, p and d states. The f states are uncontracted explicitly 

with Gaussian exponents. Moreover, the Hubbard U values for each lanthanide element, to be used in 

DFT+U calculations, are also tabulated, allowing for the proper treatment of the strong on-site Coulomb 

interactions of localized 4f electrons. The accuracy and reliability of our GTH pseudopotentials and 

companion basis sets optimized for lanthanides is illustrated by a series of test calculations on 

lanthanide-centered molecules, and solid-state systems, with the most common oxidation states. We 

anticipate that these pseudopotentials and basis sets will enable larger-scale density functional theory 

calculations and ab initio molecular dynamics simulations of lanthanide molecules in either gas or 

condensed phases, as well as of solid state lanthanide-containing materials, allowing to further explore 

the chemical and physical properties of lanthanide systems. 
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1. INTRODUCTION 

Research on lanthanide chemistry, physics, and materials is an active area due to the unique 

properties lanthanides that primarily arise from their extremely localized 4f electrons.1-3 The presence of 

lanthanides in materials results in interesting optical, luminescent, magnetic, or superconducting 

properties, as well as medical contrast agents, and catalysts.4-14 The rapid development of computational 

technology and electronic structure theory has enabled the modeling of the physical and chemical 

properties of lanthanide-based systems. Density functional theory (DFT) in particular, when 

supplemented with the appropriate pseudopotentials, can be a highly effective method for modeling 

lanthanide-containing systems with reduced computational costs.15-16 Furthermore, the relativistic effects 

in heavy elements can be built into the pseudopotential parameterization. For condensed phase codes, 

pseudopotentials are a requisite, often accompanied by large plane wave basis sets required to model core 

electrons.   

Several quantum chemistry groups have developed lanthanide pseudopotentials that are reported in 

the literature. Examples include: (i) Dolg et al., derived energy-consistent small-core and f-in-core 

pseudopotentials for lanthanides.15-18 (ii) Ross et al., developed norm-conserving pseudopotentials with 

54 core electrons.19 (iii) Cundari et al., proposed that 46-electron core pseudopotentials provide the best 

compromise between computational savings and chemical accuracy.20 (iv) Hay and Wadt report a 54-

core electron pseudopotential for lanthanum.21 Although the mentioned pseudopotentials have been 

widely used by the quantum chemical community, most electronic structure calculations with lanthanides 

include less than ~100 atoms.22-23 Besides gas phase calculations, lanthanides in solution have been 

modeled with the first solvent shell explicitly24-27, and solid-state calculations with lanthanides28 and 

actinides29 have been performed as well. Modeling lanthanides in the solid or condensed phases requires 

plane waves and pseudopotentials that, in principle, enable large scale calculations (i.e., 102-103 atoms 

with periodic boundary conditions, with full explicit solvent boxes and/or in the condensed phase), and 

molecular sampling from ab initio molecular dynamics (AIMD), which can be used to determine physical 

and chemical properties of lanthanide-containing systems.13, 30 Bachelet, Hamann, and Schüler were the 

first to publish a set of norm-conserving pseudopotentials for all elements up to Pu,31 later followed by 

Harwigsen, Goedecker and Hutter.32-33 
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In the late 90s, Goedecker, Teter and Hutter (GTH) proposed a dual-space Gaussian-type 

pseudopotential that is separable and satisfies a quadratic scaling with respect to system size.32-33 The 

employment of GTH pseudopotentials in a mixed Gaussian-planewave scheme has proven to be an 

effective and efficient way to perform AIMD simulations.34 Accurate GTH pseudopotentials are available 

for most elements,32-33, 35 except for lanthanides and actinides due to the way that their f states were 

included into the fitting procedure of the potentials, which in effect removed their variational flexibility. 

This problem becomes most acute when dealing with multiple oxidation states, since a change in redox 

state will induce a change in the electronic structure of the f orbitals. This compromises the transferability 

of the pseudopotentials and limits their use in many chemical applications.   

Recently, cerium pseudopotentials and basis sets were optimized to study the surface properties of 

ceria.36-37 It was demonstrated that a full inclusion of f states into the fitting procedure can result in highly 

transferable, though computationally expensive, potentials.37 However, accurate GTH pseudopotentials 

and basis sets for the remaining lanthanides are still lacking, preventing larger-scale DFT calculations 

and AIMD simulations of lanthanide-containing systems in the condensed phase or solid state. 

The objective of this work is to fill this critical gap by producing a full set of well benchmarked 

pseudopotentials for the entire lanthanide series along with the corresponding Gaussian basis sets. 

Although these same potentials could be used as a starting point for higher levels of approximation to the 

electronic structure, our goal is to provide a reliable tool for simulating condensed phase systems 

including bulk solids, surfaces, and molecular species in gas and solution at a gradient corrected DFT 

level of theory. Hence, we report our optimized GTH pseudopotentials and corresponding basis sets with 

uncontracted valence 4f states with Gaussian exponents. For the late lanthanides (Tb to Lu), the 4d10 

configuration is treated as a semi-core state. Also, as the on-site Coulomb interactions are particularly 

strong for localized 2p, 3d and 4f electrons due to the quantum primogenic effect,38 we determined the 

corresponding Hubbard term (+U) values based on the third ionization potential. The accuracy of our 

lanthanide GTH pseudopotentials and basis sets with uncontracted f states is illustrated by a series of 

benchmarks on lanthanide molecules in the gas phase and solid-state. 

2. THEORETICAL AND COMPUTATIONAL METHODOLOGY 

2.1 GTH pseudopotentials and MOLOPT basis sets 

The norm-conserving, separable, dual-space GTH pseudopotentials comprises of two parts.32, 35 A 
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local part given by: 
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where 𝑟"#$
%% is the range of the Gaussian ionic charge distribution.  

A non-local part given by: 
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where 𝑁7"	is a normalization constant, and 𝑌"O is a Laplace’s spherical harmonic.  

These pseudopotentials have optimal decay properties in both real space and Fourier space, 

which can be calculated analytically, and are critical for condensed phase calculations.32 VandeVondele 

and Hutter39 proposed molecularly optimized (MOLOPT) Gaussian basis sets with analytical dual-

space GTH pseudopotentials, where all angular-momentum functions share the same exponents in 

MOLOPT basis sets. 

We followed the general procedure shown in Figure 1 to optimize the lanthanide GTH 

pseudopotentials and corresponding MOLOPT basis sets. Our derivation of lanthanide GTH 

pseudopotentials closely follows the scheme by Goedecker et al.32-33 First, we fitted the pseudopotential 

parameters to obtain the best representation of orbital eigenvalues and charge density of the atomic 

ground states. The f states were handled by explicitly fitting the non-local projectors in each step of the 

pseudopotential optimization. The GTH pseudopotential parameters, for the ubiquitously used PBE 

functional, were optimized with respect to atomic all-electron wavefunctions, obtained from fully 

relativistic density functional calculations specificly modified to directly fit the f states, as originally 

proposed.33 For the fitting process, we used a weighted average of Kohn-Sham eigenvalues, radial 

densities, and location of the radial nodes. The weights of these factors were heaviest on the semi-core 

states (5s, 5p, 4d), one order of magnitude lower than the valence states (6s, 6d, 5d, 4f), and a further 

reduction of one order of magnitude for the virtual states. Typical differences between the optimized 

orbital enegies of pseudo-wavefunctions and all-electron wavefunctions in the valence region were ~10-
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4-10-5 Hartree, and ~10-3 Hartree for unoccupied orbitals. Given the large impact of the rloc parameter 

on the fitting procedure with respect to all other parameters, we fitted the potentials by first fixing rloc 

and relaxing all other parameters, then choosing the best fit from the resulting series of potentials. We 

uncontracted the f states with additional Gaussian exponents. We previously followed this scheme to 

produce accurate calculations for cerium.37 The contraction coefficients of the s, p, and d states were 

optimized to minimize the objective function, which consists of energies and condition numbers of the 

overlap matrix of training molecules. The resulting pseudopotentials and basis sets appear in the 

Supporting Information (SI), as well as a more detailed discussion about the optimization procedures 

in Part A of the SI, Tables S1-S3. 

 
Figure 1. Our general procedure to generate, optimize and benchmark the GTH pseudopotentials and 

companion basis sets. 

2.2 Computational methodology 
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We used CP2K (version 4.1) and CPMD (version 4.1) for benchmarking the optimized 

pseudopotentials and basis sets.40-43 To assess pseudopotential transferability, we calculated two redox 

reaction energies, and compared results with all-electron calculations performed with the standard 

quantum chemistry software ADF (version 2016.106) that uses Slater-type basis functions.44 Noting 

that the most stringent test of the transferability of a pseudopotential is its ability to reproduce the energy 

of redox chemistry, we focused on two prototypical reactions, chosen to represent the most common 

spin and oxidation states that dominate lanthanide chemistry: 

LnCl +
1
2Cl= = LnCl=							(𝑅1) 

LnCl= +
1
2Cl= = LnCla							(𝑅2) 

An ionic model of LnCl, LnCl2, LnCl3 is assumed where chlorine atoms are treated as closed-shell 

anions, and the lanthanide including all the spin density with electrons occupying the same orbitals as 

a lanthanide cation.45 The electron configurations of lanthanide ions followed Peterson’s work.46 The 

electron configurations of LnCl, LnCl2 and LnCl3 are depicted in Table S4 of the SI. LnCln (n = 1 – 3) 

and Cl2 structures were optimized using Gaussian47 (version Gaussian09 D.01) at the PBE48 level. We 

use the same geometries (calculated with Gaussian) to compare the redox reaction energy for ADF and 

CP2K for consistency. After we get optimized pseudopotential and basis sets, we use the optimized 

geometries and computed the reaction energetics (Table S11). Relativistic effects were included using 

the ECP28MWB Ln effective core potentials (ECP).16 We used the ECP28MWB_SEG basis sets for Ln 

atoms and cc-pVTZ basis sets for Cl.16, 49 Minima were confirmed by vibrational analysis that resulted 

in all positive normal modes of the optimized geometries. 

Using these optimized geometries, we performed PBE single-point calculations with the ZORA 

relativistic correction and TZ2P all-electron basis sets for Ln and Cl.50-55 Three different schemes were 

tested to compute the reaction energetics of lanthanides, with reactions R1 and R2 as reference points 

using ADF, see detailed discussion in Part B of the SI, Table S5. Scheme 3 (Fermi-Dirac), which is 

closer to the smearing algorithm in CP2K, was also used to calculate R2 reaction energetics and bond 

energies of 3d transition metals, see Tables S6 and S7 in the SI. In both cases, mean average deviations 

are quite small, 0.9 kcal/mol for reaction energies and 3.8 kcal/mol for bond energies. 

In CP2K, reaction energies were calculated with molecules placed in cubic boxes with cell lengths 
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of 20 Å, which allows modeling isolated molecules in a periodic code. A cutoff distance of 800 Ry was 

chosen, based testing with Ce and Tb (Tables S8 – S9 in the SI). The energetics of the two reactions 

were also calculated in CPMD42-43, with a wavefunction cutoff of 250 Ry. 

Additional benchmark calculations were performed with CP2K to test the new GTH 

pseudopotentials and basis sets with uncontracted f states for molecules and solids. We used a cutoff of 

800 Ry owing to the very tight cores of the resulting potentials which necessitate a large number of 

plane waves to represent their core densities. Non-periodic conditions were used with molecular tests, 

except for enthalpies of formation where all calculations were done with uncharged boxes in periodic 

conditions. Periodic conditions were also used for solid state calculations. Results were compared to 

relativistic, all-electron reference calculations performed with ADF or to published all-electron 

calculations, as well as to experimental data when available.  

3. RESULTS AND DISCUSSION 

3.1 Pseudopotential transferability and reaction energies 

The lanthanide series starts (La) with the ground states of the 4f orbitals empty, and ends (Lu) with 

them fully filled. The 6s orbital is fully occupied in the ground state configuration for all lanthanides. 

The 5d orbitals are occupied by one electron for La, Ce, Gd, and Lu. The 4f orbitals lie energetically 

above the 5s and 5p orbitals, and are partially occupied for nearly all lanthanides. Because of increased 

effective nuclear charge, the 4f orbitals become more and more contracted from La to Lu as shown in 

Figure 2b. Generally, for lanthanides, the 4f, 5d and 6s orbitals are treated as valence orbitals, and the 

semi-core 5s and 5p orbitals expand into valence region too, as shown in Figure 2a. Therefore, the 5s 

and 5p orbitals are treated as semi-core states in the “large-core” pseudopotential scheme. 

Hartwigsen and co-workers published the first relativistic GTH pseudopotentials for lanthanides,33 

and their large-core GTH pseudopotentials and MOLOPT basis sets are included in CP2K data library 

(LnPP0 hereafter). However, the existing LnPP0 pseudopotentials and basis sets do not replicate redox 

reaction energies, which motivated our work. 



 

8 
 

 

Figure 2. (a) Radial densities D(r) = r2R(r)2 for 4d, 5s, 5p, 4f, 5d and 6s orbitals of atomic ions Sm3+. 

(b) Radial densities r2R(r)2 of 4f orbitals from La3+ to Lu3+. 

To test the transferability of the pseudopotentials and basis sets, we calculated the R1 and R2 

reaction energies with lanthanide ions in the +1, +2 and +3 oxidation states. Table 1 compares reaction 

energies obtained with the LnPP0 GTH pseudopotentials with their corresponding ADF results that 

serve as a comparison point. Reaction energies do not match those computed with ADF when using the 

basis sets with contracted s, p, d and f states, since results underestimate reaction energies with early 

lanthanides and overestimate them for the late lanthanides. We uncontracted the f states by using the 

Gaussian exponents from the CRENBL ECP basis set,19 as previously done for cerium by our group.37 

By using the uncontracted f states, we reduced the error significantly for the early lanthanides (La to 

Gd). However, the reaction energetics of late lanthanides (Tb to Yb) are still overestimated compared 

to the ADF reaction energies (Table 1). Therefore, uncontracting the f states in the LnPP0 basis sets 

improves their reaction energy accuracy for early lanthanides, but significant errors remain for late 

lanthanides. 
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Table 1. Reaction energies (kcal/mol) with previously existing LnPP0 lanthanide pseudopotentials and 

basis sets at the PBE level. Error calculated with respect to the reaction energies computed with ADF. 

 

f contracteda f uncontractedb Contracted errorc Uncontracted errorc 
R1 R2 R1 R2 R1 R2 R1 R2 

La -90.3  -89.3  -90.3  -89.3  3.9 0.8 3.9 0.8 
Ce -89.8  -70.5  -91.3  -81.2  1.6 14.0 0.1 3.3 
Pr -83.9  -56.2  -85.9  -73.3  3.0 20.4 0.9  3.2 
Nd -80.4  -43.0  -80.3  -61.0  -0.8 26.8 -0.6 8.7 
Pm -79.6  -59.4  -82.9  -66.8  0.2 4.0 -3.0 -3.4 
Sm -82.6  -28.9  -81.3  -37.0  -5.2 19.5 -3.8 11.3 
Eu -76.7  -13.4  -76.6  -20.3  -1.7 19.9 -1.5 13.1 
Gd -89.8  -83.4  -88.1  -81.9  3.8 0.4 5.3 1.9 
Tb -73.1  -95.7  -73.7  -93.1  -3.0 -13.2 -3.6  -10.6 
Dy -78.6  -95.6  -76.7  -95.5  -4.4 -29.5 -2.5 -29.4 
Ho -77.4  -93.2  -76.9  -91.8  -4.4 -28.3 -3.9 -26.9 
Er -72.2  -94.5  -71.0  -93.8  -2.1 -27.6 -0.9 -26.9 
Tm -75.6  -75.0  -74.5  -81.8  -3.3 -22.9 -2.2 -29.8 
Yb -77.6  -58.2  -72.8  -72.2  -3.7 -18.8 1.1 -32.7 
Lu -72.0  -89.9  -70.3  -88.3  0.5 -4.8 2.2 -3.2 

MADd 
    

2.7 
kcal/mol 

16.7 
kcal/mol 

2.4 
kcal/mol 

13.7 
kcal/mol 

a f states contracted using the same Gaussian exponents with s, p and d states. 
b f states uncontracted using different Gaussian exponents with s, p and d states. 
c Error = (ECP2K – EADF). Contracted error means the error using contracted basis set. Uncontracted error means error using f 

state uncontracted basis set. 
d Mean absolute deviation. MAD = ∑ |Ei|/N7  where Ei is the error for each lanthanide element, and N is number of 

lanthanide elements. 

As demonstrated by Goedecker and Maschke, pseudopotential transferability is related to the 

existence of a region around the nuclei where its charge density is practically independent of the 

chemical environment.56 The ideal choice of the cutoff radius (rc) is one that distinguishes these two 

regions. Core electrons should reside exclusively within an inert region,56 where charge density does 

not change in different chemical environments. The significant errors in Table 1 are likely due to the 

fact that an inert region was not identified in the LnPP0 large-core pseudopotentials. Noticeably, 

uncontracting the f states did not improve results for dysprosium. Therefore, we generated tighter norm-

conserving GTH pseudopotentials, especially for the late lanthanides where the LnPP0 pseudopotentials 

are less accurate. 

The semi-core state is also important for lanthanide pseudopotentials. Dolg and co-workers found 
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that the most accurate pseudopotentials include all orbitals with the same main quantum number as the 

conventional valence orbitals (e.g., 4s, 4p, 4d, 4f in valence).15-17, 57 Transferable pseudopotentials have 

clearly delimited core and valence regions, making it possible to replace the core electrons with a norm-

conserving potential. This is a challenge for the lanthanides, since the f states are close to the core but 

should be considered as part of the valence, as shown by the spatial overlap between the 4d orbitals and 

4f orbitals (Figure 2a). This effect is even more pronounced for the late lanthanides due to contraction 

(Figure 2b). 

 

Figure 3. The Rmax of 4s, 4p, 4d and 4f orbitals derived from numerical Dirac-Fock calculations. For 

(a), j = l + D
=
; for (b), j = l - D

=
. 

To compare the orbital properties of 4s, 4p, 4d, and 4f orbitals quantitatively, we obtained the 

radius of maximum radial densities (Rmax) of these orbitals (Figure 3) with numerical relativistic Dirac-

Fock calculations.58 We found no significant boundary between the 4f and 4d orbitals for Tb to Lu. 

Therefore, the spatial correlation between the 4d and 4f orbitals is highly relevant due to the 

compactness of 4f orbitals, as has been discussed by Gomes and co-workers.59 The high correlation 

between 4d and 4f orbitals likely explains the reaction energy results with the LnPP0 large-core 

lanthanide pseudopotentials (Table 1).  

For increased accuracy, the 4s, 4p and 4d orbitals are usually treated as semi-core states near the 

valence space. Since pseudopotentials with semi-core wave functions are computationally more 

expensive, a balance between chemical accuracy and computational cost has to be met. Therefore, we 

included the more relevant 4d10 configuration as a semi-core state, while keeping the 4s and 4p states 
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in the core, as there is significant boundary between 4d and 4s, 4p orbitals (Figure 3). We tested different 

rloc values with Tb to define our pseudopotentials, details in Table S10 of the SI. To facilitate discussion, 

we classified pseudopotentials by their cores (Table 2). As example for Ce, detailed definitions of three 

different core-region pseudopotentials are depicted in Table 2. 

Table 2. The electronic configurations of core, semi-core and valence region for small-core, medium-
core and large-core pseudopotentials for Ce. 

Core type Corea Semi-core Valence 
Small-core [Ar]3d10  4s24p64d105s25p6 4f15d16s2 

Medium-core [Kr] 4d105s25p6 4f15d16s2 
Large-core [Kr]4d10 5s25p6 4f15d16s2 

            a [Ar] and [Kr] mean the electronic configurations of Ar and Kr atoms. 

We adopted a large-core pseudopotential scheme for the early lanthanides (La to Gd), and a 

medium-core scheme for the late lanthanides (Tb to Lu). Our new GTH pseudopotentials, and 

corresponding MOLOPT basis sets with uncontracted f states, are displayed in Part F of the SI. 

The energies of the two redox reaction (R1 and R2), computed using our new GTH 

pseudopotentials and basis sets in both CP2K and CPMD, are listed in Table 3. Errors with respect to 

ADF all-electron calculations are considerably smaller: less than 5% for all lanthanides except Nd and 

Dy. Notably, reaction energies for late lanthanides are not being significantly overestimated, a result 

that is consistent with our discussion about the overlap between the 4d and 4f orbitals (Figure 3). Based 

on this, we suspect that results for Nd and Dy could be further improved with medium-core and small-

core pseudopotentials, respectively. 

Our new GTH pseudopotentials and MOLOPT basis sets with uncontracted f states (LnPP1 

hereafter) show accuracy of 2-3 kcal/mol (mean absolute deviation) when using CP2K. As a comparison, 

we also include results with CPMD (Table 3), using planewave basis sets. In principle, results should 

be converging to the same values at the limit of complete Gaussian or planewave basis sets. However, 

the ability to control the final electronic state during the initial guess and self-consistent field procedure 

differs between the two codes, and this control is critical for the electronic structure of the f-block 

elements. Compared with Gaussian basis sets, very large planewave basis sets have difficulty 

converging to the same states with tightly contracted 4f orbitals, as shown in Table 3. 
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Table 3. Reaction energies (kcal/mol) with our new LnPP1 GTH lanthanide pseudopotentials and 

MOLOPT basis sets with uncontracted f states, at the PBE level. Mean absolute deviations (MAD) are 

calculated with respect to the reaction energies calculated with ADF. 

 

CP2K CPMD CP2K error CPMD error 
R1 R2 R1 R2 R1 R2 R1 R2 

La -89.7  -88.6  -85.7  -50.9  4.4 1.5 8.4 39.3 
Ce -88.5  -85.4  -76.9  -63.8  2.9 -0.9 14.5 20.7 
Pr -85.7  -73.8  -76.9  -46.3 1.1 2.8 9.9 30.3 
Nd -77.6  -62.3  -72.9  -43.0  2.1 7.4 6.7 26.7 
Pm -80.6  -61.9  -77.1  -53.5  -0.8 1.5 2.7 9.9 
Sm -78.9  -48.4  -72.7  -29.2  -1.4 -0.0 4.7 19.1 
Eu -75.9  -32.3  -72.0  -8.1  -0.9 1.0 3.0 25.2 
Gd -89.3  -81.3  -87.4  -80.8  4.2 2.5 6.1 3.0 
Tb -68.4  -83.6  -69.9  -92.6  1.7 -1.0 0.2 -10.0 
Dy -76.4  -60.9  -70.7  -24.7  -2.1 5.3 3.5 41.5 
Ho -71.8  -65.3  -72.3  -74.1  1.3 -0.4 0.8 -9.1 
Er -67.6  -68.6  -78.0  -82.7  2.5 -1.7 -7.9 -15.8 
Tm -74.0  -50.1  -68.7  -62.9  -1.7 2.0 3.6 -10.8 
Yb -71.6  -41.0  -67.7  -45.8  2.2 -1.6 6.1 -6.4 
Lu -67.7  -87.2  -72.5  -83.3  4.8 -2.1 -0.1 1.8 

MAD 
    

2.3 
kcal/mo

l 

2.1 
kcal/mo

l 

5.2 
kcal/mo

l 

18.0 
kcal/mo

l 

3.2 Molecular tests 

We performed tests on molecules in the gas phase to check the accuracy of our new LnPP1 GTH 

pseudopotentials and companion MOLOPT basis sets. These include lanthanide aqua-ions [Ln(H2O)n]3+, 

lanthanide chloride geometries, Ln-Cl bond energies, as well as enthalpies of formation of lanthanide 

chlorides, fluorides and LnO. Results show small errors compared to experiment and all-electron 

methods. 

The geometry optimization results of lanthanide aqua-ions [Ln(H2O)n]3+, (Ln = La – Lu, n = 8, 9) 

are presented in Table 4 and Figure 4. The coordination number (CN) represents the number of water 

molecules in the first coordination sphere of the lanthanide ion (Table 4). A CN of nine was observed 

for La to Sm, and a CN of eight for Eu to Lu, in agreement with the reported values for La and Lu.24 

Average Ln-O bond lengths calculated with our new pseudopotentials and basis sets are consistent with 

previous findings24, 26-27, 60, except for slightly larger bond lengths (~1% for the early lanthanides and 
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~2% for the late lanthanides, Table 4, Figure 4). The lanthanide contraction quantified as the difference 

between the average Ln-O bond lengths of La(H2O)9
3+ and Lu(H2O)8

3+, is 0.210 Å. This result is in 

excellent agreement with published electronic structure calculations using four-component relativistic 

Hartree-Fock (0.210 Å), MP2 (0.210 Å), and small-core pseudopotential (0.207 Å).24, 61 

Table 4. Average Ln-O bond lengths (Å) and binding energies (kcal/mol) of lanthanide aqua-ions 

(Ln(H2O)n
3+, Ln = La – Lu, n = 8, 9). 

 
CN 

Bond Length Binding Energy  Error 
ADF CP2K ADF CP2K Bond Lengtha Binding Energyb 

La 9 2.59 2.62 -57.2  -58.2  0.03 -1.0 
Ce 9 2.57 2.59 -59.3  -59.7  0.02 -0.4 
Pr 9 2.54 2.57 -61.3  -61.1  0.03 0.2 
Nd 9 2.53 2.55 -63.2  -62.4  0.02 0.8 
Pm 9 2.52 2.54 -64.0  -62.8  0.02 1.2 
Sm 9 2.51 2.53 -63.5  -63.4  0.02 0.1 
Eu 8 2.45 2.50 -67.8  -68.5  0.05 -0.7 
Gd 8 2.43 2.46 -67.4  -67.6  0.03 -0.2 
Tb 8 2.42 2.47 -69.4  -68.1  0.05 1.3 
Dy 8 2.41 2.46 -71.4  -68.0 0.05 3.4 
Ho 8 2.39 2.44 -73.4  -68.2 0.05 5.2 
Er 8 2.38 2.44 -74.4  -69.2  0.06 5.2 
Tm 8 2.38 2.43 -73.4  -69.4 0.05 4.0 
Yb 8 2.37 2.43 -73.1  -70.3  0.06 2.8 
Lu 8 2.35 2.41 -72.7  -71.1  0.06 1.6 

MAD      0.04 Å 1.9 kcal/mol 
a. Error of bond length is calculated by LCP2K - LADF, where L is bond length. 
b. Error of binding energy is calculated by ECP2K - EADF, where E is binding energy. 
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Figure 4. Average Ln-O bond lengths in Ln(H2O)n
3+ (Ln = La – Lu, n = 8, 9). 

 

Our new LnPP1 pseudopotentials and basis sets also reproduce the structure of lanthanide chloride 

compounds (LnCln, n = 1 – 3), within 0.04 Å for bond lengths and within 2 degrees for bond angles 

compared to optimized geometries using with all-electron calculations. Tables S12 and S13  in the SI 

show the average bond lengths and angles of the optimized structures obtained with ADF using all-

electron methods and our LnPP1 pseudopotentials and basis sets with CP2K. 

From the optimized structures we also calculated the homolytic bond Ln-Cl dissociation energies 

in LnCl3 (Ln = La – Lu) using reaction reaction 3: 

LnCla = LnCl= + Cl			(𝑅3) 

Reactions 2 and 3 differ by a constant amount representing half the atomization energy of 

dichlorine (61.6 kcal/mol, close to the well-known Cl-Cl bond energy of ~58.0 kcal/mol) and the 

relative errors (both reactions with respect to ADF values) is ~4.0 kcal/mol. The M-Cl bond 

dissocitation energy errors with lanthanides are similar to those computed for 3d transition metal 

chlorides, see Part B of the SI.  
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Table 5. Ln-Cl bond energies (kcal/mol) in LnCl3 (Ln = La – Lu) calculated with our LnPP1 

pseudopotentials and basis sets (CP2K) and all-electron (ADF), both with the PBE functional. 

 ADF CP2K Error 
La -125.0 -119.4 5.6 
Ce -119.3 -116.2 3.1 
Pr -111.4 -104.6 6.8 
Nd -104.6 -93.1 11.5 
Pm -98.2 -92.7 5.5 
Sm -83.1 -79.2 3.9 
Eu -68.1 -63.1 5.0 
Gd -118.6 -112.1 6.5 
Tb -117.4 -114.4 3.0 
Dy -101.0 -91.7 9.3 
Ho -99.8 -96.1 3.7 
Er -101.7 -99.4 2.3 
Tm -86.9 -80.9 6.0 
Yb -74.3 -71.8 2.5 
Lu -120.0 -118.0 2.0 

MAD   5.1 kcal/mol 

 

We calculated the formation enthalpies of LnCln (n = 2, 3), LnFn (n=1, 2, 3), and LnO, which are 

part of the LnHF54 data set compiled in 2016 by Grimmel et al., where they performed all-electron 

calculations on the enthalpies of formations with many functionals, including PBE.45 Results show that 

the MADs of our LnPP1 pseudopotentials and basis sets with respect to experiment are very similar to 

those reported by Grimmel et al., using the PBE functional. Only the lanthanide molecules with known 

experimental enthalpies of formation were calculated. Except for the Ln oxidation state of +1 (LnF), 

our calculated results have similar accuracy to all-electron methods. It should be noted that the all-

electron calculations performed by Grimmel et al., are based on single molecules as a gas phase 

reference, and our CP2K calculations were performed under periodic conditions with uncharged boxes 

and include an empirical fit to experiment, with predictive value throughout the lanthanide series, see 

Part D of the SI for details, where Tables (S14 to S19) with all the computed enthalpies of formation 

are reported as well. 
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Table 6. Computed MAD values for enthalpies of formation using CP2K with our LnPP1 

pseudopotentials and basis sets with respect to experiment, and previously done with all-electron45 with 

respect to experiment. Both methods used the PBE functional. 

 

CP2K – Experiment 
MAD (kcal/mol) 

All-electron – Experiment 
MAD (kcal/mol) 

LnCl3 7.8 9.6 
LnCl2 18.6 8.0 
LnF3 28.1 34.4 
LnF2 3.6 11.9 
LnF 33.8 4.7 
LnO 6.1 23.0 

 

3.3 Solid state tests 

Considering the importance of lanthanides in materials science, we tested our LnPP1 

pseudopotentials and basis sets in the solid state with lanthanide bulk metals. As calculating solid metals 

is computationally expensive, we limited our tests to La, Eu, Gd and Er for which there are experimental 

data. The calculated lanthanide metal crystal lattice constants are listed in Table 7, and the work 

functions and surface energies of the (001) surface, computed using slabs made up with of 5 x 5 x 3 

layers in periodic conditions, are reported in Table 8. We calculated work functions as VH - εF, where 

VH is the one-particle Hartree potential away from the surface and εF is Fermi level of the lanthanide 

surface. The surface energies were computed as:  

𝜎 = hiEjk>lmhknEo
=p

                                                          (Eq. 5) 

in which 𝐸r"st is is the energy of the slab, 𝛿𝐸tv"w is the enegy of each atom in the bulk, N is the 

number of atoms in the slab, and 2A is the total surface area on both sides of the slab.  

 Fortunately, theoretical and experimental data on lanthanide surface energies and work functions 

are known.62-69 The calculated crystal lattice constants are within ~0.12 Å of experiment (Table 7). The 

work functions calculated with our pseudopotentials and basis sets have a mean absolute deviation of 

0.12 eV (2.77 kcal/mol) with respect to experimental values, and the surface energies calculated have a 

mean absolute deviation of 0.21 J/m2 from experiment, as shown in Table 8. The values calculated with 

our LnPP1 GTH pseudopotential and basis sets are also comparable to published theoretical results, see 
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Table 8.  

 

Table 7. Crystal lattice constants (Å) calculated with our LnPP1 GTH pseudopotentials and basis sets 

with uncontracted f states, at the PBE level. 

 

Crystal  
Structure 

Geometry (CP2K) Geometry (Expt.)a Errorb 
a0 c0 a0 c0 a0 c0 

La Hcp 3.89 6.05 3.75 6.07 0.14 0.02 
Eu Bcc 4.37 4.48 4.61 4.61 -0.24 -0.13 
Gd Hcp 3.74 5.99 3.63 5.78 0.11 0.21 
Er Hcp 3.59 5.66 3.56 5.59 0.03 0.07 

MAD      0.13 Å 0.11 Å 
a Experiment data reference70 
b. Error of crystal lattice constant is calculated by dCP2K – dExpt where d is crystal lattice constant. 

 

Table 8. Work functions (eV) and surface energies (J/m2) calculated with our new GTH 

pseudopotentials and basis sets with uncontracted f states, at the PBE level. 

 
Surface 

Work function Surface energy 
CP2K Expt. Theor. Errora CP2K Expt. Theor. Errorb 

La hcp (001) 3.19 3.50c 3.21d -0.31 0.75 1.02g 0.57h -0.27 
Eu bcc (001) 2.52 2.50c 2.42d 0.02 0.31 0.45g 0.34h -0.14 
Gd hcp (001) 3.07 3.10e 3.30f 0.03 0.91 - - - 
Er hcp (001) 3.29 - - - 1.07 - - - 

MAD 
    

0.12 
eV    

0.21 
J/m2 

a Error of work function is calculated by WCP2K – WExpt, where W is work function. 
b Error of surface energy is calculated by ECP2K – EExpt, where E is surface energy. 
c The experimental data of work function for La, Eu is from reference64  
d The previous theoretical data of La, Eu work functions are from reference68, where the bcc(110) surface of Eu is computed. 
e The experimental data of work function for Gd is from reference63 
f The previous theoretical data of work function for Gd is from reference66 
g The experimental data of surface energy for La, Eu is from reference67 
h The previous theoretical data of surface energy for La, Eu is from reference68 
 

3.4 DFT +U correction 

We performed DFT+U calculations with our LnPP1 pseudopotentials and basis sets based on third 

ionization potentials, whose values for lanthanides are known from experiment.71 We varied the +U 
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values to best match experiment (Table 9), details for Ce are shown in Table S20 in the SI. We 

previously found that, for lanthanides, U values have a larger effect on energies of reaction that involve 

a change in population of the 4f electrons.37 Therefore, no values were calculated for Gd and Lu. Results 

show that larger U values are required for the early than for the late lanthanides to accurately reproduce 

ionization potentials. Finally, it is noted that U values will vary for different properties and need to be 

fitted accordingly, but this set may serve as a starting point for additional studies, see SI Table S21. 

Table 9. The U value (eV) and third ionization potential (kcal/mol) calculated by DFT and DFT+U, 

using our LnPP1 GTH pseudopotentials and basis sets with uncontracted f states in CP2K.  

 U DFT DFT+U Expt. Error (DFT)a Error (DFT+U)b 
La 3.27 449.7 442.4 442.2 7.5 0.2 
Ce 4.08 504.1 466.3 465.8 38.3 0.5 
Pr 4.63 528.8 498.4 498.7 30.1 -0.3 
Nd 3.54 552.5 510.6 510.6 41.9 0 
Pm 5.44 552.3 514.7 514.0 38.3 0.7 
Sm 3.54 570.0 540.9 540.3 29.7 0.6 
Eu 4.08 604.6 575.0 574.7 29.9 0.3 
Tb 2.45 527.3 506.1 505.3 22 0.8 
Dy 1.90 551.0 529.5 528.8 22.2 0.7 
Ho 0.54 532.0 525.8 526.7 5.3 -0.9 
Er 1.63 541.7 525.0 524.4 17.3 0.6 
Tm 2.18 565.5 546.0 546.1 19.4 -0.1 
Yb 0.54 582.0 577.2 577.7 4.3 -0.5 

MAD     23.6 kcal/mol 0.5 kcal/mol 
a. Error (DFT) is calculated by IPDFT – IPExpt, where IP is ionization potential. 
b. Error (DFT+U) is calculated by IPDFT+U – IPExpt, where IP is ionization potential 

 

4. CONCLUSIONS 

We have constructed new sets of GTH pseudopotentials and companion basis sets for the whole 

lanthanide series. We adopted large-core pseudopotentials for lanthanum to gadolinium, and medium-

core pseudopotentials for terbium to lutetium. This scheme provides a good compromise between 

computational cost and chemical accuracy. The corresponding MOLOPT basis sets were optimized 

with the f states uncontracted in the valence orbitals. Our LnPP1 GTH pseudopotentials and basis sets 

performed comparably to all-electron calculations in a variety of molecular and solid-state benchmarks 
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that included structural, electronic, and thermodynamic quantities. Additionally, DFT+U parameters, 

based on the ionization potentials from experiment, were determined. These new pseudopotentials and 

basis sets will facilitate larger-scale DFT calculations and AIMD simulations of lanthanide-containing 

systems in the condensed phase and/or the solid state, where reliable potentials accounting for the 

chemistry were largely absent. Although this set is based on the PBE functional, it can serve as a starting 

point for additional parametrization suitable for other functionals, including meta-GGA and hybrid 

functionals. 

SUPPORTING INFORMATION 

The SI is divided into parts corresponding to sections of the main text. Part A has the supporting 

information on how the pseudopotentials and basis sets were optimized (Section 2.1), along with Tables 

S1 – S3. Part B has the supporting information on the computational methodology (Section 2.2) with 

additional detail on the ADF calculations along with Tables S4 to S9. Part C has the supporting 

information regarding our results with pseudopotential transferability and reaction energies (Section 

3.1) with Table S10 and S11. Part D has the supporting information for our molecule test results (Section 

3.2) with lanthanide chloride geometries (Figure S1, Tables S12 and S13) and a discussion on the 

calculation of enthalpies of formation with CP2K (Figure S1, Tables S14-S19). Part E has the 

supporting information on the DFT +U calculations (Table S20-S21). Most importantly, Part F includes 

our LnPP1 pseudopotentials and basis sets in CP2K format, so that the scientific community can readily 

use them. 
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