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Abstract

The incorporation of mutual polarization in multiscale simulations where different
regions of the system are treated at different level of theory is important in stud-
ies of, for example, electronic excitations and charge transfer processes. We present
here an energy functional for describing a quantum mechanics / molecular mechanics
(QM/MM) scheme that includes reciprocal polarization between the two subsystems.
The inclusion of polarization alleviates shortcomings inherent in electrostatic embed-
ding QM /MM models based on point-charge force fields. A density functional theory
(DFT) description of the QM subsystem is coupled to a single center multipole ex-
pansion (SCME) description of HaO molecules in the MM subsystem that includes
anisotropic dipole and quadrupole polarizability as well as static multipoles up to and
including the hexadecapole. The energy functional and the coupling scheme is general
and can be extended to arbitrary order in terms of both the static and induced mo-

ments. Tests of the energy surface for the HoO dimer show that the QM /MM results lie



in between the pure DFT and pure SCME values. The consistency of the many-body

contributions to the energy and analytical forces is demonstrated for an HoO pentamer.

1 Introduction

The basic principle in multiscale methods is a compromise between computational cost, accu-
racy, and transferability by combining two (or more) levels of theory for different parts of the
simulated system. The more sophisticated model is used to describe the region of the system
where the main part of the chemical /physical processes take place while the less sophisticated
model describes the remainder of the system needed to include the effect of the surroundings.
Often, the more sophisticated model involves calculating the electronic structure (quantum
mechanics, QM), while the less sophisticated model is based on a (semi)empirical potential
energy function (molecular mechanics, MM). This class of multiscale methods is usually
referred to as quantum mechanics / molecular mechanics (QM/MM). After the pioneering
work of Levitt, Warshel,! and Karplus, the methodology for combining electronic structure
methods and potential energy functions in this way has been developed further in many

21 and applied to a variety of problems in several scientific fields. While the initial

ways, 2
formulation and some subsequent advances included the effect of polarization of the MM
subsystem, this effect is usually not included in QM /MM simulations.

The present work seeks to remedy this by providing a general formulation for the coupling
of a QM model with a single center multipole expansion (SCME) polarizable force field for
molecules in the MM region. Here, the SCME describes H,O molecules.??? First, a brief
outline of the relevant background leading up to this work is given. Then, the SCME model
is reviewed in the context of multiscale schemes, followed by a formulation of the mutual
polarization of the QM and MM regions including analytical expressions for the atomic

forces. The third part describes the non-electrostatic/induction interactions at the QM /MM

interface. An assessment of the accuracy of the energetics and forces is provided by studies



of the water dimer. In an accompanying article, more extensive tests including liquid water

and H,O clusters are presented.?*

2 Background

The QM/MM approach has been used extensively in studies of biochemical systems 42527

such as enzyme-based catalysis?® and medicine?” where the division into subsystems typically
cuts covalent bonds. Other important application areas are photochemistry3® and solvation

dynamics3!34

where subdivision can be made without cutting covalent bonds, e.g. between
the first and second solvation shells, or between solute and solvent. Likewise, theoretical
studies of heterogeneous electrocatalysis can benefit from a QM/MM approach to include
electrolyte structure and solvation effects in a more complete manner than is typically done
so far.3% 4!

Thanks to the continued development of exchange-correlation functionals in the past
decades, Kohn—Sham density functional theory*?*3 (KS-DFT) has become an essential work-
horse in modern day computational chemistry and solid-state physics,** and is thus also a
common choice for multiscale methods. 445759 While calculations of large, condensed phase
systems are usually limited to the generalized gradient approximation (GGA)and thereby
relatively low accuracy in many cases, the use of a QM /MM scheme opens the possibility of
using more accurate functionals for just the QM region.

Most commonly applied MM force fields are based on fixed charges on atomic centers
or charge sites.’ ™ The parametrization of these models is often carried out in such a way
that a few thermally averaged bulk properties are reproduced by the model. Point charge
models are convenient choices for multiscale simulations since the electrostatic interaction
coupling to a QM system is then quite simple. The static partial charge values assigned to

the MM atoms do not allow for polarization of the MM subsystem. Therefore, they have

limited applicability beyond the physical conditions (such as pressure or temperature) and



types of systems from which their parameters are derived. The H,O molecule is a notable
and important example, having a dipole moment of 1.8 D in gas phase and 3.1 D in ice [h.?
The interaction between H5O is therefore strongly dependent on the local environment. The
electrical field around a water cluster and within ice obtained from a fixed, point charge

model fitted to liquid water has been shown to be inconsistent with results obtained from

electronic structure calculations.®®

One way to improve the static charge models is to include explicit and self-consistent
polarization by (1) allowing the charge values at atomic sites to vary, or (2) by introducing a
molecular or atomic dipole as modeled by charges connected with springs (Drude oscillators),

or (3) through a more rigorous framework based, for example, on a perturbative decompo-

7

sition of quantum mechanical interactions®” — resulting in the multipole moment expansion.

The fragments within these models naturally adjust their representations of charge densities
to the electrostatic environment, and hence have the potential to be more transferable to
heterogeneous environments as well as be able to provide an accurate response to changes
due to chemical reactions and charge transfer processes. The molecular moment tensors and
polarizabilities as defined from the perturbative expansion are well defined quantities, and
can be extracted from high level quantum chemistry calculations or, in some cases, from

experiments.

t,58_60

Many models of polarizability exis and extensive work has been done to utilizing

them in multiscale methodologies, to produce polarizable embedding (PE-) QM /MM meth-

61-92

ods Originally, these efforts mainly focused on excited electronic states and Hartree-Fock

61,62,93

or configuration interaction methods, where the quantum chemical wave-function and

the polarizable sites are variationally relaxed in a mutual fashion. Further development

extended the efforts to more sophisticated quantum chemistry wave-function methods such

70-75,89 70,76-84,90

as coupled cluster, or time-dependent density functional theory. It is evi-

dent from the literature that PE-QM/MM is mostly scrutinized in the context of electronic

excitations, 61:73,75-77,80-83,85,87,89.90.91 However, systems involving highly polar species,6%76:81



73,74,83,85 as well

inter- and intramolecular charge transfer,®79 biological reaction centers,
as solvated ionic and small molecular systems have also been studied.%3776.7891793 Here,
we present a formulation and validation of a globally self-consistent polarizable multiscale
method that couples an explicit electronic description to a transferable and polarizable HoO
potential of high accuracy.???* The potential is based on a single center multipole expan-
sion (SCME) model and includes static multipole moment tensors up to and including the
hexadecapole. No point charges are included since the expansion is around a single center
in each of the neutral molecules. Furthermore, induced dipoles and induced quadrupoles
in response to both the electric field and the electric field gradient are included, whereas
commonly only dipole-induction is included. In contrast to isotropic atomic polarization
sites that have most frequently been used in PE-QM/MM methods, the present formula-
tion includes molecular anisotropic polarizability, a well defined quantity. Along with the
globally self-consistent scheme, the analytical derivatives with respect to the QM nuclear
coordinates and MM sites are presented, which allows for seamless use of the method in
structural relaxation and Born-Oppenheimer molecular dynamics.

In this article, a derivation is given of the self-consistent solution to the coupled QM
and MM energy functional that describes the static electrostatic interactions and mutual
electrostatic polarization. The coupling between the QM and MM parts is handled by the
atomic simulation environment (ASE) python based software.°7 Electrostatic potentials
and gradients thereof — describing the interaction of the charge density of the QM system
and the multipole moment tensors of the MM system — are implemented in the real-space
grid-based projector augmented wave” software GPAW. %9100 The self-consistent solution of
the induced moments of the MM system under the influence of the QM system is implemented
in a modified version of the original SCME potential function.?*2?3 In the following, we limit
the derivation to the point moments provided in the SCME model and do not provide the
specifics of the GPAW Hamiltonian and atomic forces. The Supplementary Information gives

more technical and implementation details.



3 Single-Center Multipole Expansion

In the SCME model,??* the energy due to interaction between the water molecules is split
into two parts

EMY = Egling + Exg' (1)

where the first term describes the electrostatic plus induction interaction while the sec-
ond term represents non-electrostatic effects, including repulsive exchange interaction and
attractive dispersion interaction.

In the SCME model, each water molecule, i, is ascribed a dipole (1!,), quadrupole ( 25),
octupole (£2,5,) and hexadecapole (®7,4.5) moment tensor, with origin at the center of mass
(COM). Furthermore, the external field, V*, (negative of the electric field), and field gradient,

gﬁ — evaluated at the COM of i due to the presence of j(# i) SCME water molecules —
further induces the dipole, Ay, and quadrupole, Ag;;, moment tensors.”” The induction
terms include dipole-dipole (cs), dipole-quadrupole, (A.,), and quadrupole-quadrupole

(Capys) polarizability such that !

i 1 i
Ay = —0apVi — gAa,ﬁ'yVm (2)
Abos = —Ay a5V = CrsasVis (3)
where the external field is additive
Vi=> Vi (4)
i

!Throughout this work we make use of the Einstein summation convention. Greek indexes (a,f3,...7)
represent the set of Cartesian components z, y and z; i.e. ais {z,y,2}, o1 =z, and a =5 =--- = 1.
Repeated Greek indexes are to be summed over; for example fozaﬂVé = Z§:1 f%ﬂsvgs. Vectors (and
matrices) between points in Cartesian space are naturally represented in terms of the indexes; for example
rq = (ry,ry,r;). Similarly the gadient operator is a vector operator, Vo = (V4, Vy, V) — and hence expands
a scalar field into a three component vector field, a three component vector field into a three-by-three matrix
field, etc.



and given by

Vi = =T (s + A%)JrgT;ﬁv(% + Ab)
i J %) J
_1_5To<6'y5Qﬁ'y§+ 105 Taﬂw&eq)ﬁw& (5)

Here we have introduced Coulomb interaction tensors between COM pairs ¢ and j at Carte-

sian coordinates r* and r/ where the zeroth order tensor is

| 1
T (6)

ro |t — 1|

and higher orders are given by the successive use of the gradient operator V,,

Vol =T, VT = Tylg, ViTys =Ty, g
where
) o9 9 0
Ve = orn (8_8_6_) "

and r, = (r' — r/),. Similarly, the field gradient in equations (2) and (3) is given by
Vi, = V,Vi,

This nonlinear scheme between equations (2)—(5) is solved iteratively since the induction
of the dipole and quadrupole moment tensors results in a change in the external field and
field gradient at the COM of the other j( i) molecules, and vice versa.

The relationship between the external field in equation (5) and induced moments in
equations (2)-(3) is a general result for linearly induced moments where the internal energy

change required to induce the moments depends bilinearly on the on-site potential. By



solving 710

MM
aEwele—l—md =0 (9)
OAL,

a EMM

“eletind __
RN 0, (10)

the resulting electrostatic plus induction energy functional becomes

1 - 7 7 i 1 % A 1 i
Eele+1nd 2 Z <<:ua + A:U’oz)va + g( af + Aeaﬁ) + 15QQB7 aﬁfy 105q) 576Va676)
nMM
——Z <A LV AQZBV )
MM
* MMl
é\l/gylhnd Z Eself (11>

where the first term on the right hand side describes the intermolecular electrostatic energy
of the static and induced moments. The second term on the right hand side is a self-energy
term that accounts for the energy required to distort a ground state charge density (whose
multipole expansion results in the static moment tensors) to a polarized charge density
(whose multipole expansion results in the static plus induced moment tensors) for each
MM molecule in the system. A generalization of the interaction between linearly induced
moments and resulting self-energy terms can be found elsewhere. 10!

It is customary to write the energy expression in equation (11) at self-consistency as

LS (i L L i
Eele+1nd B Z <MaVa + §9a5V + 15Qam aﬁry + m(baﬁ'yévaﬁyé) (12)
since there is a net cancellation between the self-energy and the intermolecular induced-static
and induced-induced electrostatic interactions. However, they cannot be assumed to simply

cancel out in a mutually polarizable QM /MM interface. A distinction is made made between

the total electrostatic plus induction and the intermolecular (or interspecies) electrostatic



interaction plus induction with an asterisk, and the general form of equation (11) is used

throughout.

4 Global Interaction

In order to arrive at a self-consistent model for the mutual polarization of the QM subsystem
and MM subsystem, we start by considering the interaction of the total system in a global
reference frame, chosen to be an orthorhombic box with a left handed Cartesian coordinate
system with origin at a box corner. The reference frame encompasses both the MM and QM

subsystems and has a total charge density p(r)

Nsys

p(r) = Z pi(r) = pom(r) + pavnin () + panva () + - - (13)

where 7 runs over all ng,s charge densities in the system, and includes both the charge density
of the QM subsystem and conceptual charge densities in the MM subsystem, one for each

SCME molecule. The energy functional of the total system can then be written as

Exilp(r)] = E®[pqu(r)] + B¢ p(r)] (14)

where E¥S[pqui(r)] is the conventional KS-DFT energy functional of the QM charge density,
and E27[p(r)] is a global interaction energy functional of the total charge density.

int

The QM energy functional is

E®[pqui(r)] = T{vbqu}] + Ecoulpqu(r)] + Exc[nou(r)] + /PQM(F)Vext(r)dr- (15)

It contains a kinetic energy term of the non-interacting KS single particle states, {¢qu}, a
Coulomb term of the charge density, an exchange—correlation term that depends on the QM

electron density, nqum(r), and, for now, some arbitrary external potential term, Ve (r). A



corresponding Hamiltonian is defined as
HES = HS + Vi (16)

The global interaction term that couples the different charge densities is furthermore split

into two contributions
Enelo(r)] =E3C inalp(r)] + EXR

an electrostatic plus induction term that depends on the total charge density, and a non-
electostatic term that does not depend on the charge density. It is assumed that the elec-

trostatic plus induction energy functional splits into two contributions

MM

Eeszlye:md [p( )] EZI};Silnd + Z Ei\é[llg/[ ! (17)

along the same lines as the energy expression in equation (11) for the linearly induced
moments of the MM system.

A total energy expression for the system is now written as

MM

EZp(r)] = EX[pqu(r)] + B3 alp(r)] + Z B ()] + B (18)

Thus, it is apparent that a self-consistent solution of the QM charge density simultaneously
minimizing the KS-DFT energy functional and the total energy functional depends on the
self-consistent solution of the MM charge densities and the corresponding self-energy, and

vice versa.

10



4.1 Electrostatic Multipole Embedding Model

We at first consider the static case where all of the individual charge densities are decoupled
(i.e. are in their ground state) and non-overlapping, and assume that the global intermolec-

ular electrostatic plus induction can be separated into two terms

Edetinalp(®)] = Eqclp(r)] + ERd [p(r)] (19)

In terms of the total charge density, the electrostatic interaction can be written as

) = 53 / / oilr p] PO g (20)

i jF#L

The partial derivative of the electrostatic interaction leads to

OB S [ )
D W At )

expressing the electrostatic interaction potential V!(r”) at some arbitrary coordinate r”

the global reference frame. We can choose this charge density to be the explicit QM charge
density, or one of the conceptual charge densities of the MM subsystem and corresponding
coordinate of the COM of a SCME molecule. Choosing the latter we can write the potential

at site ¢ due to all of the other j(# i) charge densities as

V=) VY (22)
i
i = [ 20 g (23)
r' — 1|

where the shorthand abbreviation V*(r’) = V* is used. Isolating the term due to the QM

charge density gives
nMM

Vi= VML Ny (24)
j#i

11



A Taylor expansion of the potential at site 7 due to a charge density associated with MM

molecule j in the V¥ term leads to®”

N 1 1 .. 1 . .
ij _ ij ij i ij ) ij Y
4 =T lu’a + 3To¢69aﬁ 15T0c579046'y + 105 Taﬁvdq)aﬁ'y(s (25>
which is expressed in terms of interaction tensors and the multipole moment tensors asso-

ciated with each MM molecule. This Taylor expansion in turn expresses the electrostatic

potential acting on the QM charge density due to the MM subsystem

Esys MM MM
0 clo[( )] Z//OQM Vrjdr _Z/ I'—I' Vrjdr

dpqum(r) 8pQM

nvMm

T Lwi i Ui i Ui i
—Z( Te 1o+ 3 Tas0% — 15 T sy T 15 TammoPasns

— QMMM .y (26)

ele

where the zeroth order tensor is in this case T = 1/(Jr — r’]). Using all of the above, the

electrostatic interaction of the system can be expressed as

BT = [ pa (V2 (r)

anVI MM ; : : 1 ;
*3 Z > ( aVd +3 SOV, Qamvcfﬁv 705 2a /mvaw)
i jF#i
M /MM
=ES M por(r)] + EYM. (27)

The global electrostatic interaction splits into an explicit QM /MM electrostatic interaction
— written in terms of the QM charge density and the Cartesian multipole moments of MM

molecules — and an explicit MM electrostatic interaction.

12



At this stage the energy functional can be written as

MM
EXlp(r)] = E¥¥[pqu ()] + Eq ™™ [pau(r)] + B [p(r)] + B3 + Z Eg ' [p(r)] + EXg
(28)
and what is left to be described is the global induction interaction, which includes the

interspecies QM /MM and intermolecular MM /MM induction interactions and corresponding

self-energy of the MM subsystem.

4.2 QM/MM Induction Model

The evaluation of the induction involves two self-consistent cycles that are coupled. One
cycle is for the MM subsystem as described in Section 3. The second is for the quantum
mechanical system where a conventional iterative self-consistent field (SCF) method is used
to solve for the electron density that minimizes the KS-DFT energy functional, equation
(15). These two cycles are analogous in the sense that they are both based on the SCF
approach, hence cycle one is referred to as MM-SCF, and cycle two as QM-SCF. The idea of
coupling two different SCF' cycles is not new and was first introduced in pioneering work on
PE-QM/MM.5! The SCF solver for the combined system is referred to as QM/MM-SCF.
In order to couple the two SCF solvers the relevant potentials and gradients thereof are
included in the self-consistent equations of the MM-SCF solver, such that the induced mo-
ments are polarized by the QM charge density. Similarly, for the QM-SCF, a self-consistent

solution involves diagonalizing the KS—-DFT Hamiltonian corresponding to equation (15)

(HS + V@) ) = em ) (29)
where V;S‘t /MM cludes both the electrostatic plus induction interaction as defined in this

section. In analogy to the classical variational condition of equations (9) and (10), the

13



stationary point satisfies

The computational cost of reaching self-consistency for the MM-SCF is small compared
to the QM-SCF, so before coupling the two subsystems the MM-SCF is iterated until it
reaches the stationary point of the MM energy functional, equation (11). The MM moments

are

o, =iy + A, (31)

At this stage the QM and MM subsystems are coupled, and from the point of view of the QM
subsystem the MM point moments in equations (31) and (32) are fixed, hence the QM /MM

electrostatic interaction energy is

nMM

EQVMM (5o (x)] = / pou() S

J

(_ng A VN VO ﬁT;{M@iB%) dr.

(33)
Similarly, from the point of view of the MM subsystem, there is a non-uniform field due to
the presence of the QM charge density. This can be expressed as an additional potential at

each MM site ¢ as

VM — /pQM(r)T"dr (34)

with external field and field gradient

v = [ pu(r) (<5 ) e = [ pouyrsan (3)

( 3 50‘ ir
VQ%M —/pQM(r) <T—5rar5 — T—f) dr = /pQM(r)Taﬂdr. (36)

The instantaneous response of the MM sites to the additional potential has two effects. First,

14



the induced moments as a result of the QM external field and field gradient will be

1

A = —a Vi — gAa,MV’;';iM (37)
Ae;%M = —A, VI 7(g,aﬁvg‘gM (38)

so the interspecies electrostatic plus induction interaction energy of the QM/MM system

becomes
M/MM ey 1
* rj i’ 1 rj i’ QM
Bt [pqu(r)] = / pou(r) Y (— T3 (uly + D) + T8, + A0S
j
e L e Va (39)
15 a8y faBy T 5 TaBys S apys ) AT

Secondly, the self-energy of the MM sites also changes due to this instantaneous polarization

in a way that depends bi-linearly on the on-site potential '

1 Ty . ' 1 ' '
B o) = —5 > (AuéQMViQM + gMiﬁMVi%M) : (40)
J

In this way, the total QM/MM electrostatic plus induction energy is defined as

M/MM M /MM x M/MM
EDIMM poni(r)] = BRI [oani(r)] + B MM paui (). (41)

The induced moments in equations (37) and (38) are now fixed, and by using the expres-

sion above, the form of the external potential that couples the MM subsystem to the QM

15



subsystem becomes

ele+ind [pQM (I‘)]
Ipqu(r)

§ /MM
1/ QM/MM (r) =

ext

MM

1 i’ 1 : 1 ri v 1 .
=2 (TZJ (Mé + gﬁuéQM) + 310 (% + iAeggM)
J

o 1 4 :
i ()i i &
+ 1 Tas tlagy + T%Taﬁvaq’am&)
M /MM M/MM
=Vittha () + Vg MM ) (42)
where the explicit Coulomb interaction with the static and induced MM moments combines
into a single term that includes the cost of inducing the moments — i.e. the self-energy. The

QM/MM interface energy can then be written as

BRI o) = [ pone) V™ ) (43

This external potential is a key result, since if the self-energy counterbalancing the explicit
instantaneous polarization is taken into account, the QM and MM subsystems would over-
polarize each other. This term is added to the KS-DFT Hamiltonian of equation (29) and a
single iteration performed with the QM-SCF solver.

After a single QM-SCF iteration the QM charge density is perturbed due to the presence

of the MM moments

pou(r) = poum(r) + Apqui(r). (44)

This is the QM polarization analog of the polarization in the MM subsystem. In the next
step, the induced dipoles and induced quadrupoles are evaluated again, but the potential at

the start of the new MM-SCF cycle now includes the polarized QM charge density and the

16



optimized moments of equations (31) and (32) as an initial guess
Ve :/pr(r)T"dr
= L1 1 1 :
+ Z ( T” ciﬁeizﬁ - 1_5Taﬂ'yQOéﬁ’Y + 105 Taﬁyé(baﬁ'yzg) (45)

The induced moments are at first
Q MM Q nMM
iQM 9 iQM i
Ay, = — 0ag (V —~ Z Vﬂ) - gAa by (Vm + Zj: \%) (46)
AbLy=— A g (V;QM +> Vf;) — C5.08 <V§§M +> V%) (47)
J J

giving rise to new MM site-to-site external fields due to the induced moments by virtue
of equation (5). Equations (46)—(47) and (5) are iterated to convergence. At MM-SCF

self-consistency,

AR & (4 (48)
eg’; —209 4 () (49)

and the resulting MM intermolecular electrostatic plus induction energy is

nMM MM 1 ’ B
MM* ) 7 Z 7 1
ele+1nd Z Z (lua V ! + 3 aBVofB + 15QQBWVC367 105 (I)Oéﬁ"/(svajﬁfyS) : (50)
i j#i

The potential in the equation above acts between the MM pairs only but it includes the
effects of the QM charge density through the polarized moments as defined in equations (48)
and (49). However, the MM self-energy at each site is given by the total external field and

field gradient at that site
B 1 A 7 %
BN = -5 (Auav + 3A0 5V ) (51)

17



This concludes one QM/MM-SCF iteration. A new iteration is then initialized. The
moments in the parenthesis of equations (48) and (49) enter equation (33), and the polarized
QM charge density of equation (44) enters equation (34). This process is continued until
both the QM charge density and the MM induced moments reach a desired convergence
threshold. Figure 1 shows a schematic overview of the PE-QM/MM scheme.

At global self-consistency, the following identity holds

nMM

QM/MM _ E 1QM i ZQM i 1QM 1 i iQM

/péM( )‘/ext ( )dI‘ - 4 (M V + 390¢ V EQaﬂvvaﬁ'y + 105(1)04575\[04575)
nMM

— = Z (AMQMVZQM + MIQMVZQM) (52)

and hence the energy functional of the combined system can be written as

nMMm

Sys M/MM * K ) Sys
By = EXS [PEQM(I")] + E§e+/ind [pr( )] + Eelz\l/[el\—i/{lnd + Z <Ei\£1¥[ - ;\QA QM) + ENyE (53)
where the fifth term on the right hand side is
BN = (AMQMVZQM + AHZQMVZQM) . (54)

It is subtracted from the total MM self-energy such as to not double count this term, as it is
already present in the QM /MM electrostatic plus induction energy expression (equation (40))
as a result of the coupling scheme. Equations (52) is rigorously true at the QM/MM-SCF
stationary point, where the conditions of equations (9)—(10) and (30) are all simultaneously
valid. The energy functional expression in equation (53) is used for the derivation of the
analytical derivatives with respect to both the QM nuclei positions and the COM of the MM
sites. Figure 1 shows the resulting polarizable embedding QM /MM scheme, based on the
energy functional in equation 53.

Note that the total energy functional expression can be simplified further at the QM /MM-

18



SCF stationary point by using equations (39), (52) and (54) to give
nMM

M /MM * K
B = E®S[pou(0)] + Bt [pou ()] + EYM= 4 + Z BN+ B (55)

such that the interspecies QM /MM and intermolecular MM /MM electrostatic plus induction
interactions are described by the second and third term on the right hand side, and the MM

self-energy is expressed with a single term.

MM-SCF

lobal in ’uce
DFT External vauacrapoes
Potential E“ ) 9 10
ncludin rom CONSISTENT
multipoles
l OM/MM-SCFI

Eqns. 9,10, 30
SELF-
CONSISTENT?

DFT
COUPLING > Total energy
SCME and forces

Figure 1: Schematic outlining the global self-consistent scheme where a MM-SCF (blue) and
a QM-SCF (red) are coupled, resulting in the QM/MM-SCF cycle (purple). One iteration
of the QM /MM-SCF involves: first, fully self-consistently calculating the induced MM mo-
ments — under the influence of the QM charge density (from a previous iteration) through
an additional static potential at each classical site. Second, using the new updated numer-
ical values of the MM induced moments to evaluate the external potential as derived from
the QM/MM interface energy, equation (41), and iterate the QM-SCF once resulting in a
new QM charge-density polarized by the MM moments. This concludes one QM /MM-SCF
iteration.

4.3 Forces

Analytical expressions for the atomic forces are obtained from the negative gradient of equa-
tion (53) with respect to the position of the MM sites, or the position of the nuclei in the
QM system. Note that expression (55) leads to incorrect expressions for the atomic forces,

which will be adressed in the numerical tests presented later in this work. Consider first a
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QM nucleus, indexed as z

dEYS
F? = — tot
¢ dr?
_ OB OER; OAwy OB OAGs 0BT O (vl
orz,  OApy Or:y  OAOL Or; O (Y| Orf

(56)

The atomic forces are evaluated at the stationary point of the total energy functional, where
the following conditions apply

Oz _, OEx _, OFX:

TR TN X T B

Hence we only need to explicitly evaluate the first term on the right hand side of equation

(56), which is

aESyS aEKS a aESys
F? = — tot _ , QMMM OB
¢ aré arg 81-2 /pQM(r)‘/:ext (I‘)dr aré

where the total force splits up into three individual components corresponding the KS—
DFT forces, the PE-QM/MM forces, and forces due to the non-electrostatic terms (see
Section 4.4). The first two terms on the right hand side depend on the particular KS-DFT
implementation, and for this implementation in GPAW the analytical forces due to the KS
term are given elsewhere.?*1% The contributions due to the QM/MM coupling are given
explicitly in the Supporting Information.

To evaluate the atomic forces on a MM COM site ¢, a term corresponding to the first
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term on the right hand side of equation (56) needs to be evaluated

) E5Ys8 8EMM B
F = _a tot _ ele+ind /pr(r)VQM/MM@')dI'

o i, ori o, ext
_ i < MM,i EMM,iQM> _ aE_NE
arg self self aria

with three components corresponding to MM, QM/MM interface and non-electrostatics
terms. Note that there is no term associated with the self-energy. The proof is presented in
the Supporting Information.
Using the identity in equation (52), the second term on the right hand side is
i _ 9 nMZM < (ujl n lAﬂjQM> yiou 1 (ej’ n lAejQM) VoM
a ort, - BT oThB B 3\ By 978y By

L i ~mam 1o sriqu
+ 1_59B75VB75 + ﬁq)ﬂw&vﬁv&

3 2

O 1QM i A 7iQM

, 1 - 1/, 1. ;
_ i 1QM 1QM i iQM iQM
= ('“5 + 580 ) Vi —3 (967 + 5005 ) Vaiy

where the third to fifth order gradients of the electrostatic potential due to the QM charge
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density are given by

; 15 3
Va%liy/l = pQM ( —7Talply + 5 (Talpy + Tg0ay + rwéaﬁ)) dr (60)
QM 15 roYg0y5+ raly0g5+ Tals508,
Vapys = PQM rarﬁrvré =
+13r, 005+ LaT500y+ T4 L5003

+ ’I"_ (5046’575 + 50475/35 + (50(5557) ) dr (61)

945
1QM
Va%’yée /pQM (I‘) ( - WI'O[I'BI',YI'(;I'E

;

105 LT BT 05c+ Lol BT 50 4 Tl T O+ Lol Y508+ LT Tc0gs

+Ta 5T 08y + TR T 500+ T BT T 005+ TR 5T 00y + LT Onp
\
(

ra§57556+ ra557(576+ ra5g€575+ 1‘5(5(17556—1- r55a5576

- —I—r/35a6575+ r75a5576+ 1'75045556%— I',y(gae(%(ﬁ— r(;dagé% dr (62)

\ +T500708¢+ T500c08y+ Te0a30r5+ Te0ar 085+ TeOas0 sy

The MM COM force terms due to both the MM-MM interactions and QM /MM interface
interactions have two contributions; the first contribution is an explicit term corresponding to
derivatives of the external field and gradients thereof (as shown above); and the second term
is an implicit one depending on the rotation used to define the MM moment tensors in the
global reference frame relative to the local frame for each MM COM site. The implicit terms
(often referred to as the torque) are outside the scope of this work, as well as redistribution
of the COM forces onto the atomic positions of each MM water molecule. This is described
in the original SCME work.??23 A brief summary on the derivatives of commonly used local

frames and associated rotation operations can be found elsewhere. 2
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4.4 Non-electrostatic Interactions

The non-electrostatic interactions in the QM /MM interface are split into two contributions,
repulsion and dispersion

ENE = Erep + Edisp (63)

The dispersion and repulsion interactions between QM and MM molecules are taken to be the
same as in SCME?%?3 with a physically justifiable change to the phenomenological repulsion
function as discussed below. The interactions are centered on the oxygen atoms of the QM
and MM molecules, so the distance r refers to the O-O distance, r = |r} — r{)|, between
molecular pairs ij. niot = nqum + M, Where ngy refers to the number of QM oxygen in the
combined system.

The dispersion energy is

Ntot Mtot

Cs Cs Cho
Bim=-33 (T—G%m + g+ g (64)
i j<i
with isotropic coefficients up to tenth order. This series corresponds to second-order per-
turbation correlation between dipole—dipole, dipole—quadrupole, and quadrupole—quadrupole
(or dipole-octupole) polarizabilities.®” The coefficients Cs, Cs and C}g are taken from Wormer
and Hettema.!%® At short range, the interaction is smoothly switched off with a Tang-

Toennies!* type damping function

—T4r (Tdr>k
i) =1 e 3
0 .

m
(65)

k=

to avoid divergence of the series expansion. The function depends on the damping parameter,

T4, approximately corresponding to the inverse decay length of the charge density of an HyO

molecule.

A modified Born-Mayer potential is used for the exchange-repulsion. Before presenting

the expression for the QM /MM interface, we recall the original expression in the SCME
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potential function???3

nvMM

Erp = p_ A(L+ B(&) + B(&)ry'e™™ (66)
i<j
where the function B depends on the local density of molecules, &;, and has the following

values )

0if & < 1600

B(&) = 4 320 an&l if 1600 < & < 8000 (67)

0.0875 if 8000 < &;
\

while the molecular densities are evaluated as

MM e‘d”'f
§=C) — (68)
g Y

Since the repulsion potential has its interaction centers in the molecular centers of mass,
the resulting repulsion interaction is isotropic. The molecular density term in equation (68)
provides a phenomenological way of taking into account the change in exchange repulsion due
to the polarization where the mixing of excited electronic states changes the decay length of
the electron density.?*?3 At the QM/MM interface, the MM-MM repulsion terms then need

to be evaluated with molecular densities evaluated over the entire system, so (68) becomes

Ntot efdrij
i#i

For a QM molecule, there is no molecular density dependent term associated with it, since
its charge density responds and adjusts to the environment by virtue of the self-consistent
equations. In particular, the external potential at each MM site due to the QM charge density
is modified by interaction tensor damping functions, which effectively introduce short-range

repulsion. This effective repulsion becomes more pronounced if the MM site moves closer to
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a QM molecule, or the electron density of the QM region polarizes (decay length changes)
and overlaps more with an MM site. See the Supplementary Information for more details.
So while the MM-MM repulsion terms are still evaluated from equation (66), the QM-MM

terms are evaluated from

nvMm QM

Eyrep = Z Z AL+ B(&))rite e, (70)

Note that the sum over the molecules in the MM subsystem still has the molecular density

term associated with it.

5 Implementation and Computational Details

In order to implement the mutually polarizable coupling scheme efficiently, the QM-SCF
cycle is modified in such a way as to simultaneously solve for the KS ground state charge
density and the external potential. A procedure where the de-coupled ground state charge
density is first obtained and then the two subsystems coupled is not efficient. Instead,
the external potential at each QM-SCF step is updated. However, since the octu- and
hexadecapoles are static these higher order terms only need to be evaluated once at the start
of the cycle, while the first and second order terms corresponding to the induced dipole and
induced quadrupole need to be evaluated at every iteration. We make use of the highly
paralellizable grid-based nature of GPAW as well as permutation symmetry of the tensors
to make the interface efficient. See the Supplementary Information for more details. The
coupling scheme is presented schematically in figure 1.

The position of MM sites in the global reference frame will possibly place them within the
QM grid space, and hence close to or on top of a grid-point. Potentials and gradients in terms
of the interaction tensors will diverge resulting in what is commonly known as the polarization
catastrophe — as coined by Thole in his seminal paper.!% This is the polarization analog of

the charge spill-out effect encountered in electrostatic embedding QM /MM models. In order
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to avoid the catastrophe, we have included tensor damping functions based on Gaussians. !

Effectively, the functions smear out the point moments and describe a screened interaction
as the distributions start to overlap. See the Supplementary Information for more details.

The DFT calculations are carried out within the generalized gradient approximation, in
particular the PBE!Y7 and BLYP %1% functionals. The calculations were carried out using
a real space grid with mesh size of 0.15 A. The dimer calculations were started from the
optimized SCME dimer geometry and the interaction energy calculated by subtracting the
DFT monomer energy from the total energy of the system (as the SCME molecules have by
definition no ground state energy). Possible energetic irregularities arising from the coarse
real-space grid were avoided by making sure that the QM molecule position relative to the
grid did not change for any of the coordinates scanned.

A accurate coupling scheme does not introduce artifacts that affect the total energy and
atomic forces.® The artifacts can be divided into two classes: (1) The energy of the coupled
QM /MM system is smaller or larger than the energy obtained from using either the pure QM
or pure MM model. (2) Different sub-divisions into QM and MM regions give substantially

different energy.

6 H->0O Dimer

Studies of the water dimer interaction energy reveal how the hydrogen bonding is represented
in the multiscale framework; the roles of the H-donating and the H-accepting water molecules
in a hydrogen bond are different. This provides a good test case for assessing the second
type of artifacts described above. Throughout this section we let 'xc/SCME’ denote the case
where the hydrogen donating molecule is in the QM region described either with the PBE
or BLYP xc-functional, while the hydrogen accepting molecule is described with SCME, and
vice versa for 'SCME/xc’.

Figure 2 shows various cuts through the potential energy surface of the HyO dimer. The

26



i —— PBE/PBE

—— SCME/SCME
0.00 ---- PBE/SCME
——- SCME/PBE

%
4
0
7
/
7
7
/
/;

PBE/TIP4P
TIP4P/PBE —0.26
0255530 35 40 50 0 50
0-0 Distance () wAngle (deg.)

—100 0 100
Acceptor Dihedral (deg.)

%v &) 00

—25 0 25 —50 0 50
B Angle (deg.) Donor Dihedral (deg.)

Figure 2: Scans through the potential energy surface of the HyO dimer, calculated with PBE
(labeled PBE/PBE), with SCME (labeled SCME/SCME) and the two possible QM /MM
configurations (labeled PBE/SCME and SCME/PBE). The curves are generated by taking
the relaxed SCME dimer geometry and scanning the variable indicated on the horizontal
axes. Only the degree of freedom defining each scan is varied without structural relaxation.
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top left graph shows the interaction energy as a function of distance between the two O-
atoms. For almost all of the binding region, both PBE/SCME and SCME/PBE curves are
within the energy range spanned by the pure PBE and pure SCME results. Furthermore,
the two QM /MM results are similar, differing by only 3.6% with respect to the average at
an O-O distance of 2.9 A. The position of the minimum varies slightly. This is due to the
importance of the electronic density associated with the lone pair on the H-acceptor molecule
for defining the hydrogen bonding geometry. When this electron density is obtained from
DFT, the resulting SCME/PBE curve minimum is closer to the pure PBE result. On the
other hand, when the H-acceptor molecule is modeled with SCME, the PBE/SCME curve
minimum is at a O-O distance closer to the pure SCME result. At short distances where the
repulsion is strong, the QM /MM results are too repulsive. This is ascribed to shortcomings
in our QM/MM adaptation of the of the repulsion model in the SCME potential function®®
and will be addressed in future work.

The top right graph of figure 2 shows the acceptor wagging-angle w. The scan corre-
sponds to a transference of the hydrogen bond from one lone pair on the O-atom of the
H-acceptor molecule to another and should result in a shoulder on the curve. Both QM/MM
configurations reproduce the behaviour of this subtle but important interaction, whereas
QM /MM models based on simple point charge MM potentials miss this feature altogether
when the H-acceptor molecule is in the MM region, because the two lone pairs are reduced to
a single point of partial charge. The shoulder is somewhat exaggerated in the SCME/PBE
curve, corresponding to the slightly deeper O-O distance well. This could be a result of
the effective polarizability produced by GGA functionals being too high,? which results in
a QM density producing a stronger field which thus again more strongly induces the MM
moments. However, the two coupled curves still lie within the two single-model limits.

The results on the interaction energy of rotating the H-donor molecule around its oxygen
and the normal spanned from there to the hydrogen atoms produces the S-angle plot, in the

bottom left region of figure 2. Here, again, the PBE/SCME minimum is shifted towards the
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pure SCME minimum and SCME/PBE towards PBE, in accordance with the analysis of the
0O-0 distance cut. Lastly, the two bottom right plots of the figure show consistent results

between the QM /MM results and the single-scale models for the two dihedral angles.
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Figure 3: Potential energy curves for the water dimer, this time using BLYP.

Figure 3 shows the analogous results when the BLYP functional is used for the QM
region instead of the PBE functional. In general, the difference between the two single-scale
descriptions are then larger, but the QM /MM curves are similar to those obtained using the
PBE functional, showing the same trend depending on with model is used for the lone pairs
on the H-acceptor molecule.

It is well known that GGA functionals have several, but different, shortcomings when de-
scribing liquid water. ! This difference can be traced to the different exchange-enhancement
factor in the functionals. The two functionals compared here represent extrema in this re-
gard — BLYP being strongly repulsive in the exchange-overlap region (i.e. the region where

electron densities between two water molecules overlap), whereas PBE is weakly repulsive.
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This results in clear differences in the binding energy curves of the H,O dimer, for example.
However, the two functionals give similar static and induced moments for an HoO molecule,
and as a result their electrostatic coupling to the MM multipole moment tensors are near
identical for the dimer, further supporting the validity of the self-consistent electrostatic cou-
pling scheme presented here. Another shortcoming of most commonly used GGA functionals

is the lack of dispersion interaction.

6.1 Tests of forces

An essential part of atomic scale simulations is to have accurate evaluation of the forces acting
on the atoms, for efficient structure relaxation, energy barrier calculations and dynamics
simulations. In order to test and verify the analytical expressions for the forces presented in
section 4.3, the forces acting on the molecules in the HyO dimer are compared with numerical,

finite difference calculations. Figure 4 shows the results. The graph shows the force acting
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Figure 4: Test comparing the analytical forces on the center of mass to the numerical forces.
Top row: the QM /MM configuration with the H-donor molecule being described with PBE.
Bottom row: MM/QM, where the H-acceptor molecule is described with PBE.

on the center of mass of each one of the HyO molecules in the dimer, since this is the most

direct test within the SCME formalism where there is just a single expansion center per
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water molecule. The dimer is placed in the x,y plane, so there is no force in the z direction.
The force can subsequently be distributed on the atoms, or the molecules propagated in time
using rigid-body dynamics since the torque on each molecule is also calculated.

Figure 5 shows how the analytical forces converge as convergence criteria for the various
quantities, such as density, wavefunctions, total energy, dipole, and quadrupole are tightened

by an order of magnitude. The difference computed with respect to the value obtained with

AF, (eV / A)
AF, (eV /1 A)

107 N SN | e QMDonor R R
e MM Acceptor -

100 = MM Donor N T, [107°
R | f— QM Acceptor

10-11

10-11
1602 1603 1204 1605 1606 1007 1608 1009602 1003 1004 1005 16.06 1007 1-08 .09
Convergence Criteria Convergence Criteria

Figure 5: Differences in analytical QM /MM forces of the HyO dimer in the SCME-optimized
geometry. The dimer is oriented in the simulation cell in the same way as in figure 4.

the tightest tolerance, AF = F — Fj._19 is shown. As expected, the difference decreases
systematically as the convergence criteria are tightened. The difference is largest for the QM

molecule due to the coarseness of the real space grid used in the DFT calculation.

7 H,O Pentamer

Due to the many-body nature of both the repulsion potential and the MM-SCF and QM /MM-
SCF induction loops, it is important to test the analytical forces in systems containing more
than a single molecule within each subsystem. An incorrect inclusion of the MM self-energy
in the QM /MM coupling can lead to inconsistent forces. For example, in the QM /MM dimer
the external field at the MM site is due to the QM charge density only, hence the self-energy
terms E;ff}“ and Ei\é[f;/[’iQM in equation (53) cancel each other out exactly. However, in a
system containing more than one MM site such a cancellation will not occur. Furthermore,

the total energy expressions in equations (53) and (55) would result in the same numerical

forces, but different analytical forces, with the latter expression giving wrong force terms.

31



—— QM —— MM3 N
—— MM1 O Num. Forces § 3 4

Fy (eV 1 A)

o
n

o
o
Difference (meV / (A)

Difference (meV / (A)

o —0.5

-1.0.

1.0

10 12 2 4 6 10 12 14

8
r (&)

Figure 6: z- and y-components (left and column, respectively) of analytical (lines) and
numerical (circles) forces of a test-case using an arficial configuration designed to best probe
our coupling (inset). The bottom two plots show the difference in meV / A between the
analytical and numerical forces.

Figure 6 shows the results of a comparison between analytical and numerical forces in a
pentamer HyO cluster in a non-equilibrium geometry chosen to test all aspects of the B(&;)
function in equation 70 (see inset in in figure 6). The standard convergence criteria of the
DFT calculation is used, while the di- and quadrupole convergence criteria were set to 107
eag and ea?, respectively, in units of the elementary charge e, and the Bohr radius ay. The
lower two graphs show the difference between the analytical and numerical forces in the
two relevant dimensions. The difference is overall largest for the QM subsystem, consistent
with the tests on the dimer. For the SCME-molecules a small error becomes evident at
extremely short distances due to the use of the Tang-Toennies damping function in the
interaction tensors, which is not included in an entirely consistent way in the original SCME
formulation.? However, this error manifests itself only at O-O distances below ~2.4 A, (r in
the figure from 8-10 A) and will not be relevant in, for example, simulations of liquid water

at ambient conditions.
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Conclusions

A reciprocal polarizable embedding QM /MM energy functional is presented as well as a
minimization scheme that couples ground state electronic structure calculations based on
KS-DFT and an accurate single center multipole expansion model of HoO molecules. In the
former case the QM /MM interface energy is expressed as an external potential such that the
ground state charge density of the QM system is polarized by the MM region. Similarly, the
self-consistent induced moments of the MM sites include the external field and field gradient
due to the QM charge density. In this way both the QM-SCF or MM-SCF calculations are
carried out in the usual way except that the relevant numerical values are passed between the
QM and MM parts. The MM model of the H,O molecules includes static molecular moments
up to and including the hexadecapole, as well as induced dipole and quadrupole moments
in response to the external field and field gradient. The energy and resulting analytical
forces are in agreement with numerical tests for both the dimer and pentamer clusters, the
consistency being systematically improved as convergence tolerances in the calculations are
reduced.

The PE-QM/MM energy surface for the HoO dimer is intermediate between the pure
QM and pure MM energy surfaces. Furthermore, the two different GGA functionals used,
PBE and BLYP, give nearly identical results since they give similar polarizability. The
difference between the pure PBE and pure BLYP dimer results is mainly due to the different
semi-local part and is most apparent when two water molecular densities start to overlap.'?
In future work, we will explore higher-level exchange-correlation functional approximations
and self-interaction corrected energy functional description ! of the QM region for improved

accuracy, as well as an extension of the SCME potential function for flexible HoO molecules.
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