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Abstract

Protein aggregation is investigated theoretically via protein turnover, misfolding,

aggregation and degradation. The Mean First Passage Time (MFPT) of aggregation is

evaluated within the framework of Chemical Master Equation (CME) and pseudo first

order kinetics with appropriate boundary conditions. The rate constants of aggregation

of different proteins are calculated from the inverse MFPT, which show an excellent

match with the experimentally reported rate constants and those extracted from the

ThT/ThS fluorescence data. Protein aggregation is found to be practically independent

of the number of contacts and the critical number of misfolded contacts. The age of

appearance of aggregation-related diseases is obtained from the survival probability

and the MFPT results, which matches with those reported in the literature. The

calculated survival probability is in good agreement with the only available clinical

data for Parkinson’s disease.
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Most proteins have been evolved to spontaneously fold to their native states, which de-

termine their functional specificity and diversity.1,2 Any phenotypic or genotypic variations

may induce abnormal amino acid modifications and cause protein misfolding.3–5 Misfolded

proteins disrupt normal cellular functions and may be potentially toxic.6 The spontaneous

self-assembly of misfolded proteins often lead to the formation of aggregates, which are asso-

ciated with a wide variety of debilitating disorders like Alzheimer’s, Parkinson’s, Creutzfeldt-

Jakob’s, Huntington’s, Amyotrophic lateral sclerosis (ALS) and dementia.2,7–9 The Protein

Quality Control (PQC) system present in the cell manages these misfolded proteins and

helps them to either refold back to their respective native conformations via chaperones or

degrades them to amino acids and eventually replaces them with their newly synthesized

replicas.10,11 This phenomenon known as protein turnover, is a highly specific and precisely

regulated process that involves a constant renewal of the functional proteins by allowing the

damaged or non-functional ones to be eliminated from the cell.10

The underlying link among protein folding, misfolding, aggregation and degradation equi-

libria implies that a change in any one of these components would directly/indirectly affect

the others.12 External factors like aging, genetic mutation, oxidative stress, pH and tem-

perature results in the failure of the protein turnover process and leads to the formation

of aggregates/fibrils.13,14 These aggregates are typically highly organized hydrogen-bonded

structures that are more stable compared to the native protein,6,7 kinetically-trapped in the

lowest free energy state. Thus once formed such aggregates are extremely stable for long

time periods and acts as a nucleus for further propagation.

This work analyzes the folding outcome of a protein through protein turnover followed

by misfolding, aggregation and degradation. The rate of formation of proteins from the

amino acids follows a zero-order kinetics,15,16 which is an input for the subsequent P ⇀↽ M

equilibrium, that is governed by the time evolution of the misfolded contacts. The Chemical

Master Equation (CME) for this equilibria is derived from the splitting probabilities of the

misfolded contacts at a particular time instant. The misfolded proteins self-associate to form
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aggregates as described by a first order differential equation. The Mean First Passage Time

(MFPT) required for the protein to form aggregates from the misfolded proteins is calculated

from both CME and the first order differential equation under appropriate boundary condi-

tions. The rate constants of aggregation of different disease causing proteins are evaluated

from the inverse MFPT, which show an excellent match with the experimentally reported

rate constants17–22 and those extracted from the ThT/ThS fluorescence data. The age of

appearance of these diseases are directly evaluated from the MFPT and the survival prob-

ability results, which agrees well with those reported in literature. The survival probability

result is in good agreement with the only available clinical data for Parkinson’s disease.23

Figure 1: Schematic diagram of protein turnover followed by misfolding, aggregation and
degradation.

Figure 1 depicts a schematic diagram of the life cycle of a protein. Protein synthesis

begins from a pool of amino acids via protein turnover.24 The synthesized native proteins

may misfold and the misfolded proteins subsequently self assemble to form aggregates.8,10,12

Both misfolded proteins and aggregates may degrade to by-products, which is eliminated

from the system.10 The misfolded state represents the ensemble of misfolded proteins, where

each one is characterized by a critical number of misfolded contacts, qMC . For a given

protein, all chains in the native conformational ensemble are assumed to be of equal lengths

with equal number of contacts that are in equilibrium with the misfolded state.

The number of proteins, n, present at time t may be calculated assuming zero order

kinetics15,16 with the rate constant kn. The solution of this rate equation is n = knt. The

total number of contacts present at time t is given by: q(t) = nPn = nPknt, where nP is the

number of contacts present in each protein.
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The number of misfolded contacts present in the native protein at time t +∆t is qM(t).

The protein acquires a misfolded conformation M at time tM when the number of misfolded

contacts reaches a critical value, qMC . The rate of increase/decrease of a misfolded contact

at an infinitesimal time interval, ∆t, may be given by

rate(qM(t)→qM(t) + 1) = W (qM(t) + 1, qM(t)) = q(t) kpm

and rate(qM(t)→qM(t)− 1) = W (qM(t)− 1, qM(t)) = qM(t) kmp

where, kpm denotes the rate constant for the conversion of a native contact into a misfolded

one, while kmp is the rate constant for the backward reaction. The transition probabilities

for the gain and loss of a misfolded contact at time ∆t are represented as W (qM(t) + 1,

qM(t))∆t and W (qM(t)−1, qM(t))∆t respectively. Thus the probability to remain in a given

misfolded state with qM(t) misfolded contacts at time ∆t is 1 − W (qM(t) + 1, qM(t))∆t −

W (qM(t) − 1, qM(t))∆t.25 Thus the probability, P (M, tM | qM , t) to acquire the misfolded

conformation, M , at time tM may be expressed as a difference equation.25,26

P (M, tM +∆t | qM , t) = W (qM(t) + 1, qM(t))∆tP (M, tM | qM(t) + 1, t+∆t)

+W (qM(t)− 1, qM(t))∆tP (M, tM | qM(t)− 1, t+∆t)

+[1−W (qM(t) + 1, qM(t))∆t−W (qM(t)− 1, qM(t))∆t]P (M, tM | qM , t)

(1)

The Chemical Master Equation (CME)25,27–29 for the native conformational ensemble may

be obtained from Eqn (1) in the limit ∆t→0 as

n
∑

i=1

dPi(M, tM | qM , t)

dtM
=

n
∑

i=1

qM (t)+1
∑

qM ′=qM (t)−1

W (qM ′, qM(t))Pi(M, tM | qM ′, t) (2)

The probability P (M, tM | qM , t) follows the reflecting boundary condition for the number

of misfolded contacts, qM(t) < qMC . The MFPT may be obtained from Eqn (2) as (refer to

5



the Supporting Information (SI))

−n = W (qM(t)+1, qM(t))
n

∑

i=1

[τi(qM+1)−τi(qM)]+W (qM(t)−1, qM(t))
n

∑

i=1

[τi(qM−1)−τi(qM)]

(3)

The equation25,29 holds true for all values of qM(t) ranging from 1 to qMC . Since τ(0) = 0

and τ(qMC + 1) is not required, this equation may be solved to obtain the MFPT, τM , of

the misfolded proteins in terms of the Gauss hypergeometric function 2F1(α, β; γ; z) (refer

to SI).

τM =
n

∑

i=1

τi(qM) =
n

kpm

qMC
∑

j=qM (t)

1

[q(t)− (j − 1)]
[2F1 (−j, 1; q(t)− (j − 2);−r)] (4)

where r = kmp/kpm < 1.30 The generalized equation of MFPT is simplified using the integral

identity as26

τM =
n

kpm

∫ 1

0

(1− x)q(t)−qMC−qM (t) [(1− x)qM (t)(1 + rx)1+qMC − (1− x)1+qMC (1 + rx)qM (t)]

(1 + r)x
dx

(5)

Degradation of the misfolded proteins follow first order kinetics.15,16,31 The rate equation

for degradation may be defined in terms of the evolution of qM(t) with time as: dqM (t)
dt

=

−kdqM(t), where kd is the rate constant for the degradation of misfolded proteins calculated

from the half-life31 of a protein as, kd = 0.693/t1/2. This first order differential equation may

be solved as

qM(t) = exp(−kdt) = exp

(

−0.693

t1/2
t

)

(6)

Protein aggregation may be viewed as the self-assembly of misfolded proteins.17,32 The

rate equation for aggregation followed by degradation of the aggregates is given by (refer to

SI)

dnAs
(t)

dt
= kaggnM − kdanAs

(t) (7)

where, nAs
and nM are the number of aggregates and the number of misfolded proteins
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present in an aggregate respectively. The ratio R is defined as R = nAs
/nM . kagg denotes

the pseudo first order aggregation rate constant, whereas kda is the degradation rate constant

of the aggregates. Eqn (7) may be solved by using absorbing boundary condition defined by

nAs
(t) =















nAs
; t = τagg; absorbing boundary condition

0; t = τM

The solution of Eqn (7) is given for nAs
as

nAs
=

nMkagg
kda

[

1− e−(τagg−τM )kda
]

(8)

The time required for the aggregation of misfolded proteins, τagg, may be obtained by rear-

ranging Eqn (8) as

τagg =
1

kda
log

[

ekdaτM

1− nAs

nM

kda
kagg

]

=
1

kda
log

[

ekdaτM

1−RK

]

(9)

where the ratio of rate constants, K is defined as K = kda/kagg. Thus the MFPT of aggre-

gation may be expressed as

τA = τM + τagg

τA =
n

kpm

∫ 1

0

(1− x)nP knt−qMC−e−kdt

[(1− x)e
−kdt(1 + rx)1+qMC − (1− x)1+qMC (1 + rx)e

−kdt ]

(1 + r)x
dx+

1

kda
log

[

ekdaτM

1− nAs

nM

kda
kagg

]

(10)

Figures 2(a) and 2(b) portray the MFPT of the selected proteins (refer to Table S1 of SI

for the selection of proteins) for specified values of kda = 10−3kagg for nM = 5 and nM = 8

respectively. The value of R is fixed for each protein. The MFPT displays an initial high

value that decreases exponentially with time (refer to the inset) with an increase in the

number of proteins. The MFPT decreases monotonically as the turnover of proteins increase
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Figure 2: MFPT of the aggregate with different numbers of misfolded proteins present in
an aggregate (a) nM = 5 (b) nM = 8 for the selected proteins. The MFPT’s are calculated
from their respective literature values of reported rate constants17–22,26,33 and half-lives34–40

for a specified value of the rate constant kda = 10−3kagg. Inset figure depicts the MFPT at
initial times.

with time followed by the formation of aggregates. The MFPT of each protein reaches a

plateau with time marking the age of appearance of the aggregation-related diseases. The

MFPT of the selected proteins are calculated from Eqn (10) using the respective values of

the reported rate constants17–22,26,33 and half-lives34–40 as listed in Table 1.

The MFPT of the aggregate remains constant for fixed values of R for a given nAs
. This

affirms that protein aggregation is independent of the number of aggregates, nAs
for fixed

values of kn, kpm, kmp, kagg, t1/2 and R. To the best of our knowledge there are no reported

literature values of the rate constants or half-lives for the degradation of aggregates. The rate

of degradation of these aggregates is much slower compared to the rate of their formation,

as the aggregated proteins are very stable.6,7 For the given range of K = 10−1 − 10−5, the

values of R are tuned to match the MFPT with the age of appearance of aggregation-related

diseases as given in S2 of SI. The rate constant of aggregation is proportional to the inverse

MFPT, which may be calculated as

kagg = C × 1

MFPT
(11)
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where C is the proportionality constant equal to R. Thus, Eqn (11) is recast as

kagg = R× 1

MFPT
(12)

Table 1 displays the values of MFPT of the selected proteins by varying K and R. Table 1

also shows a comparison between the calculated and experimental values of the rate constants

of aggregation of these proteins. The calculated values of kagg show an excellent match with

the rate constants extracted from the ThT/ThS fluorescence data (refer to Figures S1(a),

(b) and (c) of SI) and those obtained from experiments.17–22

Protein aggregation is found to be practically independent of the number of contacts (nP )

and the critical number of misfolded contacts (qMC) (refer to SI). The MFPT is independent

of the rate constant, kmp for fixed values of kn, kpm and kagg.
26 The survival probability is

calculated by assuming that the distribution of proteins in the conformational ensemble is

Gaussian26 at time t. The average number of proteins at an infinitesimal time interval ∆t

may be estimated as

µ(t) = n− [nkpm∆t− (kd∆t+ kagg∆t)kmp∆t] (13)

The survival probability of the proteins is given by

Sn(t) =
n

∑

i=1

1√
2πσ2

e−
(i−µ(t))2

2σ2 (14)

where σ2 is the variance of the Gaussian distribution.
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Table 1: MFPT of the selected proteins (calculated from Eqn (10)) and a comparison of the experimentally
obtained rate constants of aggregation, kagg with those calculated from our theory for kmp

26 = 10−12s−1.

Proteins Diseases

kn = 0.17h−1(33) K = 10−3,nM = 5 K = 10−4,nM = 5

kpm
26 t1/2

34–40 kagg
18–22 (h−1) R MFPT kagg (h−1) R MFPT kagg (h−1)

(Length) (s−1) (h) (Experimental) (years) (calculated) (years) (calculated)
β-amyloid (1-40) Alzheimer’s 10−9.96 9 8× 10−6 6 85.87 7.9× 10−6 6 85.64 8.0× 10−6

β-amyloid (1-42) Alzheimer’s 10−9.96 9 2× 10−5 15 86.27 1.9× 10−5 15 85.68 2.0× 10−5

α-synuclein (1-140) Parkinson’s 10−9.97 16.8 4× 10−5 30 86.93 3.9× 10−5 30.6 87.46 4.0× 10−5

Prion (23-230) Prion 10−9.86 24 1× 10−4 56 65.79 0.9× 10−4 57 65.25 1.0× 10−4

Polyglutamine (1-47) Huntington’s 10−9.70 24 1× 10−3 320 44.03 0.8× 10−3 380 44.22 1.0× 10−3

Tau* (1-441) Alzheimer’s 10−9.96 12 1.2× 10−3 600 87.17 0.8× 10−3 880 87.63 1.1× 10−3

SOD1* (1-154) ALS 10−9.84 381 2.5× 10−3 750 63.30 1.4× 10−3 1300 63.59 2.3× 10−3

IAPP* (1-37) Type II diabetes 10−9.70 0.3 7.5× 10−3 950 45.60 2.4× 10−3 2600 45.80 6.5× 10−3

*for tau, SOD1 (superoxide dismutase 1) and IAPP (islet amyloid polypeptide precursor or amylin) proteins, the rate
constant of aggregation is extracted from the experimental ThS/ThT fluorescence data and fitted to the Finke-Watzky
equation17,41 (refer to Figures S1(a), (b) and (c) of SI respectively).
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Figure 3: (a) Survival probability of selected proteins for kmp=10−12s−1 and their respective
values of the reported rate constants17–22,26,33 and half-lives34–40 and (b) a comparison of the
survival probability from our theory with the available clinical data of Killinger et al.23 for
Parkinson’s disease.

Figure 3(a) shows the survival probability of the selected aggregation-prone proteins for

reported values of the rate constants17–22,26,33 and half-lives.34–40 All proteins are initially

present in their respective native states. Thus, the survival probability of these proteins

shows a maximum that remains constant upto a threshold time, after which it exhibits a

slow decrease with time due to the initiation of misfolding. The survival probability de-

creases monotonically with time and reaches zero after a long time, marking the formation

of aggregates. The zero value of the survival probability corresponds to the age of appear-

ance of the aggregation-related diseases. Figure 3(b) displays a comparison of the survival

probability obtained from our theory with the only available clinical data of Killinger et al.23

for Parkinson’s disease. The calculated survival probability is in good agreement with this

clinical data.23 Table 2 provides a comparison of the age of appearance of the aggregation-

related diseases from our results of MFPT and survival probability with the respective values

reported in the literature.

In this work, protein aggregation is investigated theoretically via protein turnover, mis-

folding, aggregation and degradation. The rate of formation of proteins in turnover follows

a zero-order kinetics, which is used in the P ⇀↽ M equilibrium, that is governed by time

evolution of the misfolded contacts. The Chemical Master Equation for this equilibria is

derived from the splitting probabilities of the misfolded contacts at a particular instant of
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Table 2: Comparison of the age of appearance of diseases calculated from the
results of MFPT and survival probability along with their reported literature
values.

Diseases

Age of appearance (in years)

MFPT Surv. prob. Literature
from Eqn (10) from Eqn (14)

Alzheimer’s9,42 85.87 87 ≥85
Parkinson’s43 86.93 86 85− 89

Prion36 65.79 65 55− 75
ALS42 63.30 64 50− 70

Huntington’s22 44.03 45 30− 50
Type II diabetes44 45.60 46 45− 64

time. Self-association of the misfolded proteins to form aggregates follows pseudo first order

kinetics. The Mean First Passage Time (MFPT) of aggregation for the selected proteins

is estimated from the CME and the pseudo first order kinetics with appropriate bound-

ary conditions. The MFPT of aggregation is found to be practically independent of the

number of contacts and the critical number of the misfolded contacts. The rate constants

of aggregation of different proteins are calculated from the inverse MFPT, which show an

excellent match with the experimentally reported rate constants and those extracted from

the ThT/ThS fluorescence data. The age of appearance of aggregation-related diseases are

directly evaluated from the MFPT and the survival probability. The survival probability

result is in good agreement with the only available clinical data for Parkinson’s disease.

Supporting Information Available

Mathematical derivation of MFPT and it’s solution; Calculation of the aggregation rate

equation; Selection of proteins; Calculation of the aggregation rate constants; Variation of the

values of K with the values of R; MFPT of the aggregate of β-amyloid with varying nP and

qMC . This material is available free of charge via the Internet at http://pubs.acs.org/.
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