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Abstract:

We present a spreadsheet-assisted exercise ustngsiglit Excel software for the
determination of the universal gas const&nin 35,712 different units. This large
number of units arises from a simple enumeratioposible pressure-volume unit
combinations and energy unit combinations coveShfmetric), Imperial (British), and
American units. In turn, various units for foraedaarea used for defining pressure, and
various units for force and distance used for defirenergy are explored. This
presentation serves as an excellent exercisedbrduhool and undergraduate students to
master the skill of dimensional analysis, unit censions, and basic combinatorics in
general chemistry and physical chemistry coursestructors can also use the described
exercise of constructing conversion matrices tm tseudents in how to efficiently use the

Microsoft Excel spreadsheet program.

Keywords first-year undergraduate/general; curriculummpater-based learning;

thermodynamics

Introduction

In basic chemical education, after introducingrit@e concept and Avogadro’s
number, the universal gas constatis the first fundamental constant of Nature that
students learn about as early as high school.eddras given a short historical account
of its origin* and a few papers have appeared describing undergeexperiments for
its determinatiof™. A review of various methods to measure it i @gailable’. Just
as gravity forms the pillar concept in learning afbbdassical mechanics in introductory

physics courses, gas laws share the same venstatle in general and physical



chemistry courses. The universal gas constantaapjpethe equation of state for ideal

gases given in equation (1).

wherep is pressurel is temperaturéy is molar volume, anR is the universal gas
constant. Specific gas constants referring taqadatr gases are found by dividing the
universal gas constarR, by the molar mass of a given gas. When introdyeguations
for the first time, after stating what each leggmbol represents, the next task is stating
the units of each variable. Dimensional anal§i§i's; a primary tool in decoding the
sense of a given equation that relates one obdervabable to another. It is also a first
pass tool to implement in proofreading the corressnof equations appearing in any
physical science. The criterion that must besad is that the multiplicative product of
units of all variables on the left-hand side masctieat on the right-hand side. From
equation (1), we note that there are three vasap)é/, andT, and one proportionality
constantR. One unique feature of the universal gas congdahat it can be expressed in
many kinds of units, usually associated with theugrof scientists using it. In fact, one
sure way of distinguishing chemists and chemicglreers is noting the units Bfthat
each group uses in their respective literaturereldeer, the choice of each group’s units
has changed over time with final standardizatioth&lnternational System of Units
(Systéme International d'Unités, Sl) by IUPAC (intional Union of Applied
Chemistry). This great variability in units anetafore associated numerical values for
Rin the literature can create confusion and p#fedlr making computational errors if one
Is not careful, whether one is a novice undergregsident or a professional scientist.
This state of affairs has even lead to one instruct write a “plea for the abandonment
of the atmosphere as a unit in gas law instructfBmhich suggests their own frustration
in handling dimensional analysis and conveyingdecept to students. Such an
approach omits the important historical significalméhowthe concept of pressure was
conceived of in the first place, thereby denyinglshts the important knowledgeladw

scientific advances are made dmresearch is actually done in practice.



In this paper, we take this situation as an opmitstdo teach students about the
importance of dimensional analysis in science, ghaihis subject is regarded as trivial
with few pedagogical publications giving it theeattion it deserves:*3It has already
been documented in the educational literaturettteatathematical exercise of unit
conversions is a major skill for students to masteheir exposure to physics and
chemistry courses, and that their success is dyrtinged to their background
mathematical knowledge of arithmetic, ratios, armpprtions***° In particular, in our
undergraduate physical chemistry course we hightigh perilous consequences of
apparent “trivial” miscalculations arising from wrcect unit conversions or use of one
set of units (Imperial) instead of another (metti@dt have lead to tragic and costly
consequenceS:’ Famous examples include the sinking of the SwhedrshipVasa
in 1628 (Swedish feet (12 inches) used to build pioie versus Amsterdam feet (11
inches) used to build starboard side), the fatakis®ole expedition by Robert Falcon
Scott in 1910-1912 (miscalculation of food calaaé&ons), the Air Canada flight 143
“Gimli glider” incident in 1983 (number for pound$ fuel mistaken as kilograms
resulting in half the required amount of fuel nestfter the Boeing 767 aircraft), the
abrupt landing of an American International Airwdlyght from Miami to Venezuela in
1994 due to overweight cargo (number of kilogramsango mistaken as pounds
resulting in the crew loading more cargo beyonddineraft’s carrying specifications),
the crash of the Mars Climate Orbiter in 1988l€¢d translation of English units into
metric units in softwarethe uneven bridge at Laufenburg with respecetolsvel in
2003 (German and Swiss engineers used differesterafes to measure sea level), and
the Tokyo Disneyland roller coaster axle breakag2003 (incorrect conversion of
Imperial length units to metric units).

We use the ubiquitous Microsoft Excel spreadshesjrpm as an efficient
method of organizing the large amount of datastreamlined fashion. This program
has been used in undergraduate instruction onusgspects of quantitative analySig®
and a number of books have been written on itesssecomputational tool in solving
problems in the chemical sciené&$? Surprisingly, however, no exercises are given on
its possible use in fundamental dimensional amalysidescribed in this work. Once

students are versed in setting up appropriate esrvefactor tables in the form of



matrices, they learn about simple combinatoricsendneration, and gain confidence in
extending the range of usual units that are useapoesR to exotic ones that makes the

exercise both insightful and fun for students.

M ethodology and Discussion

The current recommended value R)18.3144598 ©.0000048 J mdiK ™, as
determined by NIST (National Institute of Standamdsd Technology, Washington, DC,
USA) and NPL (National Physical Laboratory, Teddamy UK) is based on
measurements of the speed of sound in argon ihexispl acoustical resonatff*®at T
=273.16 K. The latest 2015-2016 online editionth&fCRC Handbook of Chemistoy
Physics™ continues to list the following values found imlet editions:R = 8.314472 Pa
m® K, R=8314.472 Pa L Kmol*, andR = 0.08314472 bar L Kmol™. Close
inspection of the units of theSevalues indicates that they can be classified tinto
main groups. The first group (group A) is basedinits of energy per mole per degree
Kelvin; whereas, the second group (group B) is taseunits of pressure times volume
per mole per degree Kelvin. In turn, energy israef as the product of force and
distance (i.e., 1 Joule is equal to 1 Newton métdr= 1 N m), and pressure is defined as
force per unit area (i.e., 1 Pascal is equal tedvtdn per meter squared; 1 Pa=1R)m
40
Construction of Conversion Factor Matrices

Using the above basic classification and hieraafhynits, students are given
excerpted tables of conversion factors taken ftamge’s Handbook of Chemisthyand
the CRC Handbook of Chemistof Physics®® for energy, pressure, volume, force, area,
and distance units. These are shown in Tables S6 in Part 1 of th8upporting
Information From these tables students are then taskecdh&traot matrices using
Microsoft Excel spreadsheets showing the completefsinter-conversion factors that
are needed to convert one unit into another fon &aw of variable. Part 2 of the
Supporting Informatiorontains instructional notes and example exerciadsow to
perform this task. For example, if there Branits for energy, then d X Nmatrix is

constructed where the diagonal elemenjs, are 1, the upper triangular elemen’q}s,

are the factors that convert unio unitj, and the lower triangular elements; , are the



factors that convert unjtto uniti, and are equal to the inversesmgf; i.e., nj; =J/nj :

The conversion tables in Tables S1 to S6 are m@yal complete in showing all possible
conversion factors for a given set of units, sodhestruction of the spreadsheet matrices
will identify gaps that students can fill in. Serds discover patterns concerning the size

of the matrix and the number of conversion factewglired as shown by equations (2) to

(4).

Number of diagonal elementsN- (2)

Number of upper diagonal elements = number of faiveanversion factors =

)

=|IN“-N 3

> 3)

Number of lower diagonal elements = number of isgaronversion factors
o2

==[N4-N 4
> (4)

Table 1 shows an abbreviated conversion factorixiair energy units and Tables 2 and
3 show conversion factor matrices for inverse arhand inverse temperature units. In
the three tables, the grey-coloured diagonal elésmepresent the redundant pairwise
factors of unity, the yellow-coloured lower trianguelements represent the inverse
conversion factors, and the blue-coloured elemamtshose not listed in the assigned
conversion factor Table S1 which students neectterchine. As an example, if we are
given that 1 erg = 6.2422E+11 eV and the energyeasion table does not list the
number of electron volts corresponding to 1 btentive multiply 6.2422E+11 eV per erg
by 10,547,966,879 ergs per btu to get the reqire843E+21 eV per btu. Alternatively,
we can obtain the same missing number by multiglyin7.98 ft Ib per btu by the ratio
6.2422E+11 eV per erg / 7.3756E-08 ft |b per dtignce, we notice in the conversion
factor matrix that the ratio of consecutive uppimtgular elements in the sanferow,

nj,j+1/n j , has the same value as that in ihe 1)" row. Therefore, in the cited

example when we compare the eV and erg columnénaé¢hat 6.5843E+21 /
10547966879 = 6.2423E+11; 2.7943E+19 / 447647631.82422E+11, and
6.2422E+11 /1 = 6.2422E+11. Similarly, when corimgathe ft Ib and eV columns we
find that 777.98 / 6.5843E+21 = 1.1816E-19; 3.08Z4943E+19 = 1.1049E-19;



7.3756E-08 / 6.2422E+11 = 1.1816E-19; and 1.181%F11= 1.1816E-19. The key
upper triangular elements that are needed to aartgtre rest of the upper triangular
elements in the conversion factor matrix are thibaeare adjacent to the unity diagonal

elements; namelyy j +1. In Table 2, we note that kg-ridis equivalent to kmdli since

the same element values appear in both colummsila8y, in Table 3, the unitd{(deg
C) * and @ deg K)™ for Celsius and Kelvin temperature scales arevedgnt, as are/\

deg F)* and @ deg Rk)™ for Fahrenheit and Rankine temperature scales.

Part 2 of the&Supporting Informatiorwontains exercises for the determination of
missing conversion factors between various forgéesunnstructors can use these as a
template to construct similar exercises based drcanversions for energy, pressure,

volume, area, and distance.

Enumeration and Combinatorics

Figures 1 and 2 show the units of energy, pressoteme, inverse amount, and
inverse temperature that are selected for eactpgrimng with their associated number of
unique combinations of gas constant numerical galue group Al there are 13 energy
units, 4 amount units, and 5 temperature units fimtal of 13*4*5 = 260 possible
combinations of units to descriBe However, since from Tables 2 and 3 we have the
following equivalent pairs of units: kg-niblnd kmot; K* and C*; and RK' and Rnt,
the total number of unique numerical valuesRos 13*3*3 = 117. The Rk and Rm
symbols stand for the Rankine and Reaumur temperatales. Similarly, for group B1
there are 19 pressure units, 29 volume units, dammits, and 5 temperature scales for
a total of 19*29*4*5 = 11,020 possible combinatiafsinits to describ&. Again, the
same unit redundancies as noted before reduceuhiber to 19*29*3*3 = 4959 unique
numerical values foR. Therefore, the total number of unique numenedlies for the
gas constant covering groups Al and Bl is 117 ©495076. A complete list of these
numerical values is given in the Excel workbooleggisheet file (gas-constant-
workbook.xIs) in theSupporting Information The values in groups Al and B1 were
obtained from the reference or pivot values 8.39845mof' K* and 0.082057338 L



atm mol' K™, respectively using appropriate conversion factousid in the conversion

factor matrices.

Figures 3 and 4 show units of energy expressedras-tlistance unit
combinations (group A2), and units of pressure esged as force per unit area
combinations (group B2), respectively. In grouptA@re are 8 force units and 20
distance units for a total of 8*20 = 160 combinaio However, four of these
combinations are redundant since they already appdiae 13 energy units used in
group Al; namely, foot-poundal, pound-foot, kilograneter, and Newton-meter (i.e.,
Joule). Hence, we have 156 additional combinatadrierce-distance (energy) units.
When these are multiplied by the 3 inverse amondt3atemperature unit combinations
as before, we obtain 156*3*3 = 1404 additional ueiqqumerical values fd® based on
force-distance (energy) units. In group B2 theese8aforce units and 15 area units for a
total of 8*15 = 120 possible pressure units. Hosveeight of these are redundant since
they already appear in the 19 pressure units cereidn group B1; namely, dyne per
square centimeter, kilogram per square centimptemd per square foot, ton per square
foot, pound per square inch, ton per square inétgram per square meter, and Newton
per square meter (i.e., Pascal). Hence, we ha®@dditional combinations of pressure
units. When these are multiplied by the 29 voluggverse amount, and 3 temperature
unit combinations as before, we obtain 112*29*3*3%;232 additional unique
numerical values foR based on force per unit area (pressure) volunts.uA complete
list of these additional numerical values for gred2 and B2 are given in the Excel
workbook spreadsheet file (gas-constant-workboekirl theSupporting Information
Therefore, the grand total of possible numerichlesenumerated f& covering groups
Al, A2, B1, and B2 is 117 + 4959 + 1404 + 2923%577/32. The most commonly used
universal gas constant values found in textbookisjaumrnal articles are listed in Table 4.
These numbers are listed in scientific notatiorhwhie same number of significant digits

as determined by the most recently accepted valdd ST and NPL.

For students and instructors the fun in this assa&nt is in being able to discover

values forR in terms of exotic units of pressure and volum@lgimations. The most



exotic units are found in the volume category saglbarrels, bushels, cords, cord feet,
drams, gallons, gills, hogsheads, minims, peckdspand quarts. Barrels and gallons are
usually associated with the petroleum industryds@and cord feet are associated with
the lumber industry; bushels and pecks are asgocwth agriculture; and drams, pints,
and quarts are associated with the brewery indugyyapplying the method described

for constructing conversion matrices, we find tbiofving example values for the
universal gas constant in representative exotitsurl.3129164E+02 bushels (UK)

inches water (at 39.2 F) per Ib-mol per degreedtateit; 8.9591918E-05 hogsheads
(US) tonne per sg cm per Ib-mol per degree Rankind;5.0800024E+05 quarts (US,
liquid) kg per sq m per Ib-mol per degree Reauniure total number of combinations
enumerated of 35,712 f&; though large, is by no means exhaustive singe #past

many more units of volume, pressure, energy, am@ddistance, particularly antiquated
ones. This is a further opportunity for instrustand students to expand the list using the
described method.

Instructors can use this exercise to train studerttse efficient use of the Excel
spreadsheet program including the use of lockeidias, displaying numbers in
scientific notation using the same number of sigaiit figures that matches the best
experimentally determined value fler enumeration of all possible pairwise unit
conversion factor combinations in a systematic reamithout omissions, setting up
chains of multiplier factors that are hinged onttlie starting pivot values @& using cell
numbers in arrays, and appropriately constructmpgexided formulas that allow
automatic changes in all cells with a single kejgtrif a change is made in the starting
pivot value forR.

Supporting I nformation

Part 1: Tables S1 to S6 for conversion factor icedrfor energy, pressure, volume,
force, area, and distance units.

Part 2: Instructional notes and exercises on coctatg and manipulating conversion

factor matrices using Microsoft Excel.



Microsoft Excel workbook showing all unit convensitactor matrices and a complete

list of 35,712 values fdR: gas-constant-workbook.xIs.
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Table 1. Abbreviated conversion factor matrixéaergy units.

13

btu cal erg eV ftIb J
1 btu 1 251.9800 1054796687 6.5843E+21L 777.98 1054,8
1 cal 0.00396856 1 44764761.1] 2.7943E+1P 3.0874 4.186
1 erg 9.4805E-1|  2.2339E-0 1 6.2422E+1l  7.3756E-08 1.00E}07
1eV 1.51878E-2| 3.57871E-2 1.602E-1 1 1.1816E-1| 1.602018E-19
ft Ib 0.0012853| 0.3238971| 13558218.9 8.4633E+1 1 1.35582
1J 0.00094804] 0.23889154 1000000{ 6.2421E+1| 0.7375610 1
Table 2. Conversion factor matrix for inverse amtaunits.
mol ™ Ib-mol * kg-mol™* kmol *
1 mol* 1 453.5924277 1000 1000
11b-mol? | 0.00220462 1 2.204622341| 2.20462234
1 kg-mol™* 0.001 | 0.453592428 1 1
1 kmol* 0.001 | 0.453592428 1 1
Table 3. Conversion factor matrix for inverse tengpure units.
(A deg C)* (A deg F)* (A deg K)* (A deg Rk)* (A deg Rm)*
(1A deg C)* 1 5/9 1 5/9 5/4
(1A deg F)* 9/5 1 9/5 1 9/4
(1A deg K)* 1 5/9 1 5/9 5/4
(1A deg Rk)* 9/5 1 9/5 1 9/4
(1A deg Rm)* 4/5 4/9 4/5 4/9 1

Table 4. Summary of most commonly used valuesh#®universal gas constaR,

Value Units
7.8824989E-03 |btu mol™* K*
1.9862541E+00 |cal mol™* K*
8.2057338E+01 |cu cm atm mol™ K*
2.8976301E-03 |cu ft atm mol™* K*
8.3144598E+07 lerg mol™ K*
5.1899910E+19 eV mol ™ K*
6.1324216E+00 |ft Ib mol™* K*
1.9730471E+02 [ft poundal mol™ K*




[u

8.4783895E+04 [gcm mol K
3.0972098E-06 |hph mol™ K™
8.3144598E+00 |J mol™* K*
8.4784209E-01 |kg m mol™ K™
2.3095740E-06 |[kWh mol™* K*
8.2057339E-02 |L atm mol™ K™
1.2059146E+00 |L Ib/sq in mol™ K*
1.7365959E+02 |L Ib/sq ft mol™ K*
8.3144598E+03 |L Pa mol™* K*
6.2363577E+01 |L mm Hg mol™ K*
8.3144598E+04 |L dynes/sqcm |mol™ K*
8.3144598E-02 |L bar mol™* K*

14
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Group Al: energy X (amount)! X (temperature)!

btu
cal
erg
eV
ft1b mol!

ft poundal (b-mol)’!

gcm ~ 1 -1
hp h (kg-mol)™ = kmol
J
kgm
kWh
Wh
Ws

13 X 3 X 3 = 117
Figure 1. Units used to define the universal gastantR according to the group Al

template: energy X (amouftX (temperature).

Group B1: pressure X volume X (amount)! X (temperature)!

barrels (Br, liquid)
barrels (US, liquid)
bushels (Br)
bushels (US)
1 atm cords
cord feet
o cu cm
1cecmHg s
1 dyne/sq cm L
1 ft water (39.2 F) cuin
1 g/sqcm 23 Iytti
i in iitéiz(gz F) drams (US, liquid)
} };gszq rcnm f]l gi EETIS)) mol! 1 K- :IC__I |
1 klc)asq gallon (Br) (Ib-moly (RK)' =F
1 1b/sq ft gallon (US) (kg-mol)! = kmol! (Rm)!
1 1b/ . in gills (Br)
1 mnsqu ©0) gills (US)
1 Pa ¢ hogsheads (Br)
1 ton/sq ft ]llogsheads (US)
1 ton/sq in -
1 tonne/sq cm mEnms Us)
omnelsa m ;:ecks (Br)
pecks (US)
pints (Br, liquid)
pints (US, liquid)
quarts (Br, liquid)
quarts (US, liquid)

19 X 29 X 3 X 3 - 4959
Figure 2. Units used to define the universal gastantR according to the group B1

template: pressure X volume X (amoun¥ (temperature)-
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Group A2: (force X distance) X (amount)'1 X (tempera’[ure)'1

Angstrom

Centimetre

Chains (Gunter’s)

Cubits

Feet

Furlongs

Hands redundant units

Dynes Inches

Kilogram-force Kilometres ft poundal

Kip Links (Gunter’s) Ib ft

Meters kgm

Ounce (avoirdupois)-force Microns Nm=]J

Poundals Miles (US, statute)

Pound-force Millimetres

Ton-force Mils

Nails (Br)

Paces

Rods

Spans

Yards

N J
Y

force X distance = energy

K'l=c!
(RK)" =F!
(Rm)"

mol!
(Ib-mol)™!
(kg-moly™" = kmol!

8 x 20 : 4]x3x3:1404

Figure 3. Units used to define the universal gastantR according to the group A2
template: force X distance X (amouht} (temperature}.

Group B2: (force / area) X volume X (amount)'1 X (temperature)‘1

. .
barrels (Br, liquid)
barrels (US, liquid)
bushels (Br)
P bushels (US)
Acre (Br) cords
Acre (US) redundant units cord feet
Are ) cucm
Dynes Barn dyne/sq cm cu ft
Kilogram-force Hectare kg /sq cm cuin -1 K'=¢!
Kip Rood Ib/sq ft cum mol 1 1
Newton Sqem ton /sq ft cuyd (b-moly" Rl =F
Ounce (avoirdupois)-force Sq ft Ib/sqin drams (US, liquid) (kg-moly ' = kmol™! (Rmy!
Poundals Sqin ton/sq in fl oz (Br)
Pound-force Sq km kg/sqm fl 0z (US)
Ton-force Sqm N/sqm=Pa gallon (Br)
Sq mi gallon (US)
Sq mm gills (Br)
Sqrd gills (US)
Sqyd hogsheads (Br)
— hogsheads (US)
N J L
Y minims (US)
mL
— pecks (Br)
force / area = pressure pecks (US)
pints (Br, liquid)
pints (US, liquid)
quarts (Br, liquid)
quarts (US, liquid)

[8 x 15 - 8 | x 20 x 3 x 3 -20%

Figure 4. Units used to define the universal gastantR according to the group B2

template: (force / area) X volume X (amothX (temperature).



